Section 8. The Expected Value and Variance of Linear Functions of Random Variables (ATTENDANCE 10)

5.8 The Expected Value and Variance of Linear
Functions of Random Variables

For random variables Y7, Ys, ..., Y, and X, Xo, ..., X,, with constants aq,as,...,a,
and bl, bg, ce bm,

o B aYi) =31 aE(Y))
® V(Zz ) @;Y;) = Z?:l a; V(Yi) + 2 ZZZ<] a;a; Cov(Y;, Y))

. COV(ZL a;Yi, y 0 ijj> =D i1 2y @by Cov(Yy, X;)

Exercise 5.8 (The Expected Value and Variance of Linear Functions of
Random Variables)

1. A First Look: Using the Formulas. For random variables Y7, Y5, Y3, X7, X5,

E(Y))=-3, EY;) =2, E(Y;)=4,

Vi) =2, V(Yo)=1, V(¥;) =4,

Cov(Y1,Ys) =2, Cov(Yy,Y3) =0, Cov(Y,Ys) =—1,

E(X)) =1, E(Xy) =2, V(X1)=1, V(X;3) =3, Cov(Xy,X3)=2,
Cov(Yy, X1) =2, Cov(Ys, X;) =0, Cov(Ys, X;)=—1,
Cov(Yy, Xo) =2, Cov(Ys, Xs) =1, Cov(Y;, Xs) = 1.

(a) Expected value of U; = —5Y] + 5Y; + 6Y5 is

E(U)) = E(=5Yi +5Ys +6Y3)
= —5E (Y1) +5E(Y2) +6E (Y3)
= —5(=3)+5(2)+6(4) =
(choose one) (i) 48 (ii) 49 (iii) 50 (iv) 51.
(b) Variance of Uy = —5Y; 4+ 5Y, + 6Y3 is
V(U) = V(=5Y; +5Y, +6Y3)
(=5)*V (Y1) + 5% (Ya) + 6% (Y3)
+ 2[(=5)(5)Cov(Y1, Y2) + (=5)(6)Cov(Y1, Y3) + (5)(6)Cov(Y2, Y3)]
= (25)(2) +(25) (1) + (36) (4) + 2[(=5)(5)(2) + (=5)(6)(0) + (5)(6)(-1)] =
(choose one) (i) 59 (ii) 60 (iii) 61 (iv) 62.
(c) Expected value of Uy = 2X; + 2X, is
E(Uy) = B(2X1 +2X5) =2E (X)) +2E(Xy) =2(1)+2(2) =

(choose one) (i) 6 (ii) 7 (iii) 8 (iv) 9.
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(d) Variance of Uy = 2X; + 2X5 is

V(Uy) = V(2Xi+2X,)
= 2’V (Xy) + 2% (X3) + 2((2)(2)Cov (Y7, Y2)]
= WD)+ @) +6)(2) =

(choose one) (i) 28 (ii) 29 (iii) 30 (iv) 31.
(e) Covariance of Uy = —5Y7 + 5Y5 + 6Y3 and Uy = 2X; +2X5 is

Cov (U, Uy) = Cov (—=5Y] +5Y, + 6Y3,2X; 4+ 2X5)
(=5)(2)Cov (Y1, X1) + (5)(2)Cov(Y2, X1) + (6)(2)Cov (Y3, Xi)
+ (=5)(2)Cov(Y1, X3) + (5)(2)Cov(Y2, X3) + (6)(2)Cov(Ys, X5)
= (=5)(2)(2) + (5)(2)(0) + (6)(2)(—1)
+ (=5)(2)(2) + (5)(2)(1) + (6)(2)(1) =

(choose one) (i) —31 (ii) —30 (iii) —29 (iv) —28.

2. Discrete Distribution: Waiting Times To Catch Fish. 'The joint density,
p(y1,y2), of the number of minutes waiting to catch the first fish, y;, and the
number of minutes waiting to catch the second fish, y», is given below.

Y2 \L Yy — 1 2 3 total

1 0.01 0.01 0.07| 0.09
2 0.02 0.02 0.08 | 0.12
3 0.08 0.08 0.63| 0.79

total 0.11 0.11 0.78 | 1.00

(a) Since

EY) = Y yn(y) = (1)(0.11) + (2)(0.11) + (3)(0.78) = 2.67

y1=1

E(Ys) = ) yepa(ye) = (1)(0.09) + (2)(0.12) + (3)(0.79) = 2.7,

y2=1

then E(Y; + Ya) = E(Yi) + E(Ys) —
(choose one) (i) 5.07 (ii) 5.17 (iii) 5.27 (iv) 5.37

and E(3Y; — 2Y3) = 3E(Y1) 2E(Ys
1 (i)

)=
(choose one) (i) 2.51 (ii) 2 2.71 (iv) 2.81



Section 8. The Expected Value and Variance of Linear Functions of Random Variables (ATTENDANCE 10)

(b) Since E [Y1Ys] = 30 _ 300 (y192) p(y1, 92)
= (1 x1)(0.01) + -~ + (3% 3)(0.63) =7.17,

then Cov(Vi, ¥a) = B(ViYs) — E(V1)E(Ya) =
(choose one) (i) —0.039 (ii) 0.039 (iii) 0.139 (iv) 0.239

and Cov(3Y7, —2Y3) = (3)(—2)Cov(Y1, Ys) =
(choose one) (i) 0.034 (i) 0.134 (iii) 0.234 (iv) 0.334

(c) Since

E(Y?) = nypl(yl):(12)(0.11)+(22)(0.11)+(32)(0.78):7.57,

y1=1

V(Y1) = E[Y?] - [EY1)])? =757 —2.67* = 0.4411,

E(Y?) = ) yipa(y2) = (17)(0.09) + (2°)(0.12) + (3%)(0.79) = 2.7,

V(Ys) = E[Y}] - [BE[Y2)]? =7.68— 2.7 =0.39,

then V/(¥; + Yy) = V(Y1) + V(Y2) + 2Cov(¥;, Ya) =
(choose one) (i) —0.5531 (ii) 0.6531 (iii) 0.7531 (iv) 0.8531

and V(3Y] — 2Y3) = 32V (V1) + (—2)2V(Ya) + 2Cov(3Y;, —2V,) =
(choose one) (i) 4.9113 (ii) 5.9979 (iii) 6.113 (iv) 7.213

(d) Since
Cov(Vy,Ys)  —0.039

o= P, 1) VO)V(Ys) V0411 x 0.39
(choose one) (i) —0.235 (i) —0.139 (iii) —0.094 (iii) —0.024.

~
~

then
~ Cov(3Y1,-2Y5)  (3)(=2)Cov(Y1,Ys)
P(3Y1, —2Y2) - \/V(3Y1)V(—2Y2) o \/32‘/(}/1)(_2)2‘/(}/2) -
(choose one) (i) —2p (ii) —p (iii) p (iv) 2p

(e) Since Hy1+Y, = E(}/l) + E(}/Q) =5.37 and OY1+Ys = V(Yi + }/2) ~
(choose one) (i) 0.6678 (ii) 0.7678 (iii) 0.8678 (iv) 0.9678

then py, 1y, = 0y, 1y, = (choose one)
(i) (4.50,6.24) (i) (4.60,6.24) (i) (4.70,6.24) (iv) (4.80,6.24)

so a value more than one SD (0.8678) below mean (5.37) is
(choose one or more) (i) 4.45 (ii) 4.55 (iii) 4.65 (iv) 4.75
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3. Continuous Distribution: Weight and Amount of Salt in Potato Chips. Bivari-
ate density function for machine A is

L 49 <y <51,2<y, <8
_J) 1 o T eI
f(yr,y2) { 0  elsewhere

(a) Since
fily) = / f(y1,92) dys —/ —dy2 Z—,

1
EY) = /49 ylfl(y1)dy1—/49 ylﬁdyl = 50,

e’} 51 1 1
= duys = —duy, ==
f2(y2) /_oo f(?/b Z/2) U1 /49 12 U1 6’

8 8
1
E(Y;) = /y2f2(?/2)dy2 Z/ yzﬁdyz =5,
2

then B(Y; +Ya) = E(Vy) + B(Yy) =
(choose one) (i) 40 (ii) 45 (iii) 50 (iv) 55

and E(3Y; — 2Y;) = 3E(Y;) — 2E(Y3) =
(choose one) (i) 120 (ii) 130 (iii) 140 (iv) 150

(b) Since
E(Y1Ys) / / (y1y2) [ (Y1, y2) dyady, = 250,
49

then Cov(Y,Ys) = E(Y1Y3) — E(Y1)E(Y,) =
(choose one) (i) —2 (ii) —1 (iii) 0 (iii) 1

and Cov(3Y7, —2Y2) =(3 )( 2)Cov(Y1,Ys) =
(choose one) (i) —2 (ii) —1 (iii) 0 (iii) 1.

(c) Since
" o1 1\ 7501
49 49 y1=49
7501 1
V) = B[] - [EM)P = - (50" = 5,
8 8 1 1 y2=8
Mﬁ):/ﬁ%%Mw§/£%w=—w§ — 98,
2 2 6 18 yo=2

V(vy) = E[Y7] - [EYa]] =28-(5)" =3,
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then V(Y1 +Y2) = V(Y1) + V(Y2) + 2Cov (Y1, Ys) =

(choose one) (i) 3 (i) 3 (i) 3 (iv) &

ond V(3 —215) = 3V (1) + (2PV(35) + 2Cv(3Vi, ~210) =
(choose one) (i) 13 (ii) 14 (iii) 15 (iv) 16

4. Special Distributions. Random variable Y; with density

a—1 -4 vl
fQn) = rEdl e P =gyie 2, >0,
0, otherwise

is a Gamma with parameters a = 4 and = 2 and random variable Y5,

Y2 _ Y2
B = 3

1 1
_ B 56 , Yz > 0,
f(y2) { 0, otherwise

is an exponential density with parameter g = 3.

(a) EVi+Ys) = EV) + E(Ys) =af + 5=
(choose one) (i) 8 (ii) 9 (iii) 10 (iv) 11

and E(3Y; — 2;) = 3E(Y;) — 26(Y;) =
(choose one) (i) 16 (ii) 17 (iii) 18 (iv) 19

(b) If Y7 and Y5 are independent,
V(Y14 Ys) = V(Y1) + V(Y2) 4+ 2Cov(Y1, Ya) = aff? + 52 4+ 2(0) =
(choose one) (i) 24 (ii) 25 (iii) 26 (iv) 27

and V (3Y; — 2Ys) = 32V (Y1) + (—2)2V/(Y) + 2Cov(3Y}, —2Y5) =
(choose one) (i) 170 (i) 180 (iii) 190 (iv) 200

5. Mean and Variance of Rolling Dice. Determine expectation and variance of
sum of 15 rolls of a fair die where rolls are independent of one another and X;
is value of outcome of one die.

(a) For ¢th roll, Y; =1,2,3,4,5,6,

E(Y;) = ZJ 1%29(%) = 1(1/6) +2(1/6) +---+6(1/6) =
(choose one) (1) (i ) (111) (iv) Z
E(

(b) So B (X2, Vi) = 5202, B(Y) = 15E(Y) = 15 (3) =

(choose one) (i) 12* (i )% (ii) 22¢ (iv) 17

(c) Since E(Y?) = Y_0_, y3nly;) = (1/6) + 22(1/6) -+ 6%(1/6) =

(choose one) (i) 8—69 (ii) 9—5? (iii) 9_61 (iv) 962

7

(choose one) (i) 32 (ii) 22 (iii) 3—? EV) o E

and V(¥;) = B[V2] - (B(Y))? = 5 — (3)

12 12 1
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(d) Since Y; are independent, V Z ) 22151 V(Y;) =15V (Y;) = 15% =

(choose one) (i) 222 (i) 228 (iii) 22 s

5.9 The Multivariate Probability Distribution

Random variables Y7, Y5, ..., Yy have a multinomial distribution

n!

_ Y1, 92 Yk
Py Y2, - Yk) = el PUPE

where Zlepi =1 and Zle yi=mn,y; =0,1,...,n and
E(Y;) =np;, V(Yi)=npi(1—pi) Cov(Ys,Yy) = —npspi, s #t.
Exercise 5.9 (The Multivariate Probability Distribution)

1. Marbles and Jars. There are 15 different marbles and 3 jars. There is a 20%),
50% and 30% chance of placing a marble in jars 1, 2 and 3, respectively.

(a) Chance 4, 6 and 5 marbles in jars 1, 2 and 3, respectively, is

|
40 560 35 A
4'6'5'02 0.5°0.3

(choose one) (i) 0.023 (i) 0.038 (iii) 0.045 (iv) 0.051

(b) E(Y1) = npy, E(Y2) = nps and E(Y3) = nps are, respectively (choose one)
(i) 3,3,9 (i) 4,6,5 (i) 3,7.5,4.5 (iv) 3.5,7,4.5
Type 0.2, 0.5 and 0.3 in L1, define Ly = L1 x 15

(c) V(Y1), V(Ys) and V (Y3) are, respectively (choose one)
(i) 2.4,3.75,3.15 (ii) 4,6,5 (iii) 3.2,3.2,4.15 (iv) 2.5,4.25, 4
Type 0.2, 0.5 and 0.3 in L1, 0.8, 0.5 and 0.7 in L2, define Ly = L1 X Lg X 15

(d) Cov(Yy,Ys), Cov(Yy,Ys) and Cov(Ys, Y3) are, respectively (choose one)
(i) —2, —3, —3.15 (i) —4, —6.2, —5.1
(iii) —1.25, —3.2, —3.15 (iv) —1.5, —0.9, —2.25
Type 0.2, 0.2 and 0.5 in L1, 0.5, 0.3 and 0.3 in Lo, define Ly = L1 X Ly x —15

(e) E(Y1+Y,+Y3) = E(Y:)+ E(Y2) + E(Y3) = (choose one)
(i) 13 (i) 14 (iii) 15 (iv) 16

p(4,6,5) =

E3Y] —2Y, +2Y3) = 3E(Y)) — 2E(Ys) + 2E(Y3) = (choose one)
(i) 0 (i) 1 (iii)) 2 (iv) 3

(f) V(Y1 +Ys) =V (Y1) + V(Ya) +2Cov(Y1,Ys) =24+ 3.75 + 2(—1.5) =
(i) 2.75 (i) 3.15 (iii) 3.65 (iv) 3.95

and V(Y; +Y3) = V(Y1) + V(Y3) + 2Cov(Y1,Y3) = 2.4 4+ 3.75+ 2(—0.9) =
(i) 2.35 (ii) 3.35 (iii) 4.35 (iv) 5.35
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(g) Cov(3Y1, —2Y3) = (3)(=2)Cov(Y1,Y3) = (3)(=2)(—1.5)
(choose one) (i) 11 (ii) 10 (iii) 9 (iii) 8.

and Cov(2Y5,Y3) = (2)(1)Cov(¥a. ¥3) = (2)(1)(~2:25) =
(choose one) (i) —4.5 (ii) —5.5 (iii) —6.5 (iii) —7.5.

2. Faculty and Subjects. There are 9 different faculty members and 3 subjects:
mathematics, statistics and physics. There is a 50%, 35% and 15% chance a
faculty member teaches mathematics, statistics and physics, respectively.

(a) Chance 4, 3 and 2 faculty members teach mathematics, statistics and
physics, respectively, is

p(4,3,2) = 0.5*0.35%0.15% ~

4‘3'2‘
(choose one) (i) 0.055 (ii) 0.067 (iii) 0.076 (iv) 0.111
(b) Chance 4, 4 and 1 faculty members teach mathematics, statistics and

physics, respectively, is

0.5%0.35%0.15" ~

p(4,4,1) = 4‘4‘1‘

(choose one) (i) 0.089 (ii) 0.098 (iii) 0.108 (iv) 0.131
(c) E(Y1), E(Ys) and E(Y3) are, respectively (choose one)
(i) 3,3,9 (i) 4.5,3.15,1.35 (iii) 3.1,7.2,5.5 (iv) 3,7, 4
Type 0.5, 0.35 and 0.15 in Ly, define Ly = Ly x 9
(d) V(Y1), V(Ys) and V(Y3) are, respectively (choose one)
(i) 2,3,3 (i) 2.25,2.0475, 1.1475 (i) 3.2,3.2,3.1 (iv) 2, 4,4
Type 0.5, 0.35 and 0.15 in Ly, 0.5, 0.65 and 0.85 in Lz, define Ly = L1 X Lz X 9

(e) Cov(Y1,Ys), Cov(Yy,Ys) and Cov(Ya,Ys) are, respectively (choose one)
(i) —3,—3, —3 (i) —4.11, —2.2, —3.1
(iii) —1.25, —0.21, —3.15 (iv) —1.575, —0.675, —0.4725
Type 0.5, 0.5 and 0.35 in L1, 0.35, 0.15 and 0.15 in Lz, define Lz = —1 x L1 x L X 9

(f) If a mathematics, statistics and physics course costs 3 thousand, 2 thou-
sand and 2 thousand dollars, respectively, to teach, expected cost is
E(3Y1 +2Y, 4 2Y3) = 3E(Y1) + 2E(Ys) + 2E(Y3) = (choose one)

(i) 20.5 (ii) 21.5 (iii) 22.5 (iv) 25.2

(g) Variance in cost of V(U;) = V(3Y) + 2Y3 + 2Y3) is

V(U) = 32V (Y1) + 2% (Ya) + 22 (Ya)
+ 2[(3)(2)Cov(Y1, Y2) + (3)(2)Cov(Y1, Y3) + (2)(2)Cov(Yz, Y3)]
~ (9)(2.25) + (4) (2.0475) + (4) (1.1475)

+2[(3)(2)(—=1.575) 4 (3)(2)(—0.675) + (2)(2)(—0.4725)] =
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(choose one) (i) 1.52 (ii) 1.64 (iii) 2.25 (iv) 2.56.

3. Defective items, large population. A sample of size n is selected at random from

a large number of widgets. A proportion p;, ps and p3 of all items have one
defective, more than one defective and no defectives, respectively. The number
of sampled items with one, more than one and no defectives is denoted by Y7,
Y5 and Y3, respectively.

(a) E(3Y; —2Y,) = (choose one)
(i) 3np; — p2 (ii) 3np; — np. (iii) 3np; — 2nps (iv) 3np; — 4np,
(b) V(3Y1 = 2Y3) = 32V (Y1) + (=2)*V(Y2) + 2(3)(—2)Cov(¥1, Y2) =
(i) —12p1py
(ii) 9p1q1 — 4p2q2 + 12np1p:
(iii) 9np1q1 + 4np2q2 + 12np1p;
(iv) 9np2q2 + 4npsqgs + 12npaps
(c¢) V(3Yy —2Y3) = (choose one)
(i) —12p1p>
(i) 9p1g1 — 4p2g2 + 12np1p;
(iii) 9np1q1 + 4np2q2 + 12np1p;
(iv) 9np2q2 + 4npsqs + 12npaps

Defective items, large population. A sample of size n = 4 is selected at random
from a large number of widgets. A proportion p;, ps and ps of all items have one
defective, more than one defective and no defectives, respectively. The number
of sampled items with one, more than one and no defectives is denoted by Y7, Y,
and Y3. Furthermore, p; = P(Y; < 3), po = P(3 <Y, <7) and p3 = P(Y3 > 7)
where Y; are all normal with 4 =5 and 0 = 2.

(a) p1 = P(Y1 < 3) =~ (choose one)
(i) 0.16 (i) 0.32 (iii) 0.68 (iv) 0.96

normalcdf(-E99, 3, 5, 2)

p2 = P(3 <Y, <7) = (choose one)
(i) 0.16 (i) 0.32 (iii) 0.68 (iv) 0.96

normalcdf(3, 7, 5, 2)

ps = P(Y3 > 7) = (choose one)
(i) 0.16 (i) 0.32 (iii) 0.68 (iv) 0.96
normalcdf(7, E99, 5, 2)
b) E(3Y; — 2Y5) = 3np; — 2np, = (choose one
(
(i) —2.56 (i) —3.14 (iii) —3.52 (iv) —3.86
(c) V(3Y1 —2Y3) = Inpiqr + 4npage + 12np1ps = (choose one)
i) 12.0001 (ii) 12.3455 (iii) 12.9934 (iv) 13.5424
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5.10 The Bivariate Normal Distribution

Not covered.

5.11 Conditional Expectations

We learn about conditional expectation and variance in this section.

e conditional expectation
E(g(Y)|Y2 =y2) = >, 9(y1)p(v1]y2)
E(g(Y1)|[Ya =ys) = ffooog(yl)f(yl‘yz) dy

e expectation by conditioning
E(V:) = B(E(V|Y2)) = 52, EOi[Ys = g2)p(w:) = 5, (2, v1p(ile)) ple)

E(W1) = E(EMW1|Y2)) = |72, <ffooo yif (y1ly2) dy1> f(y2) dy2

e conditional variance
VN|Ys =y) = E(Y?|Y2 = o) — (E(V1[Ya = 12))?

e variance by conditioning

V(Yi) = BE[V(Yi[Y2)] + V [EYY)]
Exercise 5.11 (Conditional Expectations)

1. Discrete Distribution: Waiting Times To Catch Fish. The joint density,
p(y1,Y2), of the number of minutes waiting to catch the first fish, y;, and the
number of minutes waiting to catch the second fish, y», is given below.

Y2 \L Y1 — 1 2 3 total
1 0.01 0.01 0.07| 0.09
2 0.02 0.02 0.08 | 0.12
3 0.08 0.08 0.63| 0.79
total 0.11 0.11 0.78 | 1.00
(a) Compute E(Y1|Ys =1).
P(Yy = 1Yy = 1) = 2022l 00— () 1 (ii) 2 (iii) I (iv) &
P(Y1=2,Yo= ) . .. .
P, =2Ys=1) = 5355 = 55 = () 5 (i) 5 (i) § (iv) 5
Py =3y, = 1) = P02 — 800 — (5) § (i) 2 (i) § (iv) §
B0 =1 = Y np i —nlve =1 = ) (L) e (D)o (1) -
= 9 9 9
N 21 .o\ 22 /.. 283 /- 24
(choose one) (i) 5+ (i) 5 (iii) 5 (iv) 5
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(b) Compute E(Y1|Ys = 2).

P(Yi =1, =2) = 2058 — 00— () L (i) 2 (i) 5 (iv) 5
Py =2y, =2) = BER20 = 8 = () 5 (i) 5 (i) 55 (iv)
p(ngng):%:%: (i) & (i) 2 (i) & (iv) &

’ 2 2 8
Eoun=ﬂ>:g;wpoq=wua:m:<n(§)+@>G§)H$(EQ
(choose one) (i) 22 (ii) 28 (iii) 27 (iv) 32

(c) Compute E(Y1|Ys = 3).
P(i= 1Y, =3) = 255258 = 405 = () 5 (i) 75 (i) 75 (v) 73
P(Yy =3|Y; = 3) = O — 008 — () T (i) & (i) £ (iv) 22
P =3|Y; =3) = S5 = 38 = () 55 (i) 75 (i) 75 (iv) 33

EM)i|Y; =3) = i nP(Y1=ulYe =3)=(1) (%)+(2) (%)+(3) (%) -

y1=1

(choose one) (i) % (ii) % (iii) % (iv) %

(d) Compute E(E(Y1]Y2)).

E(E(MY1]Yz)) = ZE(Y1|Y2 = y2)P(Y2 = y)
B = )P = 1) + BOMIYa = 2)P(Ys = 2)
+EM[Y; =3)P(Y; =3)

_ (2_94) (0.09) + (%) (0.12) + (%) (0.79) =

(choose one) (i) 2.67 (ii) 2.77 (iii) 2.87 (iv) 2.97
(e) Compute E(Y7).

E(Yy) =Y yP(Yi=y) = (1)(0.11) + (2)(0.11) + (3)(0.78) =
(choose one) (i) 2.67 (ii) 2.77 (iii) 2.87 (iv) 2.97

(f) In other words, E(Y;) (choose one) does / does not equal E(E(Y1]Y3)).
Here, it is much easier to calculate FE(Y;) than it is to calculate
E(E(Y1]Y2)).
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(g) Compute V(Y1]Ys =1).

EYPY,=1)=3 yiPM=uyYa=1)=
(D25 +@2*(3)+B3)?2 () = (choose one) (i) & (i) & (i) & (iv) &
VY, =1) = BEY, = 1) — (B, = 1) = %~ (3)"=
(choose one) (i) 53 (i) 3 (iii) § (iv) g
(h) Compute V(Y1|Yy = 2)
(YPYe=2)=3 yiP(Yi=ulY2=2)=
(1) (5)+(2)*(3)+(3)* () = (choose one) (i) 35 (i) 35 (iil) 32 (iv) 35
VVilY, = 2) = BV, = 2) - (E([V =2)) = — () =
(choose one) (i) & (i) & (i) 5 (iv) 5
(i) Compute V(Y1|Ys = 3)
E(Y?|Y, =3) = Zyl ?/1 Py, = |Y2 =3) =
(12 (%) + 27 (%) + 3 (%) = () T3 () FF (1) 75 (v) T3

VVilYs = 3) = B(YZ|Y; = 8) — (B(Vi|Ys = 3))2 = 9 — (%)" ~
(choose one) (i)

2583 (i) 2584 (i) 2585 (iv) 2586
6241 6241 6241 6241
(1) Compute EV(Y1]Y2)].

EV[Y:)] = ZV Y1[Yy = 1) P(Y2 = 1)

= (Ylle—l)P(Yzz )+V(Y1|Y2—2)P(Y2=2)
+ V(Y2 =3)P(Y, =

P(
_ ()009 (12 (0.12) (6241) (0.79) =

(hoose cne) () 352 () 358 (i) 3883 (iv) 35

(k) Compute V [E(Y1]Ys)].

E{[EMY2)]’} = D [EM[Ys =1)]> P(Ys = ya)

= [EM|Ya = 1) P(Y, =1) + [EW1|Ys = 2)]* P(Ys = 2)
+ [E(Y1|Ys = 3)° P(Y> = 3)

_ (%4)2 (0.09) + (%)2 (0.12) + (%)2 (0.79) =

(choose one) (i) Sz 158
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{B(E()1|Y2))}” = 2.672 =
(choose one) (i) 7.1089 (i) 7.1189 (iii) 7.1289 (iv) 7.1389
VIE(W|Y2)] = E{[EMW|Y2)]*} — {E(E(W1|Y2))}? = % — 71289 ~
(choose one) (i) 0.004 (i) 0.005 (iii) 0.006 (iv) 0.007
(1) Compute E [V (Y1|Ya)] + V [E(Y1]Y2)].

3453

(V) = E[VVIYD)] + V [E[Y)] = 2008 (”27

158

= —7.1289 ) =
7900 ’ 89)

(choose one) (i) 0.4111 (i) 0.4211 (iii) 0.4311 (iv) 0.4411
(m) Compute V(Y7).
3

E(Y?) =) yiP(Yi =y) = (1%)(0.11) + (2%)(0.11) + (3%)(0.78) =

(choose one) (i) 4.67 (ii) 6.57 (iii) 7.57 (iv) 8.57
V(Y) = E(Y2) — (E(Y1))” = 7.57 — (2.67)* =

(choose one) (i) 0.3411 (i) 0.4411 (iii) 0.5411 (iv) 0.6411

(n) V(Y1) (choose one) does / does not equal E [V (Y1|Ys)] + V [E(Y1]Y3)].
Here, it is much easier to calculate V(Y7) than it is to calculate
EVnY)l+ VIEX[Y2)]

(o) Typical waiting time. Is it unusual to wait 3 minutes to catch the first fish?

Since

VV) Vo044l

(choose one) (i) 0.48 (ii) 0.50 (iii) 0.57 (iv) 0.60
it is not unusual to wait 3 minutes.

2. Continuous Distribution: Potato Chips. A machine fills potato chip bags. Al-
though each bag should weigh 50 grams each and contain 5 milligrams of salt,
in fact, because of differing machines, weight and amount of salt placed in each
bag varies. Bivariate density function for this machine is

L 49 <y <51,2<y, <8
_ ) 1 — 7= T = e =
f(y1,92) { 0 elsewhere



Section 11. Conditional Expectations (ATTENDANCE 10)

(a) Compute E(Y1]Y2).

51 1 1 51
f(y2) =/ (—) dy, = (—yl) =
yi—to \ 12 127

(choose one) (i) 13 (ii) 73 (iii) = (iv) =

(
(choose one) (i) i (ii) % (iii) 3 (iv) %

51 1 1\
E(Y1|Ys) :/ Y1 (5) dy, = (Z?J%) =
y1=49 y1=49

(choose one) (i) %0 (ii) % (iii) % (iv) %
(b) Compute E(E(Y1|Y3)).

B = [

y2=2 Y

(choose one) (i) 50 (ii) 75 (iii) 100 (iv) 125
(c) Compute E(Y7).

8 8
f(y) =/ ) (%) dy; = (1—12y2) =
Y2= Yo =2

(choose one) (i) % (ii) i (iii) % (iv) %

E(Y1) = U1 5 dy, = 191 =
y1=49 y1=49

(choose one) (i) 47 (ii) 48 (iii) 49 (iv) 50

8 200 2
E(Y1\Y2)f(?/2) dy, = / TE dys = (
0=2

25

gyz

)

181

8

Yy2=2

(d) In other words, E(Y7) (choose one) does / does not equal E(E(Y|Y3)).
Here, it is much easier to calculate FE(Y;) than it is to calculate

E(E(Y:]Yz)).
(e) Compute V(Y1|Ys).

51 1 1 51
E(Y?|Ys) Z/ Y (5) dy, = (éyf) =
y1=49 y1=49

15000 (::\ 15001 (:::\ 15002 (:\ 15003
5 (ii) o (iii) 5 (iv) 5

E{EMY,)P) :/ 02 %dw _ (12350y2)

8
y1=2

(choose one) (i)
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(choose one) (i) 2499 (ii) 2500 (i) 2501 (iv) 2502
15002
V(NilYs) = B(VYY2) — E{[EMY2)]"} = —— — 2500 =

(choose one) (i) % (ii) g (iii) 2 (iv) %

(f) Compute E [V (Y1]Y2)].

8 1 9 1 8
BV = / L2 gy = (—y) _
3 12 ")

(i) (i) 2 (i) 3 (iv) 2

(g) Compute V [E(Y1]Y2)].

wlw

{E(E(Y1|Y2))}” = 50° =
(choose one) (i) 2499 (ii) 2500 (iii) 2501 (iv) 2502
VIEM|Y2)] = E{[EM|Y2)]} — {E(E(Y1|Y2))}* = 2500 — 2500 =
(choose one) (i) —2 (ii) —1 (iii) 0 (iv) 1
(h) Compute E[V(Y1]Y2)] + V [E(Y1]Y2)].
V(¥i) = BVOQIY)] +V [BOlY) = 5 +0=

(choose one) (i) 3 (i) 2 (iii) 3 (iv)

(
(i) Compute V (Y7).

51 1 1 51
E(Y12) :/ yf (5) dy, = (éyf) =
y1=49 y1=49

15200 (11) 15201 (111) 15202 (IV) 15203

V(¥ = BOF) — (B = 20— (50)* =

wlw
Wik

(choose one) (i)

(choose one) (i) % (ii) g (iii) g (iv) %

(j) V(Y1) (choose one) does / does not equal E [V (Y1|Y5)] + V [E(Y1|Y2)].
Here, it is much easier to calculate V(Y7) than it is to calculate
EV(Y1|Y3)] + V [E(Y1|Y2)] in this case.

(k) Typical weight. Is it unusual for a bag of chips to weigh 55 grams? Since
y1 — E(y) _ 95 — 50 _

V Vi(y1) N \/g

(choose one) (i) 5.48 (ii) 6.50 (iii) 7.57 (iv) 8.66
it is unusual for a bag to weigh 55 grams.
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3. Bayes hierarchical model: car defects. Number, Y7, of car defects from a produc-
tion line has a Poisson distribution with parameter A. Furthermore, parameter
A is a random variable with exponential distribution with parameter .

(a) Compute E(Y1|\). If A is fixed constant; in other words, given or condi-
tional on a particular value of random variable A, Y; has a discrete Poisson
distribution,

Aie=A

1!
and so conditional expectation® of Y is

BV =Y u (A) _

yi!

p(ylA) =

;o nn=0,1,2,...

(choose one) (i) A (ii) A? (iii) A3 (iv) A*
(b) Compute* E(E(Y1|)\)).

BEWIN) = [ BENF0 i = [ 3 (5e7) ir=

(choose one) (i) B (ii) B2 (iii) B2 (iv) B4

(c) Compute E(Y1).
In this case, we know E(Y;) = f because E(Y;) = E(E(Yi|\) = 5.
It is much easier to calculate E(E(Y71|Y2)) than it is to calculate E(Y7).
Calculations for obtaining E(Y7) directly are typically used in hierarchical
Bayesian statistical analyses and involve joint likelihood of Y7 and A,

Ly, N = F(n) % plun]) = (%evﬁ) 9 (A) |

yi!

(d) Compute E [V (Y1|\)] + V [E(Y1]\)]. Since®

EVMi N+ VIEM[N] =

IRecall, expectation of Poisson Y is A.

2Recall, expectation of exponential A is 3.

3Recall, variance of Poisson Y; is A and expectation of of exponential X is 3.
4Recall, expectation of Poisson Y; is A and variance of exponential X is 32.
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(choose one) (i) B (ii) B+ B2 (i) 1+ 3% (iv) B* -8
Again, it is much easier to calculate E [V (Yi|\)] + V[E(Y1|\)] than
it is to calculate V' (Y)) directly in this case.
(e) Typical number of defects. If § =1, is it unusual for 3 defects? Since
pw—FEly) 3-8 _ 3-1 _
Vi) B+ VI+12

(choose one) (i) 1.41 (ii) 2.50 (iii) 3.57 (iv) 4.66
it is not unusual for 3 defects.

4. Bayes hierarchical model: number of replies. Number, Y7, of replies from a
survey has a binomial distribution with parameters n and p. Furthermore,
parameter p is a random variable with gamma distribution with parameters «

and f3.
(a) Compute E(Y;). Conditional expectation® of Y is
E(Yilp) =

(clgoose one) (i) n (ii) np (iii) np(1 — p) (iv) np?

E(Y1) = E(E(1lp)) = E(np) = nE(p) =
(choose one) (i) n@3 (ii) aB? (iii)) naB (iv) nB*
(b) Compute V(Y1). Since” V(p) = E[p’] - [E(p)]",

E[p*] =V(p) + [EQ) = of + [0f]’ = (1 +a)
then
E[V(Yilp)] = Enp(1 —p)] = nE [p—p*] = n (B(p) - E(p")) =
(choose one) (i) B (ii) naB? (iii) naB(B —1) (iv) naB(1 — B — af)

and®

V[E(Yilp)] =V [np] = n*V(p) =
(choose one) (i) nB (i) n2a8? (iii) n*a2B° (iv) nB* so
V(Y1) = E[V(Yilp)] + V[E(Yi|p)] =
(i) B (i) n(aB—aB?) (i) naB*+n*aB? (iv) naB(l—B—aB+np)

5Recall, expectation of binomial Y7 is np.

6Recall, expectation of gamma p is /3.

"Recall, expectation of gamma p is o3 and variance of of gamma p is a 3.
8Recall, expectation of binomial Y; is np and variance of gamma p is o/32.
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5. Prisoner’s Escape and Three Doors. A prisoner is faced with three doors. First
door opens to a tunnel to freedom in 4 hours. Second door opens to a tunnel
returning prisoner back to prison in 5 hours. Third door opens to a tunnel
returning prisoner back to prison in 10 hours. Assume prisoner is equally likely
to choose any door. Let Y; represent amount of time until prisoner reaches
freedom and let Y5 represent chosen door (1, 2 or 3). What is expected length
of time until prisoner reaches freedom, E(Y7)?

(a) E(Y1|Y2 =1) = (circle one)
(circle one) 4 / 5+ E(Y7) / 10 + E(Y1)

(b) and E(Y1|Y2 = 2) = (circle one)
(circle one) 4 / 5+ E(Y7) / 10 + E(Y1)

(c) and E(Y1|Ys = 3) = (circle one)
(circle one) 4 / 5+ E(Y7) / 10 + E(Y1)

(d) So

E(Y)) = E[E(Yi|Yy)]
= Y EM[Ya=y)P(Yy=y)

— B(X|Ya= DP(Ya= 1) + BH[Ys = 2)P(Ys = 2) + E(i|Y = 3)P(¥ = )
1

= B2 = 1)+ BM|Y: = 2) + E(i[Ys = 3)]

and so E(Y]) = (circle one) 16 / 17 / 19

5.12 Summary



