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12.6 Newton’s Method

A zero of function f is x such that f(z) = 0. A numerical technique to determine
zeroes is Newton’s method:
f(en)

where it is assumed f'(c,) # 0 and initial guess at ¢; is found in a closed interval
la,b] where f(a) and f(b) are of opposite sign, on either side of the zero, f(c) = 0.

)

SIS

(Czy f(Cz))

(a) first iteration (b) second iteration

Figure 12.2 (Newton’s approximation method for zeroes)

This method typically “zeroes” in on the zero where next ¢ value equals last ¢ value — “run” of slope:
co =c1 — % =c1 — f(e1) x ﬁ =c1 — “rise” X (“run” + “rise”) = ¢1 + “run” (because “rise < 07”)
and ¢3 = ca — “run” (because “rise > 07).

Exercise 12.6 (Newton’s Method)
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(b) 23 - 4x (d) Inx +2x - 3
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Figure 2.3 (Various functions and their zeroes)

1. Find zeroes of functions in given interval(s) using Newton’s method.

(a) f(z)=—-3z*+2z+1, [-1,0], [0,2]
Derivative is
fl(z) = =322 P +2(1)2t ! =

(i) 6z +2 (i) 622 + 2z (i) —6a + 2
zero in [0, 2]: let initial guess be ¢; = 2, so

flen _, 1@

_ :2_—3(2)2+2(2)+1%
f'(c1) f(2) —6(2) +2

(i) 1.1 (i) 1.2 (iii) 1.3
Y1 =-3X2+2X+1,Ys = —6X +2,then 2 — X and X —Y1/Y2 = X

Co = C1 —

flea) o, fOL3)
fle) - 2 Py~ ~6(1.3) 1 2
(i) 1.047 (i) 1.051 (iii) 1.058

X —Yi/Ys = X

C3 = C2 —

les) o oar— L0401 oun

Cq4 = C

—3(1.3)2+2(1.3) +1 _
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—3(1.047)2 +2(1.047) +1 _

IS £/(1.047) —6(1.047) + 2

(i) 1.001 (i) 1.004 (iii) 1.006
X — Yl/Y2 — X

zero in [—1,0]: let initial guess be ¢; = —1, so

b ) (=1 —6(=1) +2

(i) —0.3 (i) —0.4 (iii) —0.5
15 Xand X - Yy /Y2 = X

Cy = C

fle) . 05

fle) _ S0 =121+

C3 = C2 —

flles) f'(=0.5) —6(1.3) + 2
(i) —0.25 (i) —0.35 (iii) —0.45
X -Yi/Ys = X

—3(1.3)2+2(1.3) +1 _
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fles) £(=0.35) —3(—0.35)2 + 2(—0.35) + 1 _
() _0‘35_;‘/(—0.35) ~ —0.35- —6(—0.35) + 2 ~
(i) —0.314 (i) —0.324 (iii) —0.334
X-Y/Ys > X

Cqy = C

(b) f(x) = 22% — 4z, [_27 _1]’ [_1’ 1]’ [17 2]
Derivative is

fl(x) =2(3)x* !t —4(1)at! =
(i) 622 — 4 (i) 622 + 4z (iii) —6a2 + 2

zero in [—2, —1]: let initial guess be ¢; = —2, so
o fle) f(=2) _ 2(=2)° —4(=2)
S N e

(i) —1.6 (ii) —1.5 (iii) —1.4
Y1 =2X3 —4X, Yo =6X%2 — 4, then —2 — X and X — Y1 /Y2 = X

fle) _ o f-16) o 2(-16) —4(-16) _
T B = ¥ R A T S WO e

(i) —1.432 (i) —1.442 (i) —1.452

X -Y1/Ys = X

C3 = Cg —

fles) f(~1.442) 2(—1.442)% — 4(—1.442) _
flles) _1'442_f’(—1.442) =l 6(—1.442)2 —4
(i) —1.415 (i) —1.425 (iii) —1.435

X-Y1/Ya > X

Cqy = C3—

zero in [—1, —1]: let initial guess be ¢; = —0.5, so
fle) _ gp J(205) o 2(=05)%—4(=05)
f'(e1) T f(-0.5) ' 6(—0.5)2 — 4

(i) 0.6 (ii) 0.4 (iii) 0.2
05— Xand X —Y1/Ys > X

C_9 = C1 —

_ Jle) o f(0.2) 0o 2(0.2)% — 4(0.2) -
2 Flea) 0.2 7(02) 0.2 6(02)7 — 4

C3 = C
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(i) —0.009 (ii) —0.010 (iii) —0.011
X*YI/YQ — X

fles) £(=0.009) 2(—0.009)® — 4(—0.009) _
files) —0-009= f/(—0.009) —0.009= 6(—0.009)2 —4
(i) 0.000 (ii) 0.001 (iii) 0.002

X-Y1/Ys > X

Cqy = C3—

zero in [1,2]: let initial guess be ¢; =1, so

_ fler) — 1 f) _
b fla) F(1) 6(1)2 — 4
(i) 0 (i) 1 (iii) 2
1> Xand X —Y1/Y2 = X

C_9 =2¢C

M), F@) 220 —4(2)
2 flea) £(2) 6(2)2 — 4
(i) 1.4 (i) 1.6 (iii) 1.8

X-Y1/Y2a > X

C3 = C

 fley) _f6) o 2L6)° —4(16)
5 fes) (e 6(1.6)2 — 4
(i) 1.442 (i) 1.452 (iii) 1.462
X-Y/Ya > X

=1.6

Cq4 = C

(¢) flz)=e€**+22—3, [0,1]
Derivative is
fl(z) =2e*" + 2271 =

(i) 2e® +2 (i) 2€?* 4+ 1 (iii) 2e** + 2
let initial guess be ¢; = 1, so

fle _,_J0) | @Ua2)-3

TN T ) TP 2em 2

(i) 0.15 (i) 0.16 (iii) 0.17
Y1 =e?X +2X -3, Ys =2e2X +2,then 1 = X and X — Y1 /Yy = X
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flca) 0.17 £(0.17)

20170 4 9(0.17) — 3
2~ = 0. =0.17 — ~
f'(c2) 1(0.17) 2¢2(0.17) 1 9
(i) 0.134 (i) 0.145 (iii) 0.155
X*YI/YQ — X

C3 = C

f(cs) £(0.134) (2013 | 9(0.134) — 3
€3 — — L (0,134 — ~
f'(c3) £7(0.134) 2¢2(0.131) _ 9

(i) 0.149 (ii) 0.159 (iii) 0.169
X—Yl/Y2—>X

=0.134

Cy =

(d) f(x)=lnzx+2zx-3, [1,2]
Derivative is 1
fllx)==+22"1 =
x

(2—-2 (Q)L+2 (i) 2+
let initial guess be ¢; = 2, so

fle) _, 1) _, @)+22)-3

_ ~
~

Cfle) TR 32

(i) 1.123 (ii) 1.223 (iii) 1.323
Yi=InX+2X—-3,Y2=+ +2,then 2 X and X - V1/Y2 - X

Cy = C

- fa) _ | gpe fO0323) o0 ln(1.323)j—2(1.323)—3 -
f’(Cg) f’(1323) 1323 + 2

(i) 1.350 (i) 1.360 (iii) 1.370

X*YI/YQ — X

C3 = C

1.350 In(1.350) + 2(1.350) — 3
€4 =C3— f/(Cg) = 1.350 — fl(i) =1.350 — n( ) ;L ( ) ~
f'(cs) £(1.350) S

(i) 1.350 (ii) 1.360 (iii) 1.370
X — Yl/Y2 — X

2. Find roots of functions using Newton’s method.



Section 6. Newton’s Method (LECTURE NOTES 14) 251

(a) f(z) =23
/23 is solution to 22 — 23 = 0, so let f(z) = 22 — 23, so
) = 202! =
(i) z (i) 2 (iii) 2=
since 4 < /23 < 5, let initial guess be ¢; = 4, so

IEICYRPR (C BN O
L) () 204
(i) 4.675 (i) 4.775 (iii) 4.875

Y1 = X2 -23, Yo =2X, then4 — X and X — Y1 /Yy = X

Cy = C

fles) f(4.875) (4.875)2 — 23
2T i) Y pasm) T Tousm)
(i) 4.596 (i) 4.696 (iii) 4.796
X — Yl/Y2 — X

C3 = C

fles) F(4.796) (4.796) — 23
T e T pamee) — 0T Toamee)
(i) 4.596 (i) 4.696 (iii) 4.796
X-Y/Ys > X

Cqy = C3

(b) f(z) =32
/23 is solution to 22 — 32 = 0, so let f(z) = 22 — 32, so
F(a) = 227 =
(i) z (i1) 2 (iii) 2=
since 5 < v/32 < 6, let initial guess be ¢; = 5, so

o fle) o f6B) o ()P =32
L fla) f'(5) 2(5)
(i) 5.7 (i) 5.8 (iii) 5.9

Y1 = X232, Yo =2X,then 5 = X and X — Y1 /Yy = X

Cy = C
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_ flea) f6.7) (5.7 =32
C3 = Cy — (ca) =57 — F(5.7) =57 — 72(5.7) ~
(i) 5.657 (i) 5.757 (iii) 5.857
X-Y1/Ys > X
cim ey 1) 55 JOED gy (BO5TV 32

5 (e 7/(5.657) 2(5.657)
(i) 5.657 (ii) 5.757 (iii) 5.857

X—Yl/Y2—>X

3. Find critical point(s) of functions using Newton’s method: g(z) = z* + 4x — 21

10

[Y

concave
up
f'(x) >0

zero slope

-15

. . 30 critical point
relative minimum

Figure 12.4 (Second derivative test: g(z) = 2 + 4z — 21)

GRAPH using Yo = 22 4 42 — 21, with WINDOW -15151-30101 1
Recall, critical points occur when derivative zero:

fl(x) =221+ 4(1)x" ' =22 +4 =10, so, clearly, critical point is at 2z + 4= 0 or & = —2
but, continuing with Newton’s method, let f(z) = 2z + 4 and
) =204 =
)z (i) 2 (i) 2=
let initial guess be ¢; =1, so

fle ., SO0) _ 20+d

L B [V A
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(i) —2 (i) —4 (i) —6
Yi=2x+4,Y>2=2,then5 - X and X —Y1/Y2 - X

_f(02)__ _f(—2):_ . _
T B ) R
(i) —2 (ii) —4 (iii) —

X*Y1/Y2~>X

C3 = C

so there is a critical number at
c= (i) —2 (ii) —4 (iii)) —6

12.7 L’Hospital’s Rule

Let f and g be functions and a a real number such that

lim () =0, i g(x) =0
or
lim f(z) = +oo, lgr(llg(x) = +00

T—ra

and both f and g are differentiable in an open interval containing a. Then

/
lim f/(x) =L = limM =L
Tr—a g (.T) Tr—a g(x)
and also if /
f'(z)
T—a g’(x)
does not exist then
L T@)
im —=
Tr—a g(x)

also does not exist. If necessary, L’Hospital’s Rule can be applied more than once
and can be applied to limits at infinity.

Exercise 12.7 (L’Hospital’s Rule)

z2—x—2

1. Limat ofg Do limg o T
Since

. 1 2 _
li S () = lig (+* — 7 = 2) =
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(i) —1 (i) 0 (i) 1
and
. IERT 2 .
liy 9(x) = Ly (+* — 2¢) =
(i) —1 (i) 0 (i) 1
then L’Hospital’s Rule (i) applies (ii) does not apply and so
flx) =
(i) 2z —1 (i) 2z —2 (ii)a?—x—3

and
g'(z) =
() 2z —1 (i) 2¢ — 2 (i) 2> —x — 3

and so

In(2z—1)
z—1

Limit ofg s limg i+
Since
lim f(z)= lim In(2z —1) =

(i) =1 (i) 0 (iii) 1

must converge to 1 from right for In(2z — 1) because undefined converging to In(2x — 1) from the left

and

(i) —1 (i) 0 (i) 1
then L’Hospital’s Rule (i) applies (ii) does not apply and so

1
20 — 1

X 2 =

f'(x) =
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()1 (i)« (i) 2

and so

M = lim fz) = lim 2"32—_1 =

li =
st g(x) a1t g(x) a1t 1
(i) 0 (i) 2 (i) 2
3. Limit ofg o lim, g %
Since
. 1 3/, —
lin 1) = i (V5 -2) -

(i) =1 (i) 0 (iii) 1
and
lny g(z) = lm (& — 8) =

(i) =1 (i) 0 (iii) 1

then L’Hospital’s Rule (i) applies (ii) does not apply and so

fla) = gatt =
(1) 322 (11) 3;3 (111) 3x2/3
and
g'(z) =
(i) 1 (i) = (iii) 2
and so
f@) o f) g

. . . T __
4. Limat of% o limg 633—21
Since

lim f(z) = lim (e* — 1) =

z—0 z—0
(i) =1 (i) 0 (iii) 1
and

Ay ole) =l =
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(i) —1 (i) 0 (i) 1
then L’Hospital’s Rule (i) applies (ii) does not apply and so
flz) =
(i) 2e* (i) e® (i) e~®
and
g'(z) =22"" =
(i) 1 (i) 2z (i) 2

and so

/ x
lim —(I) = lim f'(z) = lim ° _
xz—0 g(x) z—0 g’(x) x—0 21

(choose two) (i) 0 (ii) oo (iii) does not exist I’Hospital’'s Rule does not always work

5. Limit: limx_,4%
Since
. IR T 2 o
liy /() = limg (+* —4) =
(i) —1 (i) 0 (iii) 12

and
lim g(x) = lim /x =

z—4 z—4
(i) —1 (i) 0 (iii) 2
then L’Hospital’s Rule (i) applies (ii) does not apply, but

Cox?t—4 424
lim = =

r—4 \/E \/4_1

(1) 6 (11) 0 (111) does not exist L’Hospital’s Rule does not always apply

. . . I_ —
6. Limit ofg o limg, g 261#
Since

lim f(x) = glcii%(% —2r —2) =

(i) =1 (i) 0 (iii) 1
and

A ole) = Jmpe =
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(i) —1 (i) 0 (i) 1
then L’Hospital’s Rule (i) applies (ii) does not apply and so
fl(x) =2e" — 227! =
(i) 2e* (i) 2e* — 2 (iii) e~®
and
g(z)=22"" =
(1)1 (i) 2z (iii) 2
but since

. / T T __ 9\ _
lim f'(x) = ilg% (2e* —2)

z—0

(i) =1 (i) 0 (iii) 1

and

. ! . . .
o () = Jimy 2 =

(i) —1 (i) 0 (i) 1

f'z) _ 0.

g@) 0

however, L’Hospital’s Rule (still) (i) applies (ii) does not apply, so

f//(x) —

and so, unfortunately, lim,_.q

(i) 2e* (i) 2e® — 2 (iii) e™®
and

g"(x) — 2:[‘1_1 —
(1)1 (i) 2z (iii) 2

and so

f (=)

/ " x
lim —~ zlimf(x) zlimf (z) zlim2i =
x—0 g(x) x—0 g’(;p) x—0 g”(x) z—0 2

(i) 1 (ii) oo (iii) does not exist

7. Limit of 2 ¢ lim, o+ (2rInx) = lim, o+ Inz
2z

Since

xli%l‘*‘ f(x) - xli%l‘*‘ o=
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(i) =1 (i) —oo (iii) oo

and .
li = lim — =
Jim_g(x) = lim -

(i) =1 (i) 0 (iii) oo

then L’Hospital’s Rule (i) applies (ii) does not apply and so

() 2 (i) — (il) —525

(i) i (ii) —i (iil) —515

/ 1
lim LI) = li J'(z) = lim —*— = lim -2z =
z—0t g(l‘) z—0t g/([L’) z—07t — 5.2 z—0t

(i) 0 (ii) oo (iii) does not exist

Limit of 2 lim, o 21
Since
Mg (@) = Jlim In(e" + 1) =
(i) =1 (ii) —oo (iii) oo
and

Jim 9(z) = fim 4o =

(i) =1 (i) 0 (iii) oo

then L’Hospital’s Rule (i) applies (ii) does not apply and so
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(i) 2 (i) 4 (i) 4
and so

/ _e’ T
lim —f(x) = lim f'(z) = lim < = lim c =

(i) eim (ii)  (iii) does not exist




