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Preface

The point of this course is to acquaint a student with some of the ideas, definitions
and concepts of calculus and its applications, particularly those connected to the
derivative and exponential functions.

These lecture notes are a necessary component for a student to successfully com-
plete this course. Without these lecture notes, a student will not be able to participate
in the course.

These lecture notes are based on the text.

Although the material covered in each is very similar, the presentation of the
material in the lecture notes is quite different from the presentation given in the
text. The text consists essentially of definitions, formulas, worked out examples
and exercises; these lecture notes, on the other hand, consists solely of exercises
to be worked out by the student.

A student is to use these lecture notes to follow along with during a lecture.

There are different kinds of exercises, including multiple choice, true/false,
matching and fill-in—the-blank.

Each week, I recommend you read the text, answer the questions given here in
the lecture notes and then do the online homework and quiz or test assignments,
in that order.

Jonathan Kuhn, Ph.D.,
Associate Professor of Statistics,
Purdue University North Central
March 2013.



R. Algebra Reference

Topics in algebra relevant to calculus are reviewed in this chapter.

R.1 Polynomials

An example of a term is 422, where 4 is the coefficient, x is the variable and 2 is the
exponent. An example of two like terms are 4¢%> and —9¢?; two unlike terms are 4¢>
and —9¢®. The term 2® means z- z- z. A polynomial is a term or finite sum of terms
where all variables have whole number exponents and no variable is in a denominator
such as

322+ 2 — 1, 3mn? + n?, 8.

A binomial has exactly two terms, such as 3z + 4y or by — 1. Order of operations
include calculating:

e cxpressions inside parentheses first; expressions in numerators and denominators
of fractions are treated as though in parentheses

e powers next, from left to right,
o multiplications and divisions next, left to right,
e additions and subtractions next, left to right.

Multiplying two binomials uses FOIL (first, outside, inside, last) rule. Properties of
addition and multiplication operations include

e commutative property: a +b=>b+ a, ab= ba
e associative property: (a+0b)+c=a+ (b+c), (ab)c = a(be)

e distributive property: a(b+ ¢) = ab+ ac

Exercise R.1 (Polynomials)

1. Properties of operations
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(a) commutative / associative / distributive / none
3xr+5=5+3x

(b) commutative / associative / distributive / none
3x-5#5+ 3z

(c) commutative / associative / distributive / none
(3x +5y) —3 =3z + (5y — 3)

(d) commutative / associative / distributive / none
3z(dy + 5) = 122y + 15z

(e) commutative / associative / distributive / none
(3z)z = 322

(f) commutative / associative / distributive / none

(+5)=(x+5)(x+5) =x(x+5)+5(x+5) =2>+ 10z + 25

2. Adding, Subtracting and Multiplying Polynomials

(a) (322 + 5z + 10) + (—22? — 5z + 3) = (choose one)

(i) —|— 13
(i) 5 —|— 10 + 7
(iii) 52 + 10x

(b) 2m(4m — 8m + 5) = (choose one)
(i) 8m?® — 16m? 4+ 10m
(ii) 8m3 + 10m
(iii) 8m? — 16m + 10

(c) 6(2¢®> —2q — 10) — (2¢* + 49 — 5) = (choose one)
(i) 10g® — 10q — 65
(i) 10¢g® — 16q — 55
(iii) 10¢® + 16q + 55

(d) 0.27(1.622 — 2.1z 4+ 1) + (92% — 4 — 1.321) = (choose one)
i) 9.432x% — 4.567x — 1.051
i) x2+x—1
iii) 9.432x2 + 4.567x + 1.051

(

(i

(
(e) (k+1)(k—1) = (choose one)
(i) k2 — 2k — 1
(i) k2 4+ 2k + 1
(
(
(
(
(

iii) k% — 1

(f) (3¢ —4t)(4c + 10t) = (choose one)
i) 40t + 12ct — 40t
i) 14¢2 4 12¢t — 40t
i) 12¢2 + 14ct — 402
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() (%y + %z) (%y - %z) = (choose one)
; 2 2

.\ 8 2_ @lz 2 _2

Doy T ult T

i) SY° — 52

(

(

(

(

(i) 24a® — 9a + 4

(i) 24a® + 23a® — 9a + 4
(iii) 24a® 4 23a + 4

(i) (z+2)(x +4)(z + 6) = (choose one)
(i) 3 + 1022 + 44x + 48
(ii) 2® + 1222 + 44z + 48
(iii) 223 + 1222 + 44z + 48
(5a +5)? = (choose one)

(i) 50a2 + 25a + 50

(ii) 25a2 + 50a + 25

(iii) 50a? + 25a + 25

ot

R.2 Factoring

Factoring is when a polynomial is written as the product of at least two other poly-
nomials. For example, since 12 = 6 -2, 6 and 2 are factors of the (simple) polynomial
12. Another example of factoring is given by the following binomial

Az + 20 = 4(z + 5),

where 4 is, in this case, the greatest common factor. Typically, 4z + 20 would not
be factored with anything less than the greatest common factor, such as 2, which
would result in 2(2x + 10). Polynomials with more than two terms are often trickier
to factor; for example, the trinomial,

Y +5y+6=(y+2)(y+3),

where, notice, in this case (luckily) y? has coefficient 1, and both coefficient of y, 5,
is the sum of 2 and 3, 5 = 2+ 3 and 6 is the product of 2 and 3, 6 = 2-3. As another
another example, trinomial

12¢% + 14ct — 40t* = (3¢ — 4t) (4c + 10t),

because 12¢? has factors 3¢, 4c (but not, say, 4c, 3¢ or 2¢, 6¢) and —40t? has factors
—4t, 10t (but not, say, 4t, —10t). Some special factorizations are

r*—y® = (r+y)(x—y) difference of two squares
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2 +2ry+1y* = (v+y)* perfect square
2~y = (v—y)(@* +ay+y®) difference of two cubes
?+y* = (z+y)(@® —ay+y?) sum of two cubes

Polynomials which cannot be factored, except by factor 1, are called prime.

Exercise R.2 (Factoring)

1. factoring, with largest common factor, 60> + 126> = (choose one)
(i) 6b(b* + 2)
(i) 3b2(2b + 4)
(iii) 6b2(b + 2)

2. 8m? — 16m? + 10m = (choose one)
(i) m(4m? — 8m + 5)
(ii) 2m(2m? — 4m + 10)
(iii) 2m(4m? — 8m + 5)

3. 2% + 9z + 8 = (choose one)
(i) (z +1)(z + 8)
(i) (z —1)(z +9)
(iii) (z + 2)(x + 4)

4. 2 + 8z — 9 = (choose one)
() (z +1)(z +8)
(i) (z — 1) (z + 9)
(iii) (z + 2)(x + 4)

5. 22 + 3zy — 27y? = (choose one)
() (22 + 3y) (= — 9)
(i) (z — 3y)(2z + 9y)
(iii) (= + 3y)(2z — 9y)

6. special case, difference of two squares: k? — m? = (choose one)
(i) (k+m)?
(i) (k —m)(k +m)
(iii) (k +m)(k — m)

7. special case, difference of two squares: k* — 1 = k* — 12 = (choose one)
(i) (k+1)(k—1)
(i) (k + 1)2
(iii) (k 4+ 1)(k+ 2)

8. special case, difference of two squares: 16k* — 49m? = (4k)? — (Tm)? =
(i) (4k + 7m)?
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(ii) (4k + Tm)(4k — Tm)
(iii) (4k — 7Tm)(4k — Tm)

9. special case, difference of two cubes: p? — ¢® =

(i) (p+ a)(P* — pg — q?)
(ii) (p + @) (P* — pg + q*)
(iii) (p — @)(P* + Pg + @*)

10. special case, sum of two cubes: p* + ¢* =
(i) (p + q)(P* — pq + g*)
(ii) (p — @)(P* + pg + ¢*)
(iii) (p + @) (p* — Pg — ¢*)

11. special case, sum of two cubes: 64p® + 27¢% = (4p)> + (3¢)® =
(i) (4p + 3q)(4p* — 12pq + 3q°)
(ii) (4p + 3q)(4p* — 12pq — 9¢°)
(iii) (4p + 3q)(16p* — 12pq + 9g%)

12. special case, perfect square: 2% +4zx + 4x? = 22 + 2(22)z + (22)? =
) (= + 20)°
(i) (= + 2) (= — )
(iii) (z + 2x)(z + x)

13. s? 4+ t? = (choose one)
(i) 1 (s* + t?) (prime)
(i) (s + 1)
(ifi) (s — ) (s + £)

14. special case, difference of two squares, twice:
sttt = (52 — (12)° = (52 — £2) (2 4+ 12) =
(i) (s — t)(s + ) (2 + #2)
(i) (s + t?) (prime)
(iii) (s — t)(s + t)(s + t)?

R.3 Rational Expressions

Rational polynomials are quotients of polynomials with nonzero denominators, such
as

5 6b% 4+ 126>  6b% 4 127
k—2 b+2 602
Rational polynomials are reduced by dividing out common factors in the numerator
and denominator of the quotient such as

60° + 120> 6b*(b + 2)

o 2
b+2  bh+2 = 607
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Combinations of rational polynomials g and g where @ # 0 and S # 0 include:

E = P—S fundamental property
Q QS
P P
@ + g = ;5 il addition
r_R P—h subtraction
— —— = ——— subtracti
QR Q Q
Lk PR multiplication
—_ . = — ultipil 1
Q S QS
P R PS divisi
— +— = —— (division
Q S QR
Also, z—: =a™ " and a™a" = ™",
Exercise R.3 (Rational Expressions)
1. reduce rational expression,
64m*
8m
(i) 8m (i) 8m?2 (iii) 8
2. reduce rational expression,
6b%(b+2)
662
(1) b+2 (i) 6b2 (iii) b + 12b2
3. reduce rational expression,
60° + 120
662

(i) b+ 12b% (ii) 66> (iii) b+ 2
4. reduce rational expression,

8m?® — 16m* + 10m _ 2m(4m* — 8m + 5)
2m B 2m

(i) 4m? —8m +5 (i) 2m (i) 222

5. reduce rational expression,

> +9x+8  (x+1)(x+38)
22 +8r+7 (z+1D)(z+7)

o +8 iy (@) (z48) iy @+l
0 o7 ) emem ) 2
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6. multiply,
64m3 7
7 2m?

(i) 64m (i) 32m  (iii) m?
7. divide,

64m?3 T 64m?  2m?

7 2m? 7 7

(i) 128m° (i) 32m  (jii) 128m2

49 49
8. multiply,
-1 2  (k+1)(k-1) 2
k+2 k+1 k+2 E+1
(i) =5 (i) 2EED (i) 2E
9. divide,
-1 2  (k+1)(k—=1) k+1
k+2 " k+1 k+2 2
. 2(f— .. — _
(i) EDPED () 206D (g kot

10. multiply,
24+ 9r+8 2°+6x—7 (z+1)(z+8) (x—1)(z+7)

2?2 +8c+7 a?—1 (z+D)(x+7) (z+1)(z—1)
(i) 22 (i) 25 (i) 2

11. multiply,

302+ 27w +24 22 +6x—7 3x+1)(x+8) (x—1)(x+7)
22+ 8xr+7 22—1 (z4+D@+7) (z+D(xz-1)

() 255 () 20 (i) 20

12. divide,

? +9r+8 | 2® 461 -7 (+1D(+8) (z+1)(z-1)
?24+8x+7  a?-1 (z+1D)(z+7) (x—=1)(xz+7T)

() =G (i) HDED (i) 22

13. add,
62m3 N m3  63m?
7 7 7
(i) 9m (i) 9m? (i) 9m?
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14. subtract,
62m®  m3

7 7

(i) 2% (i) 9m® (i) 9m

15. add,

_62m3+ 7 62m? m3+ 7T 7
T Tmd 7T w3 w3 T
(i) 6211::;}—49 (ii) 621’;:::{;49 (iii) 62;?:;{—7

16. add and subtract,

_62m? i_ﬁg_ (62m3 — m3) ﬁ?’ T
T mE T 7 m3  md T
(1) 617;1 —:L—49 (11> 6277:2;{—49 (111) 63;7;;;{—7
17. add,
(k—1) 2 (k-1) 2 3
3(k+2) k+2 3k+2) k+2 3
N k—1 -\ 3(k+5) oy k45
(1) 3(k+2) (11) Tk+2 (111) 3(k+2)
18. add,
x+7 +x2—|—6x—7_ (x+7) .(:c—l)+(:c—1)(x+7)‘(x+7)_
22+ 8x+7 2—1  (z+D)+7) (-1 (z+1)(z-1) (z+7)

(i) 2—? (ii) z—ﬂ (iii) z—Jrg (Hint: 1+ (x+7) =2 +8)
+ +

R.4 Equations

A linear equation is of the form ax + b = 0, a,b real and a # 0. Two properties of
linear equations are if a = b, then a + ¢ = b + ¢ (addition property) and also ac = be
(multiplication property). Solving linear equations involves isolating = by itself; for
example,

4r+20 = O
4r = =20 (subtract 20 from both sides)
il —20 divide both sides b
_ = — ivide both sides 4
1 1 ( t y 4)

r = =5
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A quadratic equation is of the standard form ax?® + bx +c¢ = 0, a,b,c real, a # 0. A
quadratic equation can be solved by using the zero property: if ab =0, a,b real, then
a =0 or b =0 or both; for example, if

Yy +5y+6=(y+2)(y+3)=0

then solutions are y = —2 or y = —3. Quadratic equations can also be solved using
quadratic formula; for example, since, for y?> + 5y +6,a=1,b=>5 and ¢ = 6,

bV —dac HEYP-4)06)  —5+25-24 —H+1
- - - 5 -

Y 2a 2(1) y T AT
Some rational equations have extraneous solutions; for example,

2 4+ 9z + 8 _(@+1)(z+8) 0

2248+ 7 (r+1)(x+7)
has solution z = —8 only. The other possible solution x = —1 is extraneous because

the demominator of the equation is zero in this case, making the equation undefined.

Exercise R.4 (Equations)

1. solve linear equation

20 +10 = 0
2r = —10 (subtract 10 from both sides)
22 —10 divide both sides b;
- = — ivide both sides 2
5 5 ( t Y 2)

Soxz= (i) =3 (ii) —4 (iii) —5
2. solve linear equation

20 +10 = 3z—5

—x = —15 (subtract 3z from both sides, subtract 10 from both sides)
Sox= (i) =15 (i) 15 (iii) —30
3. solve linear equation

2(m+5) = 5(m+2)+7
2m + 10 = bm + 10 —+ 7 (multiply polynomials)

—3m = 7 (subtract 5m from both sides, subtract 10 from both sides)

Som = () =3 (i) =% (i) I
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-1 =0
(]{7 - 1)(1{5 + 1) = 0 (factor)
Sok=(i)1 (i) —1 (i) £1
. solve quadratic equation
2+ 92 +8 = 0
(SL’ + 1)(.3(7 + 8) = 0 (factor)
Soz= (i) —1,8 (i) 1,—8 (iii) —1,—8
. solve quadratic equation
?+9r4+5 = -3
LU2 +9%2+8 = 0 (add 3 both sides)
(l’ + ].)(ZE + 8) 0 (factor)
Soxr= (i) —1,—8 (ii)) 1,—8 (iii) —1,8
. solve quadratic equation
327 4+27r+21 = -3
3024272 +24 = 0 (add 3 both sides)
3(5(7 + 1)(5(: + 8) = 0 (factor)
Soz= (i) —1,—8 (i) —3,—1,—8 (iii) —1,8

(ba+5)* =

0
(5a+5)(5a+5) = 0
5(a+1) x5(a+1) 0

Soa= (1)1 (i) £1 (iii) —1
. solve quadratic equation
plp+8) =
pP’+8p—9 =
p-1p+9) =
Sop=(i)—1,9 (i) 1,9 (i) 1

(multiply)

(factor out 5)

9

0 (multiply, subtract 9 both sides)
0 (factor)

,—9
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10. solve quadratic equation 2% + 92 +8 = 0, where a =1, b =19, ¢ = 8,
—b £ Vb? — dac
r = (quadratic formula)
2a
(9092 —4(1)(B)
B 2(1)
. —9+V49
2
Soxr= (i) —1,—8 (ii)) 1,—8 (iii) —1,8
11. solve quadratic equation 4m? — 8m — 5 = 0, where a = 4, b = —8, ¢ = —5,
—b £ Vb? — dac
= (quadratic formula)
2a
C —(=8) £ /(=8)> — 4(4)(-5)
B 2(4)
83+ 144
B 8
Som= () ~33 ()35 (i) —3 3
12. solve rational equation
3r—3  x+4
7T 3
3(3x —3) T(x+4) .
- _ < == common denominator
7(3) 3@ ’
3<3$ — 3> — 7(I + 4) = 0 (subtract)
21
20 —37 T
21 = (simplify)
Sox=(i) & (i) =2 (i) 2
13. solve rational equation
5,6 _ 4
k+1 k-1 k2-1
5(k—1) 6(k+1) 4

(common denominator)

E+D(k-1)  G+DE-1  (k+DE-1)
5(k—1) +6(k+1) — 4
(k+1)(k—1)
11k — 3
E+1)(k—1)

= 0 (collect terms)

= 0 (simplify)
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Sok=(i) —1,1 (i) —1,1,% (i) 3

14. solve rational equation,

k-1 2
3(k+2)  k+2
k-1 + 23 0 (common denominator)
3(k+2) k+2 3
k9 = 0 (simplif
3(/{2+2) (simplify)

So k= (i) —2,—5 (i) 2,—5 (iii) —5

15. solve rational equation,

k—4 2
3(k+2)  k+2
k—4 2 3
3(]{3 + 2) + k+29 . g = 0 (common denominator)
k2 =0 (simplify)
3(k+2)

So k = (i) no solution (ii) —2,—5 (iii) 2, —5

16. solve rational equation,

*+10x+16 0
224+ 8 +7

2 8
(x_l— )(x+ ) 0 (factor)

(x+1)(x+7)

Sox = (i) —2,—8 (ii)) —1,—7 (iii) no solution

R.5 Inequalities

An example of a linear inequality is ax < b (or >, <, >). If a < b, then a4 ¢ < b+¢;
ifa<bandc>0,ac<bcif a<bandc <0, then ac > be. An example of an open
interval, (—3,1) or —3 < x < 1, is given in (a) of figure below; an example of a closed
interval, [—-3,1] or =3 < <1, is given in (b) of figure.
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Figure R.1 (Open and closed intervals)

Linear inequality, —6 < 6p < 18, simplified by dividing by 6 as —1 < p < 3 or (—1, 3],
has graph given in (a) of figure below. Quadratic inequality, p*> +5p+ 6 > 0, factored
to (p+3)(p+2) > 0 and which has zeroes —2, —3 and which is positive when either
p < =3 or p > —2 (equivalently (—oo,—3) U (—2,00)) and has graph given in (b) of
figure below.

(@) (b)
Figure R.2 (Graphs of linear and quadratic inequalities)

An example of a fraction inequality is % > (0 where numerator zero is k = 1,
denominator zero is k = 0 and numerator and denominator are both positive (so
overall fraction is positive) when & > 1 and both are negative (so overall fraction is

positive) when & < 0.

Exercise R.5 (Inequalities)

1. Intervals and inequalities. Consider the following intervals.

Figure R.3 (Graphs of two intervals)

(a) Figure (a) is (choose one)
i)z > —1
(i) e < —1
()1 <z<3



14 Chapter R. Algebra Reference (LECTURE NOTES 2)

(c) Figure (b) is (choose one)
HHy< —-3o0ry<o0
(il)y< —3and —2<y<O0
(i) y < —30or —2<y<0
(d) Figure (b) is (choose one)
(i (OO, _3) U (_23 0)
(ii> (OO, _3] U (_25 0)
(i) (00, —3) U (0, —2)

2. Solve linear inequalities.

(a) 2z +10>0

20 +10 > 0
2x > —10 (subtract 10 from both sides)
2z . = ( :
—_ —_— divide both sides by 2
2 2

(i) [=5,00) (i) (=5,00) (iii) (o0, —5]
(b) 2z +10 <0

(i) (=00, =5) (i) (=00, =5]  (iii) [=5, 00)
(c) 22 +10<0

(i) (=00, =5] (i) (=00, =5) (iii) [=5, o0)
(d) 2r+10<3r—>5

2r+10 < 3r—>5
—r < —15 (subtract 3r from both sides, subtract 10 from both sides)
—r —15
—1 > —1 (divide both sides by —1, reverse inequality)

i) (—oo, —15) (i) (—o0, —15] (iii) [15, 00)
(e) 2(m+5)>5(m+2)+7

2(m+5) > 5(m+2)+7

2m+10 > 5m+ 10+ 7 (multiply out polynomials)
—3m > 7 (subtract 10 both sides, subtract 5m both sides)
—3m 7
_—3 < _—3 (divide both sides by —3, reverse inequality)

(i) (=00, —Z| (ii) (—o0,—Z) (iii) (=5,—3)
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(f) 10 <2z +10 <20

10 < 2+10 < 20

0 < x < 10  (subtract 10 three times)

(i) (00,10) (i) (0,10) (iii) (—10,0)
(g) 10 < 2z + 10 < 20

10 < 22+10 < 20

0 < 2x < 10  (subtract 10 three times)
0 N 10
- < < ? (divide by 2 three times)

9 2
(i) (00,5) (i) (0,5) (iii) (—5,0)
(h) 10 < —2z + 10 < 20

10 < —2z+10 < 20

0 < —2x < 10  (subtract 10 three times)
0 N 10
—2 > — > —2 (divide by —2 three times, reverse inequalities)

(i) (=5,0) (i) (o0, —5)  (iii) (0, —5)

(Hint: subtract 10 three times, divide by —2 three times, remember to reverse both inequalities.)

(i) 10 < 2240 <20

10 < ZH0 <20

30 < 22+ 10 < 60 (multiply three times)
20 < 2x < 50 (subtract 10 three times)
@ < 2z < @ (divide by 2 three times)
2 2 2

(i) (10,25) (i) (25,10) (iii) (—25, —10)
(j) 10 < 20 <20
(i) (10,25] (i) (25,10] (iii) [-25, —10)

(Hint: multiply by 3 three times, subtract 10 three times, divide by 2 three times.)

3. Solve quadratic inequalities.

(@) (k—1)(k+1)>0

(i) (=1,1)

(ii> (—OO, 1) N (1a OO)

(i) (—00, —1) U (1, 00)
(Hint: Regions A and C in figure below.)

15
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test point 0 in region B:
O0-1N0+1)=-1x1=-1<0

test point -2 in region A:
(-2-1)(-2+1)=-3x-1=3>0" ——A

test point 2 in region C:
2-12+1)=1x3=3>0

Figure R.4 ((k — 1)(k + 1) interval)

(k—1)(k+1) <0
(i) (_007 _1) U (17 OO)
(i) (—o0,1) N (1, 00)
(i) (~1,1)

(Hint: Region B in figure above. (k—1)(k+1) <0if -1 <k < 1.)
(c) k*—-1<0

(i) (_007 _1) U (17 OO)

(ii> (—OO, 1) N (17 OO)

(i) (~1,1)

(Hint: k> —1=(k—1)(k+1)and (k—1)(k+1) <0if -1 <k < 1.)
(d) (z+1)(z+3)>0
(i) (=3,—1)
(ii> (—OO, _3) U (_17 OO)
(iii) (_007 _3) U (_3, _1)
(Hint: Regions A and C in figure below.)

test point -2 in region B:
(-2+1(-2+3)=-1x1=-1<0

test point -4 in region A:
-4+ 1)(-4+3)=-3x-1=3>0 ——A

test point 0 in region C:
C O0O+10+3)=1x3=3>0

Figure R.5 ((x + 1)(z + 8) interval)
(e) (x+1)(z+3)<0
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(i) (=3,-1)

(i) (—o00, —3) U (—1, 00)

(ili) (—o0, —3) U (=3, —1)

(Hint: Region B in figure above. (z 4+ 1)(z +3) <0if -3 <z < —1.)
(f) 22 +42+3<0

(i) (—OO, _3) U (_15 OO)

(i) (—3,—1)

(ili) (—o0, —3) U (=3, —1)

(Hint: 22 +4z2+3=(z+ 1)(z+3) and (z+ 1)(z+3) < 0if -3 <z < —1.)
(g) z(z+4) < -3

(i) (—o0, —3) U (—1,00)

(ii> (—OO, _3) U (_33 _1)

(iii) (=3, —1)

(Hint: z(z +4) = —3same as 2> + 4z +3 = (z + 1)(z+3) and (z + 1)(z +3) < 0if -3 <z < —1.)
(h) (t—6)t>0

(i) (0,6)

(ii) (=00, 0) U (0,6)

(iii) (—OO, O) U (65 OO)

(Hint: (t—6)t =(t—6)(t+0)=0ift=0o0rt =26 and (¢t —6)t > 0 if either t > 6 or t < 0.)

4. Solve inequalities with fractions.

(a) z—ﬁ >0
(i) (=1,1) (i) (=00, —1) U (1,00) (iii) (—o0,1) N (1,00)

(Hint: Regions A and C in figure below.)

test point 0 in region B:
0-1/0+1)=-1/1=-1<0

test point -2 in region A:
(2-1D/(2+1)=-3/-1=1/3>0  ——A

test point 2 in region C:

B C (2-1/2+1)=1/3>0

e — S —
-5 -3 -1 1 3 5

Figure R.6 (’;—H interval)

(b) #=5 <0
(i) (oo, =1) U (1,00) (ii) (—=1,1) (iii) (—o0,1) N (1, 00)

(Hint: Region B in figure above.)
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(¢) 53 <0
(i) [-1,1) (i) [-1,1] (i) (—1,1]

(Hint: Region B in figure above and also k # —1.)

(d) 5 <0

(i) (=1,1] (i) [-1,1] (i) [-1,1)

(Hint: Region B in figure above and also k # 1.)

R.6 Exponents

For natural n,

a“"=a-a-...-a,
—_———
n factors
where power n is the exponent and a is the base. Also, a® =1 and a™" = ain For real

a and b, integers n and m such that following exists,

° am . an — am—i—n
a”™ _ _m—n

[ ] a—n = Qa

° am)n

(
(

a'm

— amn

ab)” =a™ - a"
a m

* E) = m

When a is real and n natural (a “counting number”), aw has n different roots!, but
only one or two, possibly none, of these roots, the principal roots, are real and the
others are complex. Three cases occur. First, if a is positive and n is even, there
is one positive real root, one negative real root and the rest complex; for example,
square root of 4 has two roots, 42 = 42, whereas the fourth root of 16 has four roots,
with two real roots 161 = +2 and two complex roots. Second, if a is positive and n
is odd, there is one real root with the same sign as a and the rest are complex; for
example, 83 = 2 (and two complex roots) and (—8)3 = —2 (and two complex roots).
Third, if a is negative, all roots are complex; for example, both roots of (—2)% are
complex. Also, for all real a and rational 7,

m 1\ MM
a?:(aﬁ) .

Exercise R.6 (Exponents)

lexcept when a = 0, where all n roots are the same: zero(0)
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1. Write without exponents.

(a (%)_3 (i) 53 (i) 25 (iii) 125
(b) (5)7* = (i) —5% (ii) ;35 (ili) —125

)

)
(@ (-3 =@ -1 @)1 (i) —16
(d) =(-4)7°=(0) g3 () —= (i) —55

2. Simplify to only positive exponents. Assume all variables positive real numbers.

(a) 5584.55;9 = (i) 55—_61 (ii) 51_7 (iif) 57

(b) 2L = (i) gz (i) 272272 (i) 1

© B @) () T ks
(d) (’?—i)_g = (i) 7_1637_,:_3 (ii) 7;33 (iif) 7353k

3. Write without exponents.

(a) (125)5 = (i) & (i) 5 (i) 25

(a) 5553 = (i) L (i) 25 (i) 5
b) (L5 =0 % ()b (i) 5
(

2 L
2N = () g () 277t (i) o

xdy
p3.g3 N p=8 sy 22 . g%
@ et =)t Gy glprd ) o
p3-q3 p3

5. Write a single term without negative exponents.
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20
) -1 . l"‘l .. 2 29.+p”
() 2= = ) 15 () Grir (1) 255

LoD ) ()T (i) e

Il
—
~—
/N
=

(b) (m~t = n1)"
6. Factor expression.

(a) 323 (2 + 2x) — 62 (2 + 27) =
(i) (3z® — 6x)(x? — 2x)
(ii) (323 — 6x)(x? + 2x)
(iii) (3z® 4 6x)(x? — 2x)
(b) 3z3(2? + 2z)"2 — 6z(x% 4 22)2 =
(1) 3x3 _ 6ac(ac2+2w)%(ac2+2w)%
(w2+2w)% (w2+2w)%
—3z(z%+4x)

(w2+2w)%
o\ 3z (x?—2(x242x))
(i) (22+2x) %

(i)

R.7 Radicals

An alternative notation to the exponential notation of aw is the radical notation,
av = /a,

where /a is a radical, ¢/~ 1s the radical sign, a is the radicand and n is the index of
the radical. Also, an = {/a™ = ({/a)™. For real a and b, natural n and m such that

Wa and /b are real,

.« (V) =0
o~ _ | la]  if nis even
(\/a_)_{a if n is odd
Va- Vb= Vab

a= "/a

Exercise R.7 (Radicals)

1. Simplify by removing as many factors from under radical.

(a) V35 = (i) VOV5 (i) vBVE (iil) 3v/5
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(b) V1331 = (i) V121v/11 (i) V112411  (iii) 114/11
(c) V1331 —7V/11 =
(1) 44/11 (i) V12111 — 74/11  (iii) 11v/11 — 74/11
(d) V48k3 = (i) V16k2? - 3k (i) 4kv/3k (i) 4vVk3
() v/325 — /192 =
(i) 5v/3 —4+v/3 (i) v125v/3 — v/64+/3 (i) 5v/3 — 4v/3
(f) vVm™n +vVmn3 — vVmn3 =
(i) Vmby/mn + vVminZy/mn — vVnZ/mn
(i) m3y/mn + m?*ny/mn — ny/mn
(iii) (m3® + m?n — n)y/mn

2. Simplify, if possible.
(a) /(452 + 20y + 25) =
(i) |2y + 5| (i) \/(2y + 5)? (iii) cannot simplify
(4y? + 20y — 25) =
i) v/(2y +5)2 (ii) |2y + 5| (iii) cannot simplify

3. Rationalize denominator.

(b)

AQ

() = () 22 (i) ¥ (i) 22
(b) 32 = (i) %2 (i) Y22 (i) Y5
6 _ _ (s 6(2—2) ) V6 oy 6(2—V?2)
) 5= 0 arvmeVve @ ahs 075
6k _
(d> 2+vVEkZ+1
() Grvmo
(2+v2)(2—/2)
(ii) denominator cannot be rationalized
(iii) 6k2(2—+/k2+1)
3—k?

4. Rationalize numerator.

(a) L =() 2= () 22 (i) ¥

5 53 53 3
oY)
(b) ¥ = () Y22 (i) 5 (i) 225
20vZ _ 2 S 2HVD(2—V2) iy V6
() 757 =) gy () “ea—vy () 5305
(d) gt =
VAL

(2+v2)(2—Vv?2)
ii) numerator already rationalized

iii) 6k2(2—+/k241)

3—k2

o~ o~~~



