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Preface

The point of this course is to acquaint a student with some of the ideas, definitions and
concepts of calculus and its applications, particularly those connected to integration.
This workbook is a necessary component for a student to successfully complete this
course. Without the workbook, a student will not be able to participate in the course.

This attendance workbook is based on the text.

Although the material covered in each is very similar, the presentation of the
material in the workbook is quite different from the presentation given in the
text. The text consists essentially of definitions, formulas, worked out examples
and exercises; this workbook, on the other hand, consists solely of exercises to
be worked out by the student.

A student is to use this workbook to follow along with during a lecture.

There are different kinds of exercises, including multiple choice, true/false,
matching and fill-in—the-blank.

Each week, I recommend you read the text, answer the questions given here in
the lecture notes workbook and then do the online homework and quiz or test
assignments, in that order.

Dr. Jonathan Kuhn,

Associate Professor of Statistics,
Purdue University North Central
May 2014.
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SR.1 Special Review Section on Differentiation

Differentiation is quickly reviewed in this section. The derivative is the slope of a
tangent to a curve. We look at the power, product, quotient and chain rules.

e Constant rule. Derivative of a constant function, f(z) = k, k real, is zero:
fi(@)=0.

Power rule. Derivative of f(x) = a™, n real, is

f'(x) = na" L.

e Constant times function rule. Derivative of f(z) = k- g(x), k real, ¢'(x) exists:
f'(x) = kg'(z).
e Sum or difference rule. Derivative of f(z) = u(z) £ v(z), and u'(x),v'(z) exist:

f(x) = (z) £ ().

Product rule: If f(x) = u(x) - v(z), v/(x) and v'(z) exist, then
f'(@) = v(x) - ' (z) + u(x) - v'(x).

Quotient rule: If y = 42 u'(x) and v'(x) exist, and v(z) # 0, then

* o(2)
v(x) - u'(z) —u(x) - v'(x
ey = M) () — ) )
[v(z)]
e The chain rule is used to find the derivative of the composed function y =

glf(x)], where y = f(u) and u = g(z), and is given by,

dy _dy du _ L
o = dx—f[g(x)] g ()

Exercise SR.1 (Special Review Section on Differentiation)
1. Power Rule and Other Stuff.
(a) If f(z) = 2? (equivalently, y = x?), then derivative:

Lofx)=221=()2 (i) 2z (i) 22®

i 2=(1)z (i) 2z (i) 22®
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iv. D, i) (ii) 2 (iii) 2«
(b) If f(z) = & = 27 then D,[f(z)] = (i) 2z~7 (i) —t2~7 (i) lz~2
(c) If f(z) = /& then D,[f(z)] = (i) 32= (i) —ﬁz (iii) ﬁ
(d) If f(z) = 2% then f'(z) = (i) —22~5 (i) —2z~s (i) 25
(e) If f(z) = 2”

S5
(or y = 2?), so f'(x) = 22°7' = 2z, then at x = 7,
i f(7)=2(7) = (i) 14 (ii) 2z (

i %, = (1) 14 (i) 2z (i) 7

i L [f(7)] = (1) 14 (i) 2z (i) 7

iv. D.[f(7)] = (i) 14 (ii) 2z (iii) 7
(f) Tty = 8p'+4/p—5 = 8p'+4p? — 5 then % = 8 (4p*~1) +4 (1p2 1) +0 =

(i) 32p° + 2 (ii) 32p° + % +5 (iii) 32p® + %

1 1
(g) If f(x) = ”iﬁ = % + 49572 =Tz ' 4472

then D,[f(2)] = 7 (=27 +4 (~a 371) =
O) =+ o5 () —pm+% () - — 5

2. Product and Quotient Rules
(a) Product rule. Consider f(x) = (4o — 1)(5z + 4).
let u(x) =4z — 1 and v(z) = bz + 4.
then, «/(z) = (i) 422 (i) 4 (i) —1
and '(z) = (i) 522 (i) 5 (iii) 3 + 4z
and v(z)u'(z) = (i) (5x +4)(4) (i) (bx +4)(4x?) (iii) (5z* + 4)(4)
and u(z)v'(z) = (i) (42* —1)(5) (ii) (4= —1)(5) (iii) (4 — 1)(5x)
and so f'(z) = v(x) - u'(z) + u(x) - v'(z) =
(i) (52 4 4)(4) + (4= — 1)(5)
(i) (52 —4)(4) + (42 — 1)(5)
(iii) (bx + 4)(4) — (4= — 1)(5)

which equals (i) 40z — 11 (i) 40z + 11 (i) 39 + 11
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(b) Quotient rule. Consider f(z) =

4dz—1
S5x+4-°

let u(x) =4z — 1 and v(z) = 5z + 4.

then, u/(x) = (i) 42
and v'(x) = (i) bx? (ii) 5

and v(z)u'(x) =

and u(z)v'(x) =

(ii) 4

(i) (5z +4)(4)

(i) (4z* —1)(5)

(@) —u(z)v'(@) _

and so f/( ) = vk [v(z)]?
(i) (52+4)(4)—(4z—1)(5) (ii)

(i) —1

(iii) 3 + 4z

(ii) (5z +4)(4x?) (iii) (522 + 4)(4)

(i) (4z — 1)(5) (iii) (42 — 1)(52)

Grt)(W+1a-1)(5) (jij) Gatd)@)+(Er=1)()

(5xz+4)2 (5z+4)2 (4x—1)2
which equals
o 21 40z+11  (iy _ 20
(i) (50+4)2 (i) (50+4)2 (ii) (50+4)2
3. Chain Rule
(a) y = Bz +27)*
let flg(z)] = (32 + 2?)?
with “inner” function g(z) = (i) 3z + «? (ii) 3=*> — 2 (i) 3=
and “outer” function f(x) = (i) * (ii) z* (iii) «?
with derivative ¢'(z) = (i) 6 — 2 (i) 3 (iii) 3 + 2«
and derivative f'(z) = (i) 32* (ii) 42® (iii) 2=

and so by chain rule

flg(@)] - d'(z)

(i) 9z + 9x? + 223
(ii) 18x + 18z% + 43
(iii) 9 + 9z + 222

f'[Bz + 2% - (3 + 2x)

23z + 2% (3 + 22)

2 (92 + 322 + 622 + 22°)
2 (92 + 927 + 22%) =
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y=V3T T 2

let flg(z)] = (3z + 2?)3
with “inner” function g(z) = (i) 3% — 2 (ii) 3z (iii) 3= + x?
and “outer” function f(z) = (i) x

with derivative ¢'(z) = (i) 3 + 2z (ii) 6 — 2 (iii) 3
and derivative f'(x) = (i) gw% i) 2z

and so by chain rule

fla@)]-g'(x) = fBr+a2"]-(3+22)
1
BN
(1) 342z (11) 342z (111) 342z

vV 3x+x? 24/ 3x+22 34/ 3xz+a2

Natural exponential and chain rule. y = 5e**.

Let flg(z)] = 5e*

with inner function g(z) = 2z and outer function f(z) = be
and ¢'(z) = (1) 2 (i) 222 (iii) 42

and f'(z) = (i) = (ii) be® (iii) e**

and so by chain rule

Fla(@)] - g'(z) = f'22] - (2) = 5e*(2) =

(i) bee2® (i) 10e2* (i) 2we2®

x

Natural logarithmic function and chain rule. y = 41n(7/x)
Let flg(z)] = 41In(7/7) and g(z) = 7/ = 722 and f(z) =4Inz

and ¢'(x) = (i) Sz~2 (i) Zz—7 (i) 3=
and f'(z) = (i) 5 (i) 5z (i) 2
and so by chain rule
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6.4 Implicit Differentiation

Thus far, we have looked at explicit differentiation where we first express y in terms
of x differentiate, calculate %’ where y is the dependent variable and x is the inde-
pendent variable. In this section, we look at the implicit differentiation method which
involves finding the derivative without first expressing y in terms of x. Some implicit
equations can be expressed as an explicit function of x, but other implicit equations
cannot be expressed as explicit functions of x. In general, although explicit solutions
can be found for linear, quadratic, cubic and quartic algebraic functions (polynomial
equations whose coefficients are themselves polynomials) in y, this not true in gen-
eral for quintic or higher degree equations. The implicit differentiation method can
be applied as long as the left of equation of the implicit equation R(z,y) = 0 is

differentiable (and other mild conditions). Steps of implicit differentiation include
1. differentiate both sides of equation
2. place all terms of g—g on one side of equation; all other terms on the other side
3. factor out g—g, solve for g—g

Implicit differentiation could also be thought of as an application of the chain rule of
differentiation. In the next section, we apply implicit differentiation to related rates
problems.

Exercise 6.4 (Implicit Differentiation)
1. Implicit and explicit functions.
(a) implicit function R(z,y) =y —3z—-5=0
(i) can (ii) cannot be solved as explicit function
y—3r—5 = 0
y = 3r+95
which (i) is (ii) is not differentiable

d _
because $£ = 3(1)z!~1 =3

(b) implicit function R(xz,y) =y — 32y —5=0
(i) can (ii) cannot be solved as explicit function

y—3xy —5 =
y(1-3z) = 5

y:
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which (i) is (ii) is not differentiable

because, using quotient rule, % = v“’;zu”, = (17375)((8)3;2(5)(73) =

elx

implicit function R(z,y) = yz* + 5y — 222 — 2 =10
(i) can (ii) cannot be solved as explicit function
yr? +5y — 21 —2 = 0
yr? +5y = 22° 42
y(x? +5) = 222 +2

. 2 .. 2 2
or (i) y = 2542 (ii) y = 22 (iii) y = 2542

which (i) is (ii) is not differentiable

dy 16z

because, using quotient rule, = = AT1022735

implicit equation R(z,y) = y*+ (3z)y +5 = 0, where a = 1,b = 3z,¢c = 5,
(i) can (ii) cannot be solved as explicit equation

_ bEVP —dac _ —3uE /(B2 —41)() _ 30 £ 02 - 20

2a 2(1) B 2

which is an equation which could be thought of as consisting of two functions, as given in figure (a);
GRAPH using Y1 = —3X +v9X2 — 20, and Yo = —3X —+/9X2 — 20

with WINDOW -15151-30101 1

Y

which (i) is (ii) is not differentiable
because, although R(z,y) = 0 is an equation, not function,
each “half” of this equation consists of a differentiable function;

— V9z2— . .
w has derivative 2 = —3 + ks

upper half y =

V922 -20
and lower half y = w has derivative Z_Z =-3- 7_9:321_20
y = (-3x+9x7-20)/2 . , . i
function -, 10} retben, y=V1-x" function
‘_)I N N N M - ;
. i g
20l =-/1-x function
1 y=(3x-ox7-20)/2 y=-
function
(@) R(x,y) =y + 3xy + 5 =0 equation (b) R(x,y) =y* +x*-1=0 equation

Figure 6.12 (Implicit equations)
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(e) implicit equation R(z,y) = y* + 2> — 1 =y*+ 0y + (2* — 1) =0,
where a = 1,b=0,c = 2% — 1,
(i) can (ii) cannot be solved as explicit equation

bV —dac 0£/(0)? —4(1)(2* - 1)
v= 2 - 2(1)
or)y=Ev1—22 (i)y=+1—a2 (iii)y=—+v1— a2 whichis

an equation which could be thought of as consisting of two functions, as given in figure (b);
GRAPH using Y3 = v1 — X2, and Y4 = —V1 — X2
with WINDOW -331-2211

which (i) is (ii) is not differentiable
because, although R(z,y) = 0 is an equation, not function,

each “half” of this equation consists of a differentiable function;

upper half y = v/1 — 22 has derivative Z—Z = f%
—x
and lower half y = —v/1 — 22 has derivative % = 1” =
—x

(f) implicit function Iny — 2z =0
(i) can (ii) cannot be solved as explicit function
Iny—2x = 0
lny = 2z

or (i) y = 2e® (i) y = 3e® (iii)) y = 2e**

which (i) is (ii) is not differentiable
because, using the chain rule,

where f[g'(x)] = €2® where f = €%, g = 2z then % = f'lg(x)] - ¢’ (z) = f'[22] - (2) = 2%

(g) implicit equation R(z,y) =y +2y* — 7Ty> + 3y> — 6y — 2 =0
(i) can (ii) cannot be solved as an explicit equation of y in terms of x
in general, usually cannot convert implicit to explicit equation if algebraic equation quintic degree or

higher; that is, contains y®, y% or y7, and so on

but which (i) is (ii) is not differentiable

because implicit differentiation will allow us to differentiate the function “part” of the relation R(z,y)

(h) implicit equation R(z,y) = e %" — 2e3 + ye* =0
i) can (ii) cannot be solved as an explicit equation of y in terms of =
Yy

which (i) is (ii) is not (differentiable

because implicit differentiation will allow us to differentiate the function “part” of the relation R(z,y)
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2. Implicit differentiation.
(a) Find derivative of R(x,y) =y —3x — 5 = 0.
derivative of 0 is <L (0) = (i) % (i) 0 (iii) by
derivative of 5 is L (5) = (i) 0 (i) & (iii) 5y
derivative of 3z is - (3z) = 32!~ = (i) & (i) 3 (iii) 3y
derivative of y is & (y) = (i) 2y % (i) 3y (i) &

then, together,

d d d d
@(y)—%(&f)—@@) = %(0)
dy
—~_-3-0 =0
dx
or (i) =3 (i) ¥ =0 (i) 2=y

(b) Find derivative of R(x,y) =y —e** —5 = 0.

derivative of 0 is L (0) = (i) 0 (i) & (iii) 5y

derivative of 5 is 2L (5) = (i) 0 (i) j—z (iii) by

derivative of €**: let f[g(z)] = e**

with inner function ¢g(z) = 2z and outer function f(z) =e
and ¢'(z) = (i) 2 (i) 222 (iii) 4=

and f'(z) = (i) = (ii) €* (iii) €*®

and so by chain rule

() = Flo)] () = 2] - (2) = (2) =

(i) 3 (i) & (iii) 2e2®

x

derivative of y is & (y) = (i) & (i) 2y (iii) 3y

then, together,

L) () - e = )
dy

2 -2 -0 = 0
dx c
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or (i) % =2e* (i) L =0 (ii)¥=y

(¢) Find deriative of R(x,y) = e* —3x — 5 = 0.

derivative of 0 is == (0) = (i) % (i) 0 (iii) 5y

derivative of 5 is <L (5) = (i) % (i) 0 (iii) 5y

derivative of 3z is - (3z) = 32'~1 = (i) & (ii) 3 (iii) 3y
derivative of e*: let f[g(z)] = e*

with inner function g(z) = 2y and outer function f(z)=e
and ¢'(z) = (i) 2y (i) 22 (iii) 4y

and f'(z) = (i) =z (i) e® (iii) e**

and so by chain rule

() = o) -9 () = §'12] (%) - (23_11) )

(i) 3 (ii) % (iii) 2e2yj—g

x

then, together,

() = @) - (5) = - (0)
2629% -3-0 =0
or (i) & =_2- (i) Z=0 (i 2=y
(d) Find derivative of R(x,y) = y?> —x = 0.
derivative of 0 is <L (0) = (i) % (i) by (iii) O
derivative of z is < (z) = '™ = (i) 1 (i) & (iii) y

derivative of y% let f[g(z)] = y?

with inner function ¢g(z) = y and outer function f(x) ==z
and ¢'(z) = (1) & (i) 2y? (iii) 4y

and f'(z) = (i) 22?7 = 2z (ii) €* (iii) €**®

and so by chain rule

(1) = Flo@))- o) = o] (j—y) ~ 2y (%) _

2
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(i) 3 (i) 9 (iii) 2y

then, together,

d o d d
@(y)—@(ﬁ) = —(0)
Qy@—l = 0
dz
or(l)%:i (ii)d—gzo (111)3—%:31

Find derivative of y? = x.

derivative of z is - (z) = 2! ' = (i) 1 (i) & (iii) y
derivative of y% let f[g(z)] = y?

with inner function ¢g(z) = y and outer function f(x) ==z
and ¢'(z) = (1) 2y* (i) 4y (i) &
and f'(z) = (i) 22~ =2z (ii) e®
and so by chain rule

(1) = Flota))- o'() = o] (j—y) _ 2y (%) _

(i) 3 (i) % (iii) 2y

2

(iii) e2*

then, together,

du dx
dy
2y—= = 1
Yix
or (i) ¥ =5 (i)FE=0 (i) ¥ =y

Find derivative of y* + y* = x.

d ;o d g, d
W)W = @
Y

dy d
3y’ == 4+ 2y— = 1
Ve Ty

dy 9

73 %) = 1
dx(ery)

dy — 0 (i) ¥ =y

or (1) % = 3y2{}—2y (11) dzr dx
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(g) Find derivative of y° + 2y* — Ty® + 3y? — 6y = x.
7 7)o (20) = 3 () + o (3) - )

- 14y 14y 1 dy 14y
551_y oMLY _7(3)3 1YY 39,21 Y _ g 1YY
y +2(4)y (B)y™ - +32)y" - — 6y

+ 8y* — 21y* + 6y + 6)

or (i) W=0 (i) d—Z = 5y4+8y3—;1y2+6y+6 (iii) % =Y

8

(h) Find derivative of y* + 3zy = —5.

derivative of =5 is - (—5) = (i) 0 (i) ¥ (iii) y

derivative of y? is - (y?) = (1) 0 (i) 2y (iii) y
derivative of 3zy:

let u(z) =3z and v(z) =y

and u/(z) = (1) 3 (i) 2y? (iii) 4y

and v'(z) = (1) 2 (i) e® (iii) e*®

and so by product rule

% (zy) = (@) () +u(@)v'(z) = y(3) + (32) (ﬁ)

(i) & (i) 3y + 3w  (iii) 2y
then, together,

L)+ Gry) = ()

dy dy\

dy
2 +32) -2 +3y = 0
(y+w)dx+y

U

or (1) d_Z = _3w?f/2y (11) % = _2y?f3w (111) dx =Y

(i) Find equation of tangent line to y* + 3zy = —5 at (—3,8.4).

11

Since derivative is % = —3%_ derivative (slope) at (z,y) = (—3,8.4) is

dz 3x+2y
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3(8.4 . ..
[l= =5 =~ ~ () —3.2 (i) —4.2 (i) —5.3

so equation of tangent line at (z1, f(z1)) = (—3,8.4) is

y—flz) = fl(v)(r— 1)
y—(84) = (=32)(z—(-3))
y—84 = (—3.20—9.6)

or(i)y=x—54 (i)y=—-x—54 (ii)y=—-32x—1.2

Application. Adult body surface area, S, (in cm?) related to weight, w, is
S(w) = w".

Determine change in surface area, S’(w), at w = 2 kilograms.

first, take logarithms both sides:

Iny = Inw"
= wlnw
derivative of Iny is % (Iny) = (i) Z—z (i) y (iii) ig—i

derivative of w Inw:

let u(w) =w and v(w) = Inw

and v'(w) = (i) 2w? (ii) 4y (i) 1
and v'(w) = (i) & (i) e* (i) €**
and so by product rule

d , , 1
™ (wlnw) = v(w)u' (w) + u(w)v'(w) = Inw(l) + (w) (—> =

(i) Inw+1 (i) 2 (i) 2y 2

then, together,

% (Iny) = % (wlnw)

—— = lhw+1
or S(w) = f'(w) =
(i) g—z =y(lnw+1) =w*(lnw + 1)

(i) 22 = —5.%,

and so S'(2) = (2)?(In2 + 1) =~ (i) 4.77 (i) 5.77 (iii) 6.77
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6.5 Related Rates

We apply implicit differentiation to related rates problems, where all variables depend
on time, t. A characteristic of related rates problems is derivatives of different vari-
ables; for example, 9 and % are related to one another because they appear in one

) dt dt >
equation, say,
dx dy
2
2 =
Var T Va

Steps for solving related rates problems include

0.

e Identify variables and relationship between variables, the equation.
draw a picture to make things clear if possible

variables are always dependent on time, ¢

e Perform tmplicit differentiation on equation.

differentiation is always with respect to time, ¢

e Solve for unknown rate of change (derivative).

use given known quantities and derivatives in solution

Exercise 6.5 (Related Rates)
1. Ladder.

ladder

wall r=25
y

X= 4 ‘
ground
Figure 6.13 (Ladder)

A 25 foot ladder leans against a wall. The base of the ladder is 4 feet from the
wall and is slipping to the right at a rate of 2 feet per minute. Determine the
rate at which the top of the ladder is slipping down the wall. Also determine
the rate at which the area between ladder, wall and ground changes.

(a) Variables and equations
Equations relating variables are
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where x is distance between base of ladder and wall, y is distance between
top of ladder and ground, r is length of ladder (a constant), and A is area

between ladder, wall and ground.

Implicit differentiation, x® + y? = r?

derivative of 22 is % (z?) = (i) Zw% (ii) %% (iii) fi—f
derivative of y? is 4 (y?) = (i) 2y % (ii) id—g (iii)

derivative of r (a constant) is 4 (r?) = (i) 0

then, together,

d (o d ¢ d ¢
a @)+ = 507
2% oy W
Tar TV
or (i) & = —ﬁﬁ—f (i) & = —zde (jjj) b — §d_f
Solve for %, 2% +y? =r?
Since x = (1) 25 (ii) 4 (iii) 2
and r = (1) 25 (i) 4 (iii) 2

SOy =12 —a?=+/252 — 42 ~ (i) 24.68 (ii) 25.68

and % = (i) 25 (i) 4 (iii) 2

then, together,
dy xdx 4
Z = ———(2) =
dt y dt 24.68

(i) —0.32 (ii) 0.18 (iii) 0.28

Implicit differentiation, A = %a:y

A

derivative of A is 4 (A) = (i) A (i) 242 (i) &

derivative of %xy:
let u(t) =% and v(t) =y

and u/(t) Z (i) 3 (i)3-%2

(iii) 26.68
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and V'(t) = (i) & (i) 2y (iii) 2%

and so by product rule
£ (b = st = 3 ) 2)(4)
05y % +ed) ()3(-%) )5 (%)

then, together,

d d /1
Z(A) = = (=
a A dt (2‘“’)
% 1 < dx dy)
2

dt

(e) Solve for 44 A =

dt

Since z = (i) 25 (i) 4 (iii) 2

soy =12 — a2 =+/252 — 42 ~ (i) 24.68 (ii) 25.68 (iii) 26.68
and % = (i) 25 (i) 4 (iii) 2

and from above d? ~ —0.32

then, together,

dA

de %Y
dt Yar T

1
2
1
5 (2468244 (~0.32)) =
(i) 24.04 (i) 25.4 (iii) 26.04

2. Bowl of Chicken Noodle Soup.
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_r=2_

—_—

N
/ \//l/\/\
/N N
\ N h=4

Figure 6.14 (Bowl of Chicken Noodle Soup)

Chicken noodle soup is poured into an (unstable) paraboloid bowl at the constant
(volume) rate of 200 cubic centimeters (cm?) per second; furthermore, the radius
of soup in bowl is changing at a rate of 5 centimeters per second. Determine
the rate at which the height of the soup in the bowl is rising (that is, the change
in the height (cm) per unit time (seconds)) when the height is 4 cm and the
radius is 2 cm.

(a) Variables and equation
Equation relating variables is

whr?

V==

where V' is volume, h is height of soup in bowl and r is radius of soup in
bowl, and V', h and r and change with time, ¢; and 7 is a constant

(b) Implicit differentiation

ISH

derivative of V is % (V)= (1) V (i) %—‘; (iii) ‘fi—‘:
derivative of %TQ:

let u(t) = Sh and v(t) = r?

and W/(t) = (i) m (i) -2 (jii) 2=
and v'(t) = (i) 2r& (i) 2r (i) 2
and so by product rule

% (”’;7"2> — (U (E) + ult) (1) = 1 (g - %) +2h <2r§> _

() == - 2 4 whedr (i) r2 (%) (i) wh (2rd)
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then, together,

d d (mhr?
alV) = a( 2 )

W w? b
a2 a "
o\ dV Tr dh dr
or (I)EZT(TE—thE)
(ii)"él—‘tfzr2 (ﬂ'%)

(iii) & = 7h (27’%)

(c) Solve for
Since h = (i) 4 (i) 5 (iii) 200 (iv) 2
and r = (i) 4 (i) 5 (i) 200 (iv) 2
and & = ()4 (i) 5 (iii) 200 (iv) 2

and &7 = (i) 4 (i) 5 (iii) 200 (iv) 2

v dh o, dr

at 2 \'at  a
7(2) dh

200 = ()% 4 o5
2 (@ +200)

dh 100

e

dt s

(i) 11.83 (i) 12.83 (iii) 14.83

3. Zip Drives and Profit. A company estimates that at time ¢, its future yearly
demand, d, for its zip drives, will decrease in the following way,

75
d=——+2.
t—2+

Also, its annual profit, P, with respect to demand, d, is given by

2P = 2d4° + 10.

Determine the rate of profit (that is, the change in the profit per year) 6 years
from now.
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Variables and function
Equations relating variables are

75
2P =2d° 4+ 10, d= t—2+2
where P is profit, d is demand and both P and d change with time, ¢

Implicit differentiation, 2P = 2d® + 10
derivative of P is &4 (2P) = (i) P (ii)

derivative of 2d° is 4 (2d%) = (i) 6d? (ii) éﬂ (iii) 2(3)d2%

derivative of 10 is £ (10) = (i) 0 (ii)

then, together,

d 3 d
- (2P) = (2d°) + = (10)
dP
9
dt
.\ dP __ dd [\ dP _ o\ dP __ dd
or (i) &= =3d*%¢ (i) % = 6d* (i) 5 = T
Implicit differentiation, d = t7_—52 +2

= 2(3)d*— +0

dd - (jj;) dd

derivative of d is 4 (d) = (i) d (i) 557 dt

Ul

derivative of 10 is 4 (10) = (i) 0 (ii)

‘ dd (i) 2(3)d2%

1
d dt
derivative of t7_—52:

let u(t) =75 and v(t) =t — 2

and u/(t) = (i) 0 (ii)) t —2 (iii) 75

and v'(t) = (1) 1 (i) 2r (i) &

and so by quotient rule

d ( 75 ) _ v(t)u/(t) —u(t)v'(t)  (t—2)(0) —75(1)

dt \t —2 [v(t)]2 B [t —2)2
(1) —oyr () 75 (i) 55

then, together,
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(d) Solve for &

Since AP dd  dd 75
= 3d? =—

dt T At dt - (t—2)?
where t = (i) 4 (ii) 5 (iii) 6

andsod=-"24+2=T7-12=(i) 8 (i) & (i) 3

t—2 6—2 16 75 4
and § = 5y =~ = () =35 (i) =3 (i) %
SO

P ,dd 83\2 / 75
%—3(1@—3(2) (‘E)”

(i) —6054.8 (i) —13109.6 (iii) —84109.6

6.6 Differentials: Linear Approximation

For a function y = f(z) whose derivative exists, f'(x) = %’ and also given differential
dx (typically a small number relative to x), the differential of y is given by

dy
dy = —dx = f'(x)dx
where dy is “rise” and dz is “run” of the slope of the tangent to point A in the figure.

y

tangent line at A 1. ApprOXimate Ay
7 with slope ) using f'(x) and dx
I

f(x + AX)

Ay =f(x + Ax) - f(x)

2. Approximate f(x + Ax)
using f(x), f'(x) and dx.

Ax=dx

X X+ AX X

Figure 6.15 (Differentials and linear approximation)
Notice the exact value of function at point B in figure equals
f(o+Az) = f(2) + Ay,

If differential dx is small, then Ay =~ dy, and so the value of the function at point B
could be (linearly) approximated by point C,

[+ Ar) =~ f(z) + dy = f(z) + ['(z)dx.
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Exercise 6.6 (Differentials: Linear Approximation)
1. Approximation Ay ~ dy = f'(x)dz.
(a) f(z) =2*+ 3z, z =2 and dzr = 0.1.

Since f'(z) = 222" + 3(1)a'"! =
(i) 222 (i) 2z + 3 (iii) 22°,

Ay ~dy = f'(z)dr = 2z + 3)dz =
(2(2) +3)(0.1) = (i) 0.4 (ii) 0.5 (iii) 0.7
ezact Ay = f(2.1) — f(2) = [212 +3(2.1)] — [22 +3(2)] =0.71,

so approximation minus exact: 0.7 — 0.71 = —0.01

(b) f(z) = 2%+ 3z, x =3 and dz = 0.01.

Since f'(z) = 22271 +3(1)z! ! =
(i) 222 (i) 2¢ + 3 (i) 223,

Ay ~dy = f'(x)dr = (2x + 3)dz =

(2(3) +3)(0.01) = (i) 0.04 (ii) 0.05 (iii) 0.09
ezact Ay = £(3.01) — £(3) = [3.012 + 3(3.01)| — [3% 4 3(3)] = 0.0901,
so approximation minus exact: 0.09 — 0.0901 = —0.0001

(¢) f(z) =32+ 32% — 4z, z =1 and dz = 0.01.

Since f'(z) = 3271 4+ 3(2)2* ! —4(1)x =
(i) 922 + 62 — 4 (i) 222 + 3z (iii) 22% — 4,

Ay =~ dy = f'(z)dz = (92% + 62 — 4)dz =
(9(1)% + 6(1) — 4)(0.01) = (i) 0.08 (ii) 0.09 (iii) 0.11

(d) y=+v3x+22%, =1 and dz = 0.01

let flg(z)] = (3z + 2?)2
with “inner” function g(x) = (i) 322 — 2 (ii) 3z (iii) 3z + x?
and “outer” function f(x) x iii

with derivative ¢'(z) = (i)
and derivative f'(x) = (i) gazé (i) 2z

and so by chain rule
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1
- —— (3+27)=
2/ 3x + 22 ( 7)
N 3422 oy 3422 oy 3422
(1) vV 3x+x? (11) 24/ 3x+a2 (111) 34/ 3z+a2
so Ay ~ dy = f'(z)dx = ( 3420 )dw =

2v/3x+x2
_o3+2(1) _ ..
(2 3(1>+(1>2)<0-01> (i) 0.0125 (i) 0.0625 (iii) 0.0785

(e) f(z) = ggi, x=1and dr =0.01

let u(x) =4z — 1 and v(z) = 5z + 4.

x? (i) 4 (i) —1

2 (i) 5 (i) 3 + 4o
)
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(5z +4)(4) (i) (5z + 4)(4x?) (iii) (522 + 4)(4)

and u(x)0/(x) = (i) (422 —1)(5) (i) (4 —1)(5) (iii) (4= — 1)(52)

and so f'(z) = v(z)u (x)*ugx)-v’(x) _

[v(2)]

(i) (5z+4)(4)—(4z—1)(5) (ii) (5z+4)(4)+(4x—1)(5) (iii) (52+4)(4)+(4x—1)(5)

(5xz+4)2
which equals

(5z+4)2

0) Erar () Garnr () mrae

so Ay =~ dy = f'(x)dx = (ﬁ) dr =

21 ~ . .o o
(mZae) (0.01) ~ (i) 0.003 (i) 0.006 (iii) 0.009
ezact Ay = f(1.01) — f(1) = 350075 — 37075 = 0-002578,
so approximation minus exact: 0.002593 — 0.002578 = 0.000015

2. Approzimation f(x + Azx) = f(z) + f'(z)dx.
(a) Approzimate f(65) = \/65.
let

Ay = [flz+Ax) - f(z)
_l’_

where we take advantage of the fact V82 =8

(4z—1)2
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implying f(z) = (1) v/ = T2 (i) «* (iii) 3
and so f'(¢) = o3~ = (i) 505 (i) V& (iil) §
and z = (i) 1 (i) 64 (iii) 65

and Az =dz =65—64= (i) 1 (i) 64 (iii) 65

SO
V65 = Ay+8
~ dy+8 since dy ~ Ay
f(z)-dx +8
1
= —=-dr+38

2y/x
L
2/64
(i) 8.0625 (ii) 8.0725 (iii) 8.0825

exact /65 = 8.0623, so approximation minus exact: 8.0625 — 8.0623 = 0.0002

(1) + 8~

Approzimate f(79) = /79.

let

where we take advantage of the fact V92 =9

implying f(z) = (i) v = 7 (i) 2® (iii) 2
and so f'(¢) = o3~ = (i) 575 (i) V& (iil) §
and z = (1) 79 (i) 81 (iii) 2

and Az =dz =79—81= (i) 1 (ii) =1 (iii) —2



Section 6. Differentials: Linear Approximation (LECTURE NOTES 1) 23

SO
V79 = Ay+9
~ dy+9 sincedy~ Ay
f(x)-de+9
1
= ——-dr+9

NG
= pvm TPTR

(i) 8.8446 (i) 8.8889 (iii) 8.7448

exact /79 =~ 8.8882, so approximation minus exact: 8.8889 — 8.8882 = 0.0007

(c) Approximate f(0.02) = %92,

let

Ay = [flz+Az) - f(z)

eerAx — et

— o002 _ 0

Q002 _

where we take advantage of the fact ¢ = 1
implying f(z) = (i) v& =z (i) e* (iii) 2

and so f'(x) = (i) 3% (i) e* (i) £

and z = (i) 0 (i) 0.02 (iii) %02
and Az = dz = 0.02 — 0 = (i) 0.02 (ii) 0.01 (iii) 0

SO
22 = Ay+1
~ dy+1 sincedy~ Ay
= f(z)-dx+1
= e -dr+1
= ¢ (0.02)+ 1~

(i) 1.02 (i) 0.98 (iii) 0.96
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ezact €992 ~ 1.0202, so approximation minus exact: 1.02 — 1.0202 = —0.0002

3. Application: Cost Function
The cost function for a product is given by

C(x) = 0.092% + 1.4 + 95

Use differential dy = f’(x)dz to approximate change in cost when number of
units increases from 100 to 101.

Since f'(z) =0.09(2)z* '+ 1.4(1)a' "t +0 =
(i) 0.18z + 1.4 (i) 0.1822 + 1.4 (iii) 0.922 + 1.4z,

since increase from 100 to 101,
dxr =101 — 100 = (i) 0.1 (ii) 1 (iii) 0.01

so dy = f'(z)dz = (0.18z + 1.4)dx =
(0.18(100) + 1.4)(1) = (i) 20.5 (i) 21.7 (iii) 19.4
exact Ay = C(101) — C(100) = [0.09(101)2 + 1.4(101) + 95] — [0.09(100)2 + 1.4(100) + 95] = 19.49,

so approximation minus exact: 19.4 — 19.49 = —0.09



