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Chapter 7

Integration

The “reverse” of differentiation is called integration. If F'(z) = f(x), then F(x) is
the antiderivative of f(x); or

/f(a:)dx:F(x) +C,

where [ in the integral sign, f(x) is the integrand and [ f(x)dx is the indefinite
integral. Whereas differentiation determines the slope of a tangent line to a curve,
integration determines the area under a curve.

7.1 Antiderivatives

xn+1

T T O on# -1
constant multiple rule [k - f(x)dx =k [ f(z)dz + C

power rule [ x"dr =

sum or difference rule [[f(x) £ g(z)]dx = [ f(z)dx + [ g(x) dx

exponential functions
ekw
1 [ede = +C, k#0
2. fakxd$:%+0,a>0,a7él

e [Ldz=[alde =)L =In|z|+C
Use boundary conditions to determine the constant of integration, C.

Exercise 7.1 (Antiderivatives)

1. Antiderivatives, derivatives and constants of integration.
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(a) (i) True (ii) False
If F(x) = 5z, then F'(x) = 5(1)2'~! = 52" = 5 is the derivative and so
the original function, F'(x) = bz, is an antiderivative.

(b) An antiderivative of F'(x) =5 is F(x) = (i) 5x?® (ii) bx (iii) 5

Check if F(z) = 5z is the antiderivative of F’(z) = 5: %F(z) = % (5z) = 5, so, yes, it is

(c) An antiderivative of F'(x) = =3 is F(z) = (i) —3x? (ii)) —3 (iii) —3=
F(z) = —3z is the antiderivative of F'(z) = —3 because %F(m) = % (—=3z) = -3

(d) An antiderivative of F'(z) =z is F(z) = (i) 32* (i
F(z) = %m2 is the antiderivative of F’(z) = x because %F(m) =2 (%m2)
(e) An antiderivative of F'(z) = z is F(z) = (i)
F(x) = %:{:2 + 7 is the antiderivative of F'(x) = & because -%
(f) An antiderivative of F'(z) =z is (i) 2% — 39 (i) S22 (iii) —39

2

F(z) = %mz — 39 is the antiderivative of F’(z) = = because —F(w) 4 (%xz - 39) =z

(g) The antiderivative of F'(z) =z is (i) 2z + C (i) 32> + C (iii) 3

2

F(z) = %m2 antiderivative of F'(z) = = + C because —F(w) = di (l 2 + C) =z, if C is a constant

(h) The antiderivative of F'(z) = bx is (i) g:c2 +C (i) C (i) 222
(3

2
F(z) = 5 antiderivative of F'(z) = 5z because dd F(x) = di x C) = 5, where C constant

2. Power rule, constant multiple rule and notation.

(a) The antiderivative of F’(z) =5 = 52°, or, equivalently, the integral of 5z°

:/f(a:)dx:/5x0dx:5/x0dx:5<o—ilxo+l+0) =

(i) 5C (i) 5+ 5C (i) 5z + C
since C' is any constant, 5 X C' is also any constant, so just keep calling it C;

also, F'(z) = 5z + C integral of 5 because %F(m) = % (52 + C) = 5, where C constant

(b) The integral of 4 = 4x°

:/4x0dx:4/x0d:c:4<ix0+l—i—C’) =
0+1
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i) C (i)4+C (ii) 4z + C

This is an example of the power rule listed above

(¢) The integral of k, k a constant,

1
/kdx:/kxodx:k/xod:c:k(—x0+1+0) -
0+1

i) C (i) k+C (i) kz + C

This is an example of the power rule and also multiple constant rule listed above.
d) The int 1 of =z =2
€ mtegral o T T x,

1
/xldx:—1+1x1+l+6’:

(i) C (i) z2* (iii) 32° + C

F(x) = %xz + C, where C constant, integral of 22 because % (%xz + C’) = %(2)961’1 +0==x

(e) The integral of f(x) = 22,

1
/ZEZdZL': — 2ty 0=
241

. -y 1.3 ..\ 1.3

(i) C (i) 3=° (iii) 32° + C

A word on notation: Both the integral sign “f” and the differential “dx” are necessary com-
ponents to say you want to integrate the function enclosed between them, in this case, z2.

Neither “[” nor “dx” are part of the function. They do not have to be “solved” or “calculated”

or “determined” in any sense. They are simply the notation used to say the function is to be integrated.

(f) Integral of f = x'°,
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(h) Integral of f =277,

1
-7 e AR | _
/:): dr = T 1% +C
(i) —3z 8+ C (ii) 3278+ C (iii) —gz ¢+ C

(i) Integral of f = 321

1
10 7. 10 7. 10+1 _
/Bx d:)s—B/x dx—3<10+1:)3 —I—C)
(i) =23+ C (i) 2" +C (i) F='* +C
(j) Integral of f = —3z'9,
1
_ 9,10 _ 10 7, _ 10+1 _
/( Bx)da? 3/1’ dx 3(10+1x —I—C)
(i) —Zz* + C (i) gz —3C (il) —=' +C
k) Integral of f = kz. k a constant
(k) g f , :
1
_ 1 _ 1+1 _
/k:xda:—/kx d;r—k:(l+1x +C’>
(i) C (i) k+C (i) 22>+ C

(1) Integral of f = {/x,

1 1
/%dx:/ﬁdx: zitl 4+ C =

(i) C (i)

zi+C (i) 2z7 + C

o

(m) Integral of f = 6/x,

1 1 1
/6%d:¢:/6x3dm:6<1—x5+1+0> :6<3x%+c>
51 5

(i) x5 + C (i) 6x5 + C (iii) bzs + C
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(n) Integral of f = 6+/x,
/6\5/5de /61'% dx =

(i) 55 +m (i) 5xs + k (i) 5xs + C

All are correct as long as k, m and C are all constants.

3. Integration for exponential, logarithm and other functions.

/a:_ldx =

(i) =222+ C (i) In|z| + C (i) 3ln|z| + C

This is the % integration rule above;

(a) Integral of f =21 =271,

—141 0 . .
z = £ which does not exist.

-1 7. _
but not the power rule because f:c dr = o 5

(b) Integral of f = 2 = 3271,

/%*mz

(i) =622+ C (i) In|z| + C (i) 3ln|z| + C

/em dx =
(i) C (i) e* 4+ C (iii) €

This is one of the exponential function integration rules above

(c) Integral of f = e”,

(d) Integral of f = 5e3%,

/5€3xd$25/63xd£€:5(%63964—0) =

(i) 3€3* + C (i) 32" + C (i) e’ + C

This is another one of the exponential function integration rules above

(e) Integral of f = 5732,
1
/esw dr =15 (__36—390 I C) _

(i) 3€3* + C (i) —2e" + C (i) —5e’* + C

29
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(f) Integral of 5z — 723,

/ (51’ — 73:3) dr =5 /a:dx—?/x3 dr =5 (ﬁxlﬂ)_? <$I3+1)—I—C _
()5 (%)—7(%)+C ()5 (%)+7(%)+C (i) 5(%)-7(%)+C
(g) Integral of 3x71 +1,

/(3x‘1+1) dzzB/x_ldx+/z0dx:3ln|z|+ <Lz0+1) +C =
0+1

(i) 3In|z|+ 22+ C (i) 3ln|z|+x + C (i) 3e®* + x>+ C
(h) Integral of 6e3* + ¥/,

1 1
/(663x+€’/§) dl’:6/63xdl'+/l'%dl':6<§63x> +1—+1:B§+1+C:
3

(i) 2e3* + %eé +C (i) e + %eg + C (i) 2e3* + §e§ +C
4. Integration with boundary or initial conditions: determining C'.
(a) Integrate f’(z) = b2, where f(—1) = 5.

Since f(z) = [ (52?) dz =5 (Fll:cﬂl) +C =
(i) 3€3* + C (i) 32+ C (iii) 5e** + C

and since f(—1) =5, then f(—1) = 2(-1)*+C =5, or
C=()5 (i) 2 (i) 5e3®

(b) Integrate f’(z) = 5x2, where f(—1) = 6.
Since f(x) = [ (52®) do =5 (Fll:)s“l) +C =
(i) s**+ C (i) 22* + C (iii) 5e** + C
and since f(—1) =6, then f(—1) = 2(—1)*+C =6, or
C=(i)6 (i) 2 (ii) %

3 3
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(c) Integrate f'(x) = 621, where f(2) = 4.

Since f(z) = [ (627') de =6 (In|z|) + C =
(i)6x~'+C (ii) —6lnxz+ C (iii) 6In|z| + C

and since f(2) =4, then f(2) =6In|2|+C =4, or
C=()4+6(2) (i)4—6In2 (ii)4+6In2

and so f(x) =6In]2|+C =
(i) —sx=2+ 2 (i) 6ln|z|+4—6In(2) (i) —Jz24+ 2

5. Application: economics. Find total cost function, C(z), such that marginal cost
is C'(z) = z* — 2z and where fixed costs are $45 (in other words, C'(0) = 45).
(a) Since C(x) = [C'(z)dx = [ (2® — 27) dov = FA-2®T — 21+ L | =

2+1 1+1

(i) 3€3® + k(i) 32° —x® + k(i) 5e> + k
Let’s use constant k instead of C, to avoid confusion with cost C.

(¢) and so C(z) = [C'(x)dx = 32 —2? + k =
3

T
() 22* + C (i) 2% — 2? (i) g2® — 2?4 45

6. Application: physics. Find position function s(t) of a rolling ball such that
velocity function is v(t) = s/(t) = 6¢> and where the ball is 9 meters from the
start position at time zero (s(0) = 9).

(a) Since s(t) = [&'(t)dt = [ (6t%) dt = ;5134 4+ C =

(i) s€¥ 4+ C (i) 3t* + C  (iii) 5% + C

(b) and s(0) =9, then s(0)
C=(i)9 (i) 2 (ii)e

3

20)*+C =9, or,

©

s = %t‘l +C =
(i) 3t* —5 (i) 2t* +0 (i) 3¢* 4+ 9
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7. Application: more physics. Find velocity function v(¢) of a rolling ball such
that acceleration function is a(t) = v/(t) = —7t* and where the ball has velocity
-3 meters per second at time 2 (v(2) = —3).
(a) Since v(t) = [V'(t)dt = [(=Tt") dt = '+ + C =

441
(i) 3e¥ 4+ C (i) —=It°+ C (i) 5e* + C
(b) and v(2) = =3, then v(2) = —£(2)° + C' = -3, or,
C=()9 (i) -2 (i) 2

(c) and so v(t) = [v'(t)dx = —1t0 + O =

=75
(i) (i) —Z¢> — 122 (i) —1e5 (i) —Z¢° + 22

7.2 Substitution

We look at an integration technique called substitution, which often simplifies a com-
plicated integration. Roughly, the substitution integration technique is the reverse of
the chain rule differentiation technique. We use the following formulas as a basis for
the substitution technique, after substituting v = f(x) (and so du = f'(x)dx).

o [[f(x)]"f (x)dx becomes [u"du = Qi::rll +C, n#1
o [e/@) f!(z)dx becomes [edu = e* + C
o f%dx becomes [Ldu= [u'du=1Inlu|+C
Substitution method typically concerned with three cases; chose substitution u to be
e quantity under root or raised to a power
e quantity in denominator

e exponent of e

and allow for constants. We also look at how to deal with fractions in integration.

Exercise 7.2 (Substitution)

1. Power Function and Integral Substitution Technique.
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Find [ f(z) dz = [ 232 + 22(3 + 2z) dz = %f(3x—l—z2)%(3+2x) dzx.

guess u = 3x + 2
then 2 = 3(1)z'~! + 22*7! = 3+ 22 or du = (3 + 2z) dx
substituting v and du into [ f(x) dz,

3 1 3 3 1
5/(3x+x2)2(3+2x)da¢:é/u%du:§<%+1u%+1+0> =

i) 24+ C (i) 2us +C (i) uz + C

but u = 3x + 22, so

/f(:c)dx:u% O =
(i) 3+ 22)2 +C (i) 3z +x2)2 + C (i) (322 + 23)2 + C
Find [ f(z)dz = [ (32 + 2)? (3 + 2x) da
guess u = 3x + 2

then 2 = 3(1)z'~! +22*7! =3+ 22 or du = (3 + 2z) dx
substituting v and du into [ f(z) dz,

> 2) _9 g, 0 L FE _
5/(31’+$) (3+2x)dx—§/u2du—§<%+1u +C’>—

i) 4+ C (i) 2uz +C (i) uz + C

but u = 3x + 22, so

/f(:c)dx:ug—i-C:
(i) 3+22)2 +C (i) Bz +22)? +C (i) 3z +2%)% +C

Find [ f(z)de = [ 322 de = 1 [ (30 +22) " 2(3 + 22) dx.

guess u = (i) 3= + x* (ii) 3+ 2z (iii) v/3z + =2

then 2 = 3(1)z' ! + 22°7' =34 22 or du = (34 22) dx
substituting v and du into [ f(x) dz,

1 -3 1 1/ 1
2] Gera) P r20de =5 furtdu= <—g+1U‘%“+C>

33
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i) 24+ C (i) 2uz +C (i) uz + C

but u = 3x + 22, so

/f(:c)dx:u%—i-C:

(i) 34 22)2 +C (i) 3z +22)? +C (i) 3z + %)% + C

N

Find [ 2% _dy = [ (32 + 2?)”

V3a+a? (9 + 62) dx.

guess u = (i) 3x¢ + x* (i) 3 + 2 (iii) v/3x + x2

then 2 = 3(1)z'~! + 22°7' =34 2z or du = (3 + 2z) dx
substituting v and du into [ f(x) dz,

/(3x+x2)_%(9+6x)d:ﬁ _ /(3x+x2)_%(3)(3+2x)d:ﬁ
= [ E)du = 3 [ du

but u = 3z + 22, so

/f(x)dxzfsu% O =
() 33+ 22)2 + C (i) 6(3z + 2%)* + C (iii) Bz +2%)* + C
Find [ 5 (—22* + 72)" (=823 + 7) da.
guess u = (i) (—2x* + Tx)* (i) —8x3 + 7 (i) —2z* + Tz

then 2 = —2(4)2*~! + 7(1)2' ! = —82° + 7 or du = (—82° + 7) du
substituting v and du into [ f(x) dz,

o4 4, o3 _ 4 L oan >_
5/( 2x —|—7x) (—8x +7)dm—5/u du—5<4+1u +C) =
(i) 5+ C (i) 5u’ 4+ C (i) u® + C

but u = —2z* 4+ Tz, so

[ 1@)de =+ C =
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(i) (—22* + 72)°+C (i) (—22* + 72)°+C (i) 5(—22* + 7x)°+C

(f) Find [ f(z)dz = [ (32 + 22 — 42)° (922 + 4z — 4) dx.
guess u = (i) 3x® + 222 — 4z (i) 9z®> + 4= — 4

then du = (3(3)x371 4+ 2(2)2*>~! — 4(1)z'"Y) do = (922 + 4 + 4) dx
substituting v and du into [ f(z)dz

[ (30 + 20 = 42)" (9% + 40 —4) de = [wbdu = (o qut 4 C) =
(i) zu” + C (i) zus + C (i) u”" 4+ C
but u = 323 + 22% — 4z, so
/f ﬂt+0:
(i) 7(3:1: + 2x2 —4ar:) +C

(i) (33 + 22 — 4x)” —|— C
(iii) 7(323 + 222 — 4z)" + C

(g) Find [ (1+ 422)° (152) da.
guess u = (i) 1 + 42 (ii) 15z
then du = (0 + 4(2)z*™ ') dz = (i) (8x)dz (ii) (1 + 8z) dx
substituting v and du into [ f(z)dz
26 _ 26E) _ 15 _15<1 4O+ )
/(1+4x) (15z) dx—/(1+4a?) <8 (8z) dx = 3 /u du = s g1 +C
(i) Bu"+C (i) 32"+ C (i) v+ C
but v = 1 + 422, so
[ 1@y de = 2uT+ C =
(i) & (1+42)" +C
(i) 2 (1 4422)" + C
(iii) 15(1 + 422)" 4+ C
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(h) Find [ f(z)dz = [avz + 5de = [z(z +5)2 de.
guess u= (i) v/x+5 (ii)x+5
then du = dx and also v =u —5

substituting u, du and x into [ f(z)dz,
/x(x+5)%dx = /(u—5)(u)%du
= /(u% — 5u%) du
= /u%du—5/u%du
1 1

341 341
= 3 w2 —5(1 u? )—l—C’:
S+1 5 +1

(i) 2u +C (i) 2u? — Qa2 +C (i) 10u® + C

but v =z + 5, so

2 5 10 3
/f(:v)dx—gu — g +C =

() 3@ +5)F — (@ +5)" +C
(i) =2 (x +5)* + C
(iii) 2(z +5)F + C
2. Exponential Function and Substitution Technique.

(a) Find fe(”wg) (32?) dx.
guessu= (i) 7+ x® (ii) 3x?
then du = (0 + 3237 ') dz = (i) (1 + 3z?)dz (ii) (3z?) d=

substituting v and du into [ f(z) dz,
/e(”xg) (3:62) dr = /e“ du=e"+C
but u =7+ 23, so
/f(a:)dx:e“—i-C:
(i) z3e™*° + C (i) 7"’ + C (i) €™ + C
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Find [ f(z)dz = [ —1 { - ] do— o) (~Zo7%) da.
guess u = (i) —7x
then du = (=7 (3)237") dz = (i) (=Z27%) da (i) (3272) d=
substituting u and du into [ f(z) da,
/e(_h%) (—gx—%> di=[etdu=c"+C
but u = —72% = —7\/Z, $0
/f(x)dx:e“+0:

(i) Ve ™V? + C (i) —Te " ™V= 4 C (iii) e ™V*= +C

Find [ f(z)dz = [ e(’\;f’ de = fe(‘”%) (g;—%) de.

guess u = (i) —7x2z (i) &~ 2
1

then du = (—7 (%) x%_l) dx = (i) (—%a:_i) dx (i) (—
substituting v and du into [ f(x) dz,

) 8y e [ (C2) () for ()
/e (x )da:—/e - 5% da:—/e - du =
(i) —2e* + C (ii) —7e* +C (i) e*+C
but u = =722 = =7/, s0

2
/f(a:)d:)s = e+ C =
(i) —2e~™V=+ C (i) —Te"™V® 4+ C (i) e ™=+ C
Find [ f(z)dz = [ze” do = [ e (z) dx.
guess u = (i) e* (ii) x?

then du = (22*71) dzx = (i) (2z) dz (ii) (e®) dx
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substituting v and du into [ f(z) dz,

/exz (r) dx = /exz <%) (2z) dx = /e“ <%) du =
(i) —3e* + C (i) e+ C (i) e*+C

but u = 22, so

/f(x)dxzéeuo:

(i) —ie®” +C (i) 2= + C (iii) e + C

Find [ f(z)dz = [ 227 dz = [ 7% (2z) dz.

notice if Y= 7:027 then lny =1In 7:02 = 12 In7 or Yy = exz ln7’

[ flx)de = [T (2z) do = [e* ™7 (22) da

SO

guess u = (i) z?In7 (i) x?

then du = (22 'In7) dz = (i) eInT7)dz (i) (e!*7) dx

substituting v and du into [ f(z) dz,

2 2 1 1
z“In7 _ zIn7 — u —
/e (2x) dox = /e e (2xIn7) dx /e (1117) du
(i) —=e* + C (i) -e*+ C (i) e+ C

In7

but u = 2%In7, so

/f(x)dx:ﬁeucz

(i) — e ™7+ C (i) e ™"+ C (i) e** "+ C

T In7 , In7
which 1is ﬁ?m +C

3. Logarithmic Function and Substitution Technique.

(a) Find [ 2222 dz = [ (22 + 22)” (2 + 2z) da.

242

guess u = (i) 2 + 2z (i) 2= + x?

then du = (2(1)z' ™! + 22271) dz = (i) (2 + 22?) dz (i) (2 + 2x) d=z
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substituting v and du into [ f(z) dz,
/ (29: + 932)_1(2 +2z)dx = /u‘l du=Inlu|+C

but u = 2z + 22, so

/f(:c)dx:ln|u|+C:
(i) 2In |2z 4+ x?|+ C (i) In |22 +2?| + C (iii)  In |2z + 2*| + C

Find [ 442 do = [ (22 +2?) 7 (4 + 42) da.
guess u = (i) 4 + 4z (i) 2= + =2

then du = (2(1)2' ™! 4+ 22271) dox = (i) (2 + 222) dz (i) (2 + 2z) d=z
substituting v and du into [ f(x) dz,

/ (20 +2%) (4 + ) do = / (20 + %) (2)(2+22) do = /u_1(2) du =
(i) —ln|u|+C (i) In|u|+C (i) 2In|u| + C

but u = 2z + 22, so

/f(x)dx:21n|u|+0:

(i) 2In |2z + x|+ C (ii) In|2z 4+ 22|+ C (iii) zIn |2z + z?| + C

Find [22dz = [Ina (z7!) dz.
guessu = (i) Inz (ii) z7*
then du = (z7!) do = (i) (z7') dz (i) (—=72) d=z

substituting v and du into [ f(z) dz,

/lnx (x_l) dr =

(i)fuduziu1+1—|—C=“72—|—C

1+1
(i) futdu =In|u| + C

(i) 2 fudu = 2 (Hu*! + C) =u? + C
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but v = Inz, so

u?

[ fayda =5+

() Y(nz)®+C (i) In|lnz|+C (i) (Inz)®+ C
Find [ 282 4y = [In8zx (277) da.

guess u = (i) In8zx (ii) =z~ !

recall if u = flg(z)] = In8z and g(x) = 8z and f(z) =Inz

and ¢'(x) = (1) 8¢ (i) 8 (iii) In 8z
and f'(z) = (i) 55 (i) 3 (i) &
and so by chain rule

(i) 2 =21 (i)

in other words du = (i) (z™!) dz (i) (—x~2) dz

8N

=2z~' (i) &

substituting v and du into [ f(z) dz

/11183: (x_l) dr =

(i)fudu—1+1 ultt 4+ C = —|—C
(i) futdu =In|u| + C
(111)2fudu—2(1+1 1+1—|—C) =u?’+C
but v = In 8z, so

[ r@)de == + C=
(i) $(In8z)*+ C (ii) In|In8z| + C (ii) (In8z)*+ C

Find [ i—:i dz.

notice
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Alx—4)+ B

r—4

Az + (B — 44)

r—4
andso A=1and B—-4A4A= -5
and so B=—-5+4A=-5+4(1) = -1

andso 22 = A+ B = (i) 14+ -1 (i) 1 — -1

r—4 x—4

in other words,

[t = [(-5)

B /ldx_/xiél

LG 1+

dx

dx

1
= Od —/ d
/x o r—4 o

1 & /
oy aj‘ 1 —
0+1

1
= — d
v /x—4 v

1
r—4

+C

dx

where, for the second integral, guess u = (i) x — 4 (ii) =

sodu= (i) (z71) dz (i) dx

substituting u and du into second integral,

1
_ d —
T /x—4 x+C

)z—fultdu=x—lnu+C
(ii) fJu™tdu =In|u| + C

(iii) 2 fudu = 2(F11u1+1—|—C) =u?+C

but u = x — 4, so

/f(x)d:)s:x—lnu—l—(]

() f(x—4)*+C (i)z—In(z—4)+C (i) (zx—4)2+C

7.3 Area and the Definite Integral

Not covered.
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