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Chapter 7

Integration

The “reverse” of differentiation is called integration. If F'(z) = f(x), then F(x) is
the antiderivative of f(x); or

/f(a:)dx:F(x) +C,

where [ in the integral sign, f(x) is the integrand and [ f(x)dx is the indefinite
integral. Whereas differentiation determines the slope of a tangent line to a curve,
integration determines the area under a curve.

7.1 Antiderivatives

xn+1

T T O on# -1
constant multiple rule [k - f(x)dx =k [ f(z)dz + C

power rule [ x"dr =

sum or difference rule [[f(x) £ g(z)]dx = [ f(z)dx + [ g(x) dx

exponential functions
ekw
1 [ede = +C, k#0
2. fakxd$:%+0,a>0,a7él

e [Ldz=[alde =)L =In|z|+C
Use boundary conditions to determine the constant of integration, C.

Exercise 7.1 (Antiderivatives)

1. Antiderivatives, derivatives and constants of integration.
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(a)

(e)

(f)

(2)

()

Chapter 7. Integration (LECTURE NOTES 1)

(i) True (ii) False
If F(x) = 5z, then F'(x) = 5(1)2'~! = 52" = 5 is the derivative and so
the original function, F'(x) = bz, is an antiderivative.

An antiderivative of F'(z) =51is F(z) = (i) 52* (ii) 5z (iii) 5

Check if F(z) = 5z is the antiderivative of F’(z) = 5: %F(z) = % (5z) = 5, so, yes, it is

An antiderivative of F'(z) = =3 is F(z) = (i) —3x?* (ii) —3 (iii) —3=

F(z) = —3z is the antiderivative of F'(z) = —3 because %F(m) = % (—=3z) = -3

An antiderivative of F'(z) =z is F(z) = (i) 32? (i) z2* (iii) 3
1,2) — 1(9)p2-1 = 5
1,2) =

F(z) = %m2 is the antiderivative of F’(z) = x because %F(m) =2 ( m2)

An antiderivative of F'(z) = x is F(x) = (i)

F(x) = %:{:2 + 7 is the antiderivative of F'(x) = & because -%

An antiderivative of F'(z) =z is (i) z2* — 39 (i) S2* (iii) —39

F(z) = %mz — 39 is the antiderivative of F’(z) = = because %F(w) =4 (%xz - 39) =z

The antiderivative of F'(z) =z is (i) 3z + C (i) 2%+ C (iii) 3

F(z) = %m2 antiderivative of F'(z) = = + C because %F(w) = % (%xQ + C) =z, if C is a constant

The antiderivative of F'(z) = 5z is (i) 2&? (i) C (iii) 22> + C
)

F(z) = 5 antiderivative of F’(z) = 5z because %F(x = % (%1‘2 + C) = 5, where C' constant

2. Power rule rule, constant multiple rule and notation.

(a)

(b)

The antiderivative of F'(x) = 5 = 52°, or, equivalently, the integral of 5z°

F(m):/f(x)dx:/5x0dx:5/x0dx:5<O—ilx0+1+0) —

(i) 5C (i) 5+ 5C (i) 5z + C
since C' is any constant, 5 X C' is also any constant, so just keep calling it C;

also, F'(z) = 5z + C integral of 5 because %F(m) = % (52 + C) = 5, where C constant
The integral of 4 = 42°

1
F :/40d :4/ 04 :4<—0+1 ):
(x) x dx x” dx or1” +C
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i) C (i)4+C (i) 4z + C

This is an example of the power rule listed above

(¢) The integral of k, k a constant,

1
/kdx:/kxodx:k/xod:c:k(—x0+1+0) -
0+1

i) C (i) k+C (i) kz + C

This is an example of the power rule and also multiple constant rule listed above.
d) The int 1 of =z =2
€ mtegral o T T x,

1
/xldx:—1+1x1+l+6’:

(i) C (i) z2* (iii) 32° + C

F(x) = %xz + C, where C constant, integral of 22 because % (%xz + C’) = %(2)961’1 +0==x

(e) The integral of f(x) = 22,

1
/ZEZdZL': — 2ty 0=
241

. -y 1.3 ..\ 1.3

(i) C (i) 3=° (iii) 32° + C

A word on notation: Both the integral sign “f” and the differential “dx” are necessary com-
ponents to say you want to integrate the function enclosed between them, in this case, z2.

Neither “[” nor “dx” are part of the function. They do not have to be “solved” or “calculated”

or “determined” in any sense. They are simply the notation used to say the function is to be integrated.

(f) Integral of f = x'°,
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(h) Integral of f =277,

1
-7 e AR | _
/:): dr = T 1% +C
(i) —3z 8+ C (ii) 3278+ C (iii) —gz ¢+ C

(i) Integral of f = 321

1
10 7. 10 7. 10+1 _
/Bx d:)s—B/x dx—3<10+1:)3 —I—C)
(i) =23+ C (i) 2" +C (i) F='* +C
(j) Integral of f = —3z'9,
1
_ 9,10 _ 10 7, _ 10+1 _
/( Bx)da? 3/1’ dx 3(10+1x —I—C)
(i) —Zz* + C (i) gz —3C (il) —=' +C
k) Integral of f = kz. k a constant
(k) g f , :
1
_ 1 _ 1+1 _
/k:xda:—/kx d;r—k:(l+1x +C’>
(i) C (i) k+C (i) 22>+ C

(1) Integral of f = {/x,

1 1
/%dx:/ﬁdx: zitl 4+ C =

(i) C (i)

zi+C (i) 2z7 + C

o

(m) Integral of f = 6/x,

1 1 1
/6%d:¢:/6x3dm:6<1—x5+1+0> :6<3x%+c>
51 5

(i) x5 + C (i) 6x5 + C (iii) bzs + C
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(n) Integral of f = 6+/x,
/6\5/5de /61'% dx =

(i) 55 +m (i) 5xs + k (i) 5xs + C

All are correct as long as k, m and C are all constants.

3. Integration for exponential, logarithm and other functions.

/a:_ldx =

(i) =222+ C (i) In|z| + C (i) 3ln|z| + C

This is the % integration rule above;

(a) Integral of f =21 =271,

—141 0 . .
z = £ which does not exist.

-1 7. _
but not the power rule because f:c dr = o 5

(b) Integral of f = 2 = 3271,

/%*mz

(i) =622+ C (i) In|z| + C (i) 3ln|z| + C

/em dx =
(i) C (i) e* 4+ C (iii) €

This is one of the exponential function integration rules above

(c) Integral of f = e”,

(d) Integral of f = 5e3%,

/5€3xd$25/63xd£€:5(%63964—0) =

2 1 3z =y 1,11 2o\ 5 _3x
(i) ze**+C (i) 3z'* + C (i) 3e>* + C
This is another one of the exponential function integration rules above

(e) Integral of f = 5732,

1
/6390 dz =5 (_—36_3”0 + C’) =

(i) 3€3* + C (i) —2e" + C (i) —5e’* + C
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230 Chapter 7. Integration (LECTURE NOTES 1)

(f) Integral of 5z — 723,

/(593—7933) dx:5/xdx—7/x3da::5 (illzvlﬂ)—? <3i1 3+1)—|—C—

3

()5 (2) =7 (2)+C ()5 (2)+7(2)+C (i) 5 (2) -7 (%) +C
(g) Integral of 3x71 +1,

/(3z‘1+1)dsz/x_ldx+/x0dz:3ln|z|+< ! 0+1)+C—
0+1

(i) 3In|z|+ 22+ C (i) 3ln|z|+x + C (i) 3e®* + x>+ C
(h) Integral of 6e3* + ¥/,

1 1 1
/(663x+€’/§) dx:G/e?’xdx+/x§dx:6<§e?’x>+1+1 ity O =
3

i) 2e3% 4+ 3e5 L C (ii) €3® 4+ 3e3 + C (i) 2e3® + 2e5 + C
a 4 3

4. Integration with boundary or initial conditions: determining C'.

(a) Integrate f’(z) = b2, where f(—1) = 5.

Since [ (5z?) d (211 2+1) +C =

T =29
(i) %63“’—|—C ()g x>+ C (iii) 5e®* + C

and since f(—1) =5, then f(—1) = 2(-1)*+C =5, or
C=()5 (i) 2 (i) 5e3®

(b) Integrate f’(z) = 5x2, where f(—1) = 6.

Since [ (52?) dw =5 (2+1 2+1) +C =
(i) s**+ C (i) 22* + C (iii) 5e** + C

and since f(—1) =6, then f(—1) = 2(—1)*+C =6, or
C=(i)6 (i) 2 (ii) %

3 3
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(c) Integrate f'(x) = 621, where f(2) = 4.

Since [ (6271) de =6 (In|z]) + C =
(i)6x~'+C (ii) —6lnxz+ C (iii) 6In|z| + C

and since f(2) =4, then f(2) =6In|2|+C =4, or
C=()4+6(2) (i)4—6In2 (ii)4+6In2

and so f(x) =6In]2|+C =
(i) —sx=2+ 2 (i) 6ln|z|+4—6In(2) (i) —Jz~24+ 2

5. Application: economics. Find total cost function, C(z), such that marginal cost
is C'(z) = z* — 2z and where fixed costs are $45 (in other words, C'(0) = 45).
(a) Since C(x) = [C'(z)dx = [ (2® — 27) dov = FA-2®T — 21+ L | =

2+1 1+1

(i) 3€3® + k(i) 32° —x® + k(i) 5e> + k
Let’s use constant k instead of C, to avoid confusion with cost C.

(¢) and so C(z) = [C'(x)dx = 32 —2? + k =
3

T
() 22* + C (i) 2% — 2? (i) g2® — 2?4 45

6. Application: physics. Find position function s(t) of a rolling ball such that
velocity function is v(t) = s/(t) = 6¢> and where the ball is 9 meters from the
start position at time zero (s(0) = 9).

(a) Since s(t) = [&'(t)dt = [ (6t%) dt = ;5134 4+ C =

(i) s€¥ 4+ C (i) 3t* + C  (iii) 5% + C

(b) and s(0) =9, then s(0)
C=(i)9 (i) 2 (ii)e

3

20)*+C =9, or,

©

s = %t‘l +C =
(i) 3t* —5 (i) 2t* +0 (i) 3¢* 4+ 9
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7. Application: more physics. Find velocity function v(¢) of a rolling ball such
that acceleration function is a(t) = v/(t) = —7t* and where the ball has velocity
-3 meters per second at time 2 (v(2) = —3).
(a) Since v(t) = [V'(t)dt = [(=Tt") dt = '+ + C =

441
(i) 3e¥ 4+ C (i) —=It°+ C (i) 5e* + C
(b) and v(2) = =3, then v(2) = —£(2)° + C' = -3, or,
C=()9 (i) -2 (i) 2

(c) and so v(t) = [v'(t)dx = —1t0 + O =

=75
(i) (i) —Z¢> — 122 (i) —1e5 (i) —Z¢° + 22

7.2 Substitution

We look at an integration technique called substitution, which often simplifies a com-
plicated integration. Roughly, the substitution integration technique is the reverse of
the chain rule differentiation technique. We use the following formulas as a basis for
the substitution technique, after substituting v = f(x) (and so du = f'(x)dx).

o [[f(x)]"f (x)dx becomes [u"du = Qi::rll +C, n#1
o [e/@) f!(z)dx becomes [edu = e* + C
o f%dx becomes [Ldu= [u'du=1Inlu|+C
Substitution method typically concerned with three cases; chose substitution u to be
e quantity under root or raised to a power
e quantity in denominator

e exponent of e

and allow for constants. We also look at how to deal with fractions in integration.

Exercise 7.2 (Substitution)

1. Power Function and Integral Substitution Technique.
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(a)

Substitution (LECTURE NOTES 1)

Find [ f(z) dz = [ 232 + 22(3 + 22) dz = %f(3x—l—z2)%(3+2x) dzx.

guess u = 3x + 2
then 2 = 3(1)z'~! + 22*7! = 3+ 22 or du = (3 + 2z) dx
substituting v and du into [ f(x) dz,

3 1 3 3 1
5/(3x+x2)2(3+2x)da¢:é/u%du:§<%+1u%+1+0> =

i) 24+ C (i) 2us +C (i) uz + C

but u = 3x + 22, so

/f(:c)dx:u% O =
(i) 3+ 22)2 +C (i) 3z +x2)2 + C (i) (322 + 23)2 + C
Find [ f(z)dz = [ (32 + 2)? (3 + 2x) da
guess u = 3x + 2

then 2 = 3(1)z'~! +22*7! =3+ 22 or du = (3 + 2z) dx
substituting v and du into [ f(z) dz,

> 2) _9 g, 0 L FE _
5/(31’+$) (3+2x)dx—§/u2du—§<%+1u +C’>—

i) 4+ C (i) 2uz +C (i) uz + C

but u = 3x + 22, so

/f(:c)dx:ug—i-C:
(i) 3+22)2 +C (i) Bz +22)? +C (i) 3z +2%)% +C

Find [ f(z)de = [ 322 de = 1 [ (30 +22) " 2(3 + 22) dx.

guess u = (i) 3= + x* (ii) 3+ 2z (iii) v/3z + =2

then 2 = 3(1)z' ! + 22°7' =34 22 or du = (34 22) dx
substituting v and du into [ f(x) dz,

1 -3 1 1/ 1
2] Gera) P r20de =5 furtdu= <—g+1U‘%“+C>

233
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i) 24+ C (i) 2uz +C (i) uz + C

but u = 3x + 22, so

/f(:c)dx:u%—i-C:

(i) 34 22)2 +C (i) 3z +22)? +C (i) 3z + %)% + C

N

(d) Find [ 222 _dy = [ (32 + 2?)”

V3a+a? (9 + 62) dx.

guess u = (i) 3x¢ + x* (i) 3 + 2 (iii) v/3x + x2

then 2 = 3(1)z'~! + 22°7' =34 2z or du = (3 + 2z) dx
substituting v and du into [ f(x) dz,

/(3x+x2)_%(9+6x)d:ﬁ _ /(3x+x2)_%(3)(3+2x)d:ﬁ
= [ E)du = 3 [ du

but u = 3z + 22, so

/f(x)dxzfsu% O =
() 33+ 22)2 + C (i) 6(3z + 2%)* + C (iii) Bz +2%)* + C
(e) Find [5(=2z* + 7x)* (=82 + 7) d.
guess u = (i) (—2x* + Tx)* (i) —8x3 + 7 (i) —2z* + Tz

then 2 = —2(4)2*~! + 7(1)2' ! = —82° + 7 or du = (—82° + 7) du
substituting v and du into [ f(x) dz,

o4 4, o3 _ 4 L oan >_
5/( 2x —|—7x) (—8x +7)dm—5/u du—5<4+1u +C) =
(i) 5+ C (i) 5u’ 4+ C (i) u® + C

but u = —2z* 4+ Tz, so

[ 1@)de =+ C =
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(i) (—22* + 72)°+C (i) (—22* + 72)°+C (i) 5(—22* + 7x)°+C

(f) Find [ f(z)dz = [ (32 + 22 — 42)° (922 + 4z — 4) dx.
guess u = (i) 3x® + 222 — 4z (ii) 9z®> + 4= — 4

then du = (3(3)x371 4+ 2(2)2*>™! — 4(1)z'"Y) do = (922 + 4 + 4) dx
substituting v and du into [ f(z)dz

[ (30 + 20 = 42)" (9% + 40 —4) de = [wbdu = (o qut 4 C) =
(i) zu” + C (i) zus + C (i) u”" 4+ C
but u = 323 + 22% — 4z, so
/f ﬂt+0:
(i) 7(3:1: + 2x2 —4ar:) +C

(i) (33 + 22 — 4x)” —|— C
(iii) 7(323 + 222 — 4z)" + C

(g) Find [ (1+ 422)° (152) da.
guess u = (i) 1 + 42 (ii) 15z
then du = (0 + 4(2)z*™ ') dz = (i) (8x)dz (ii) (1 + 8z) dx
substituting v and du into [ f(z)dz
26 _ 26E) _ 15 _15<1 4O+ )
/(1+4x) (15z) dx—/(1+4a?) <8 (8z) dx = 3 /u du = s g1 +C
(i) Bu"+C (i) 32"+ C (i) v+ C
but v = 1 + 422, so
[ 1@y de = 2uT+ C =
(i) & (1+42)" +C
(i) 2 (1 4422)" + C
(iii) 15(1 + 422)" 4+ C
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(h) Find [ f(z)dz = [avz + 5de = [z(z +5)2 de.
guess u= (i) v/x+5 (ii)x+5
then du = dx and also v =u —5

substituting u, du and x into [ f(z)dz,
/x(x+5)%dx = /(u—5)(u)%du
= /(u% — 5u%) du
= /u%du—5/u%du
1 1

341 341
= 3 w2 —5(1 u? )—l—C’:
S+1 5 +1

(i) 2u +C (i) 2u? — Qa2 +C (i) 10u® + C

but v =z + 5, so

2 5 10 3
/f(:v)dx—gu — g +C =

() 3@ +5)F — (@ +5)" +C
(i) =2 (x +5)* + C
(iii) 2(z +5)F + C
2. Exponential Function and Substitution Technique.

(a) Find fe(”wg) (32?) dx.
guessu= (i) 7+ x® (ii) 3x?
then du = (0 + 3237 ') dz = (i) (1 + 3z?)dz (ii) (3z?) d=

substituting v and du into [ f(z) dz,
/e(”xg) (3:62) dr = /e“ du=e"+C
but u =7+ 23, so
/f(a:)dx:e“—i-C:
(i) z3e™*° + C (i) 7"’ + C (i) €™ + C
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Find [ f(z)dz = [ —1 { - ] do— o) (~Zo7%) da.
guess u = (i) —7x
then du = (=7 (3)237") dz = (i) (=Z27%) da (i) (3272) d=
substituting u and du into [ f(z) da,
/e(_h%) (—gx—%> di=[etdu=c"+C
but u = —72% = —7\/Z, $0
/f(x)dx:e“+0:

(i) Ve ™V? + C (i) —Te " ™V= 4 C (iii) e ™V*= +C

Find [ f(z)dz = [ e(’\;f’ de = fe(‘”%) (g;—%) de.

guess u = (i) —7x2z (i) &~ 2
1

then du = (—7 (%) x%_l) dx = (i) (—%a:_i) dx (i) (—
substituting v and du into [ f(x) dz,

) 8y e [ (C2) () for ()
/e (x )da:—/e - 5% da:—/e - du =
(i) —2e* + C (ii) —7e* +C (i) e*+C
but u = =722 = =7/, s0

2
/f(a:)d:)s = e+ C =
(i) —2e~™V=+ C (i) —Te"™V® 4+ C (i) e ™=+ C
Find [ f(z)dz = [ze” do = [ e (z) dx.
guess u = (i) e* (ii) x?

then du = (22*71) dzx = (i) (2z) dz (ii) (e®) dx
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substituting v and du into [ f(z) dz,

/exz (r) dx = /exz <%) (2z) dx = /e“ <%) du =
(i) —3e* + C (i) e+ C (i) e*+C

but u = 22, so

/f(x)dxzéeuo:

(i) —ie®” +C (i) 2= + C (iii) e + C

Find [ f(z)dz = [ 227 dz = [ 7% (2z) dz.

notice if Y= 7:027 then lny =1In 7:02 = 12 In7 or Yy = exz ln7’

[ flx)de = [T (2z) do = [e* ™7 (22) da

SO

guess u = (i) z?In7 (i) x?

then du = (22 'In7) dz = (i) eInT7)dz (i) (e!*7) dx

substituting v and du into [ f(z) dz,

2 2 1 1
z“In7 _ zIn7 — u —
/e (2x) dox = /e e (2xIn7) dx /e (1117) du
(i) —=e* + C (i) -e*+ C (i) e+ C

In7

but u = 2%In7, so

/f(x)dx:ﬁeucz

(i) — e ™7+ C (i) e ™"+ C (i) e** "+ C

T In7 , In7
which 1is ﬁ?m +C

3. Logarithmic Function and Substitution Technique.

(a) Find [ 2222 dz = [ (22 + 22)” (2 + 2z) da.

242

guess u = (i) 2 + 2z (i) 2= + x?

then du = (2(1)z' ™! + 22271) dz = (i) (2 + 22?) dz (i) (2 + 2x) d=z
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substituting v and du into [ f(z) dz,
/ (29: + 932)_1(2 +2z)dx = /u‘l du=Inlu|+C

but u = 2z + 22, so

/f(:c)dx:ln|u|+C:
(i) 2In |2z 4+ x*|+ C (i) In |2z +2?| + C (iii)  In |2z + z*| + C

Find [ 442 dy = [ (22 +2?) 7 (4 + 42) da.
guess u = (i) 4 + 4z (i) 2= + =2

then du = (2(1)2' ™! 4+ 22271) dox = (i) (2 + 222) dz (i) (2 + 2z) d=z
substituting v and du into [ f(x) dz,

/ (20 +2%) (4 + ) do = / (20 + %) (2)(2+22) do = /u_1(2) du =
(i) —ln|u|+C (i) In|u|+C (i) 2In|u| + C

but u = 2z + 22, so

/f(x)dx:21n|u|+0:

(i) 2In |2z + x|+ C (ii) In|2z 4+ 22|+ C (iii) zIn |2z + z?| + C

Find [22dz = [Ina (z7!) dz.
guessu = (i) Inz (ii) z7*
then du = (z7!) do = (i) (z7') dz (i) (—=72) d=z

substituting v and du into [ f(z) dz,

/lnx (x_l) dr =

(i)fuduziu1+1—|—C=“72—|—C

1+1
(i) futdu =In|u| + C

(i) 2 fudu = 2 (Hu*! + C) =u? + C
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but v = Inz, so

() Y(nz)®+C (i) In|lnz|+C (i) (Inz)®+ C
(d) Find [ 2% dz = [In8z (z7') dx.
guess u = (i) In8zx (ii) =z~ !

recall if u = flg(z)] = In8z and g(x) = 8z and f(z) =Inz

and ¢'(x) = (1) 8¢ (i) 8 (iii) In 8z
and f'(z) = (i) 55 (i) 3 (i) &
and so by chain rule

(i) 2 =21 (i)

in other words du = (i) (z™!) dz (i) (—x~2) dz

8N

=2z~' (i) &

substituting v and du into [ f(z) dz

/11183: (x_l) dr =

(i)fudu—1+1 ultt 4+ C = —|—C
(i) futdu =In|u| + C
(111)2fudu—2(1+1 1+1—|—C) =u?’+C
but v = In 8z, so

[ r@)de == + C=
(i) $(In8z)*+ C (ii) In|In8z| + C (ii) (In8z)*+ C

(e) Find [ =2 da.

notice
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Alx—4)+ B

r—4

Az + (B — 4A)

r—4

andso A=1and B—4A= -5
and so B=—-5+4A=-5+4(1) = -1

andso 223 = A+ Er = () 1+ 25 (i) 1- 2 (i) 14 45

x—4

in other words,

[t = [(1-53)

where, for the second integral, guess u = (i) ¢ — 4 (ii) «

sodu= (i) (7)) dz (ii) dz

substituting « and du into second integral,

z—/xi4M+C:
)z—futdu=x—lnu+C

(i) fJu™tdu =In|u| + C
(iii)2fudu:2($u1+1—|—(§') =u?+C
but v = x — 4, so

/f(x)d:c:x—lnu—i-C

(i) 3(x—4)*+C (i)z—In(z—4)+C (i) (zx—4)2+C

241
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7.3 Area and the Definite Integral

So far, we have looked at indefinite integrals; now, we turn to definite integrals. An
indefinite integral determines the area under a curve; a definite integral determines a
specific area under a curve between a lower bound a and an upper bound b.

f(x) fx) t=

-0

i .

a b a b
AX AX

Figure 7.1 (Approximating area with sum of rectangles)

As shown in the figure, the area under the curve, between points a and b, can be
approximated by adding the area of n rectangles and this approximation improves
the greater the number of increasingly narrow rectangles. If f is defined on interval
[a, b] the definite integral is

[ r@yde = i 3" f(z)A

where the limit exists, Ax = b_T“ and x; is (somewhere, possibly to the left or to

the right) in the ith interval. We look at different ways the rectangles are summed,
whether using the left endpoints or from the right endpoints or from the middle
endpoints or left and right total areas are averaged. In economic applications, the
definite integral is called total change.

Exercise 7.3 (Area and the Definite Integral)

1. Review of Summation Notation. Consider the following n = 10 temperatures in
Celsius degrees,

r1=0, 29=0, 23=0, z4=1, z5=1,
1’6:2, 1’7:2, 1’8:3, 1’9:3, 1’10:4

and, remember, formula to convert Celsius degrees, x, to Fahrenheit degrees,
f(x), is f(z) = fx +32. Also, let difference between two temperatures be
Ax; = 01 — T4,
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(a) Sum of ten temperatures, in Celsius degrees, is

10

S my=a1+ T2+ T3+ Ty + T5 + T + 27 + Ts + Ty + T19 =
i=1

(i) 16 (i) 18 (i) 20
STAT ENTER EDIT ENTER; type ten temperatures, 0,0,0,1,1,2,2,3,3,4 into L1,
then 1-Var Stats Ly ENTER, read ) | = 16

(b) The sum of temperatures i =3 to i = 8 is
Y gt = T3+ a5+ a6+ ar+as = (1) 6 (i) 9 (i) 12
(¢c) Form=4,>" z;= ()1 (ii) 2 (i) 3
(d) Xyzi= ()2 (i) 5 (i) 9
(e) Tilipwi = (i) 2 (i) 4 (i) 9
(f)

C

The average of the n = 10 temperatures is

Ly x = (i) 1.6 (i) 4 (i) 9

1-Var Stats L1 ENTER, read z = 1.6.

(g) Sh,i=1+2+3+4=(i)9 (i) 10 (iii) 11

(h) ©12,i= (i) 55 (ii) 56 (iii) 57

Type 1,2,3,4,5,6,7,8,9, 10 into L2, then 1-Var Stats Lo ENTER gives 55
or MATH summation X 10 X ENTER gives Z = 55.

(1) S, 2 =12+22+32+4%2= (i) 20 (ii) 30 (iii) 40
G) S G-z)=(1-0)+(2-004+(3-0)+(4-1)= (1) 4 (i) 6 (iii) 7
(k) 10 (- 2;) = (i) 125 (i) 126 (i) 127

STAT ENTER, define Ly = Lo X L1, then 1-Var Stats L3, read Z =126

DS i+z)=01+0)+2+0)+B+0)+(4+1)=
(i) 10 (i) 11 (iii) 12

(m) Since Ax; = x;11 — x;, sum of differences for temperatures 1 to 6 is

5
Z AZL’Z = Al’l + AZL’Q + Al’g + AZE4 + Al’g,
i=1

(LL’Q — S(Zl) -+ (LL’3 — LL’Q) —+ (1’4 — LL’3) + (1’5 — 1’4) -+ (LL’6 — 1’5)
0-0+0-0+(1-0)+(1-1)+(2-1)
= 0404+1+0+1=
()2 (i) 3 (i) 4
Notice sum of differences for temperatures 1 to 6 involves five (5), not six (6) differences;

always one less difference than number of numbers (which are temperatures in this case)
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Y Ax; = (i) 3 (i) 4 (iii) 8
L3 = AListLy (type 2nd LIST OPS T7:AList), then 1-Var Stats L3, read Z = 4.
P A2 =0402+124+0°+ 1= (1) 0 (ii) 1 (iii) 2

(p) Xi_iiAz; = 1(0) 4+ 2(0) + 3(1) + 4(0) + 5(1) = (i) 3 (i) 5 (iii) 8

(q) Since f(z) = %x + 32, sum of ten temperatures, in Fahrenheit degrees,

10

;f(xl) = f(x1)+f(x2)+f($3)+"'+f(l’1o)
= f(0)+ f(0) + f(0O) +--- + f(4)
— <§(o) +32> + <§(0) +32) + (%(0) +32) bt (%(4) +32>
— 3243243244392

(i) 161.4 (i) 218.2 (iii) 348.8
STAT ENTER, define Ly = (9/5)L1 + 32, then 1-Var Stats L4, read E = 348.8

(r) Sum of squares of ten temperatures, in Fahrenheit degrees, is

(s)

10

Yo f@)? = flx)? 4 f(@2)® + f@3)* + - + f(210)?

=1
= f(0)* + £(0)* + f(0)* + -+ f(4)?
= 3224322 +32°+..-4+39.2° =
(i) 12225.76 (i) 12245.54 (i) 12343.32
Read ZxQ.
il fa)w =
f(x1)r + f(w2)ze + f(w3)3 + - - + f(210) 210
= (f(0)-0) + (f(0) - 0) + (f(0) - 0) + -+ -+ (f(4) - 4)
= (32:00+(32:0)+(32-0)+---+(39.2-4) =
(i) 589.2 (i) 591.2 (iii) 643.3
Define Ls = L4 X L1, then 1-Var Stats L5, read Z
iy fw) Az =
= flo1)Azy + f(x2)Azg + f(23)Anz + - - + f(29) Ay
(f(0)-0) + (f(0)-0) + (f(0) - 1) + -+ (f(3)- 1)
(32-0)4+(32-0)+(32-1)+---+ (374-1)
(i) 138.8 (i) 291.2 (iii) 343.3
since 10 temperatures, f(z;), but only 9 differences, Axz;, one f(z;) must be deleted to multiply them;
deleting last temperature f(z10) = 39.2 means differences matched with left endpoint temperatures;

deleting first temperature f(z1) = 32 means differences matched with right endpoint temperatures;

delete f(z10) = 39.2 in L4, define Ls = L4 X L3, then 1-Var Stats Ls, read E
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2. Different methods of approximating area.

Ax notice Ax=1

(b) midpoints
Figure 7.2 (Different methods of approximating area)

Area of smooth function f(x) can be approximated with summed area of seven
rectangles in different ways. Three methods are given in figure, each giving
slightly different approximations, depending on where (to the left, in the middle,
to the right) the x; are defined in each equally spaced interval, Az = 1, between
a and b.

(a) Left endpoint rule: x; defined at left endpoints of each Ax

Sum of areas of all seven rectangles is

flx) Az + f(xo)Az + f(x3)Ax + -+ -+ f(x7)Ax

Az [f(z1) + f(z2) + flxs) + fza) + [(25) + f(26) + f(27)]
= 1[f(0)+ f()+ f(2)+ f(3)+ f(4) + f(5) + f(6)]

= 1[0+154+4+114+105+5+1] =

(i) 32 (i) 32.25 (i) 32.5 (iv) 34.5
STAT ENTER then type f(z;) =0,1.5,4,11,10.5,4, 1 into L1,
then STAT CALC ENTER 2nd L; ENTER, read Z =32

(b) Midpoint rule: x; defined at midpoints of each Ax
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Sum of areas of all seven rectangles is

Az [f(x1) + f(x2) + f(23) + f(2g) + f(25) + f(26) + f(27)]
1[f(0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5) + f(6.5)]
1[1424+95+11+4854+2+0.5] =

(i) 32 (i) 32.25 (iii) 32.5 (iv) 34.5
STAT ENTER then type f(z;) =1,2,9.5,11,8.5,2,0.5 into L1,
then STAT CALC ENTER 2nd Lo, ENTER, read Z

(¢) Right endpoint rule: x; defined at right endpoints of each Ax

Sum of areas of all seven rectangles is

Az [f(z1) + f(x2) + f(w3) + f(xa) + f25) + [(26) + f(27)]
LIf(1) 4+ f(2) + fB3) + f(4) + f(B) + f(6) + f(7)]
= 1[15+44+114+105+45+1+0] =

(i) 32 (i) 32.25 (iii) 32.5 (iv) 34.5
STAT ENTER then type f(z;) = 1.5,4,11,10.5,4.5,1,0 into L3,
then STAT CALC ENTER 2nd L3 ENTER, read Z

(d) Trapezoid rule: average of left and right endpoints rules.

Average area from left and right endpoint rules:

area left endpoint rule + area right endpoint rule 32 + 32.5

2 2
(i) 32 (i) 32.25 (iii) 32.5 (iv) 34.5

(e) (i) True (ii) False
As number of rectangles increases, the different areas resulting from the
different rules to sum the areas of these rectangles, tend to equal not only
one another, but tend to equal the actual area under the smooth function
f(z) between a and b.

3. Approzimating area of triangle, f(x) = 3z.
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y =3Xx y=3x

y =3Xx
0 1 5 0 1 2 3 4 5
XX X3 X, X XXy X3 Xy Xy
a b a b
(a) left endpoints (c) right endpoints

(b) midpoints
Figure 7.3 (Approximating area of triangle)

Calculate area of triangle under f(z) = 3z, 0 < z < 5, both exactly and also
using the four approximation methods where n = 5, Az = 1, then where n = 50,
so Az = 0.1, and then where n = 500, so Az = 0.01.

(a) ezxact area X
area = 2 (5)f(5) = 5(5)(3(5)) =
(i) 30 (i) 37.5 (iii) 45

area of triangle equal % times base times height.

(b) n=5, Az =1
i. Left endpoint rule: x; defined at left endpoints of each Ax

Sum of areas of all five rectangles is

= [(z1)Az + f(z2)Ax + f(x3) Az + f(24) A2 + f(25)A2
= Az ([f(z1) + f(22) + f(23) + f(24) + f(25)]
= 1[f(0)+ f(1)+ f(2)+ F(3) + f(4)]

1[3(0) +3(1)+3(2) +3(3) + 3(4)] =

(i) 30 (ii) 37.5 (iii) 45
2nd LIST OPS seq 3X, X, 0, 4, 1 ) STO 2nd L; ENTER,
then STAT CALC ENTER 2nd L; ENTER, read Y = 30
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ii. Midpoint rule: x; defined at midpoints of each Ax

Sum of areas of all five rectangles is

= Ax|[f(x1)+ f(z2) + fxs) + f(za) + f(x5)]
= 1[f(0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5)]
= 1[3(0.5) + 3(1.5) + 3(2.5) + 3(3.5) + 3(4.5)] =

(i) 30 (i) 37.5 (iii) 45
2nd LIST OPS seq 3X, X, 0.5, 4.5, 1 ) STO 2nd Ly ENTER,
then STAT CALC ENTER 2nd Lo, ENTER, read Z

iii. Right endpoint rule: x; defined at right endpoints of each Ax

Sum of areas of all five rectangles is

= Aw[f(er) + f(x2) + fws) + f(2a) + f(25)]
= LM +F2)+fB)+f(4)+F6)]
= 1[3(1) +3(2) +303) +3(4) +30)] =

(i) 30 (i) 37.5 (iii) 45
2nd LIST OPS seq 3X, X, 1, 5,1 ) STO 2nd L3 ENTER,
then STAT CALC ENTER 2nd L3 ENTER, read Z

iv. Trapezoid rule: average of left and right endpoints rules.

Average area from left and right endpoint rules:
area left endpoint rule + area right endpoint rule 30 +45
2 2
(i) 30 (i) 37.5 (iii) 45

(¢) n=50, Az =0.1
i. Left endpoint rule

Sum of areas of all 50 rectangles is

f(x1)Az + f(za) Az + f(l"s)AiE + o+ flso)An
Az [f(z1) + f(z2) + f(a3) + -+ + f(@50)]

= 0.1[f(0) + f(0.1) + f(0.2) + - - - + f(4.9)]
= 0.1[3(0) +3(0.1) + 3(0.2) + - - - + 3(4.9)] =
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ii.

1il.

1v.

(i) 36.75 (ii) 37.5 (iii) 38.25
2nd LIST OPS seq 3X, X, 0, 4.9, 0.1 ) STO 2nd L; ENTER,
then 2nd LIST MATH sum ENTER 2nd L; ) x 0.1 ENTER

Midpoint rule

Sum of areas of all 50 rectangles is

= Ax[f(x1) + flw2) + fzz) + -+ f(250)]
= 0.1[f(0.05) + f(0.15) + f(0.25) + - - - + f(4.95)]
= 0.1[3(0.05) + 3(0.15) + 3(0.25) + - - - + 3(4.95)]

(i) 36.75 (ii) 37.5 (i) 38.25
2nd LIST OPS seq 3X, X, 0.05, 4.95, 0.1 ) STO 2nd L2 ENTER,
then 2nd LIST MATH sum ENTER 2nd L2 ) x 0.1 ENTER

Right endpoint rule

Sum of areas of all 50 rectangles is

= Ax[f(x1) + f(22) + f(z3) + -+ f(250)]
= 0.1[f(0.1) + f(0.2) + f(0.3) + -+ + f(5)]
— 0.1[3(0.1) +3(0.2) + 3(0.3) + -+ 3(5)] =
(i) 36.75 (i) 37.5 (i) 38.25

2nd LIST OPS seq 3X, X, 0.1, 5, 0.1 ) STO 2nd L3 STAT ENTER,

then 2nd LIST MATH sum ENTER 2nd L3 ) x 0.1 ENTER

Trapezoid rule

Average area from left and right endpoint rules:
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area left endpoint rule + area right endpoint rule  36.75 + 38.25

2 2
(i) 36.75 (ii) 37.5 (iii) 38.25

(d) n =500, Az = 0.01

i.

Left endpoint rule

Sum of areas of all 500 rectangles is

= f(z1)Az + f(a2)Ax + f(z3)Az + -+ + f(2500) A
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ii.

1il.

1v.
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= Az [f(z1) + f(@2) + f(w3) + - + f(2500)]
= 0.01[f(0) + f(0.01) + f(0.02) + -- - + £(4.99)]
= 0.01[3(0) + 3(0.01) + 3(0.02) + - - - + 3(4.99)]

(i) 37.425 (ii) 37.5 (iii) 37.575
2nd LIST OPS seq 3X, X, 0, 4.99, 0.01 ) STO 2nd L; STAT ENTER,
then 2nd LIST MATH sum ENTER 2nd L; ) x 0.01 ENTER

Midpoint rule

Sum of areas of all 500 rectangles is

= Az [f(z1) + f(a2) + f(w3) + -+ f(500)]
= 0.01[£(0.005) + £(0.015) + £(0.025) + - - + f(4.995)]
— 0.01[3(0.005) + 3(0.015) + 3(0.025) + - - - + 3(4.995)] =

(i) 37.425 (ii) 37.5 (iii) 37.575
2nd LIST OPS seq 3X, X, 0.005, 4.995, 0.01 ) STO 2nd Ly STAT ENTER,
then 2nd LIST MATH sum ENTER 2nd L2 ) x 0.01 ENTER

Right endpoint rule

Sum of areas of all 500 rectangles is

= Az [f(z1) + f(z2) + f(23) + - + f(2500)]
= 0.01[f(0.01) + £(0.02) + £(0.03) +--- + £(5)]
= 0.01[3(0.01) + 3(0.02) + 3(0.03) + - - - + 3(5)] =
(i) 37.425 (i) 37.5 (iii) 37.575
2nd LIST OPS seq 3X, X, 0.01, 5, 0.01 ) STO 2nd L3 STAT ENTER,
then 2nd LIST MATH sum ENTER 2nd L3 ) x 0.01 ENTER

Trapezoid rule

Average area from left and right endpoint rules:

area left endpoint rule + area right endpoint rule  37.425 + 37.575

2 2
(i) 37.425 (ii) 37.5 (iii) 37.575

(e) Summary. Recall, exact area under y = 3z and between a = 0 and b =5
is 37.5. Summary of approximations:
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n, Ax left endpoint | midpoint | right endpoint | trapezoid
5,1 30 37.5 45 37.5
50, 0.1 36.75 37.5 38.25 37.5
500, 0.01 37.425 37.5 37.575 37.5

As number, n, of rectangles increases, all approximations tend
(i) closer to (ii) away from exact value 37.5.
Best (closest) approximation (choose two):

(i) left endpoint (ii) midpoint (iii) right endpoint (iv) trapezoid



