Chapter 13

The Trigonometric Functions

13.3 Integrals Of The Trigonometric Functions

Integrals of trigonometric functions include:

/sinxdx:—cosx+C /cosxdx:sinx+6’
/seczxdx:tanx+C /csczxd:c:—coterC
/secxtanxdx:sechrC /cscxcotxdx:—cscx—i-C

/tanxdmz—ln|cosx|+6’ /cotxdmzln|sinx|+0

Also, recall derivatives of trigonometric functions include:

D, [sinz] = cosz D, [escx] = —cotzescx
D, [cosz] = —sinx D, [secx] = tan x sec x
D, [tanz] = sec® z D, [cot 7] = —csc® x

Exercise 13.3 (Integrals of Trigonometric Functions)

1. Find [coszdzx.

From list above,

/cosxdx:

(i) —=In|cosxz|+ C (ii) sinx + C (iii) secx + C

2. Find [secxtanzdx.
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From list above,
/secxtanxdx =

(i) —=In|cosxz|+ C (ii) sinx + C (iii) secx + C

3. Find [tanzdux.

From list above,
/ tanz dx =

(i) —=In|cosz|+ C (ii) sinx + C (iii) secx + C

4. Find [sin®z cos z dz.
guess u = (i) sinz (i) sin® =z (i) 2z

then du = (i) cosx dx (ii) 2sinx cosx dx (iii) 2dz

recall, we are looking for the derivative here, use the trigonometric derivatives above

substituting v and du into [ f(z)dz,

Lu?ﬁ-l 4 C —

i3 3
/Sll’l T cosxrar u au 311

(i) fud+C (i) tut+ C (i) tu? 4+ C

4 2

but v = sinx, so

/f(x)dx:iuA‘jLC:

(i) % sinfx + C (i) i sin*xz + C (iii) Lsin*x + C

3

5. Find [tan®zsec? x dz.
guess u = (i) tanz (i) sec?z (ii) 2z

then du = (i) sec?x dxz (i) 2tanxsec? zdx (i) 2dz

again, we are looking for the derivative here, use the trigonometric derivatives above

substituting v and du into [ f(z) dz,

/tan?’:)ssecQ:de = /u?’du:
3+1



Section 3. Integration Of The Trigonometric Functions (LECTURE NOTES 14)253

(i) Jub+C (i) zu*+C (i) 3u®*+ C
but v = tanz, so

/f(x)dx:iuA‘jLC’:

(i) stan*x 4+ C (i) s tan®x 4+ C (i) 3 tan*z + C
6. Find [sec? 5z dx.
guess u = (i) tanx (i) sec?z (iii) bz

then du = (52*7!) dz = (i) cosz dz (ii) sec?x dx (iii) 5dx

again, remember, derivative here

substituting v and du into [ f(z) dz,
1 1
2 _ 2 4 _ 2, (1 _
/sec Sbrdr = /sec Sx (5> (5x) dx /sec u (5) du
(i) —%tanu—l—C (ii)%cscu—l—C (iii) %tanu—l—C

but v = bx, so
[ 1) de =
(i) ; tanb5x + C (i) tanb5xz + C  (iii) —; tan5x + C

7. Find [ (sinz + 22) " (cos x + 22) dx.
guess u = (i) sinx + x? (ii) cosx + 2z
then du = (cosz + 22*71) do =

(i) Inxzdx (ii) (tanxsecx 4+ 2x) dx (iii) cosx + 2x dx

again, remember, derivative here
substituting v and du into [ f(z)dz,

/ (sinx + :)32)_1(0081' +2z)dx = /u_l du =
(i)2In|u|+C (i) In|u| +C (i) 3ln|u|+ C

but u = sinx + 22, so

[ 1) de =
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(i) 2In|sinz + z?|4+C (ii) In|sinz + x?|4+C (iii) 3In|sinz + z?|+C

. Find [sin® (22 + 22) (2 + 22) cos (22 + 2?) dx.

guess u = (i) sin (2z + x?) (i) (2z + x?) (i) 2=
recall if u = f[g(z)] = sin (22 + 2?) and g(z) = 2z + 2? and f(x) =sinx
and ¢'(z) = (1) 2+ 2z (i) 2% + 32® (ii) 1+ =

and f'(z) = (i) cosx (ii) —cosx (iii) Inx
and so by chain rule

Z—Z = Flg(@)] - g'(x) = ' [20+2%] - 2+ 22) = cos(2z + 2%) (2 + 22) =
(i) cos(2z + x2) (i) cos(2z + x2) (2 + 2z) (iii) (2 + 2z)

in other words du = (i) cos(2z + x?) (2 + 2z) dz (i) (2 + 2z) d=z
substituting u and du into [ f(z)dz,

/sin3 (2x + xz) (2 4 2x) cos (2x + xz) dx =

(i) fuddu = ﬁu&q—l—C: %3+C
(ii)fuzdu:2—41rlu2+1+C:”§+C
(iii)fudu:rllqu—l—C:”?—l—C

but u = sin (2x + 2?), so

(i) 3(sin (22 4 2?))* + C
(i) 3(sin (2z + 2?))3 4+ C
(iii) 3(sin (2 + x?))*> + C



