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Simple Linear Regression
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Chapter 1

Linear Regression With One
Predictor Variable

We look at linear regression models with one predictor variable.

1.1 Relations Between Variables

Scatter plots of data are often modelled (approximated, simplified) by linear or non-
linear functions. One “good” way to model the data is by using statistical relations.
Whereas functions pass through every point in the scatter plot, statistical relations
do not necessarily pass through every point but do follow the systematic pattern of
the data.

Exercise 1.1 (Functional Relation and Statistical Relation)

1. Linear Function Model: Reading Ability Versus Level of Illumination. Consider
the following three linear functions used to model the reading ability versus
level of illumination data.

A(3,76)

B(7,100)

C(9.90)
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(a)  two point AB linear function model 

A(3,76)

B(7,100)

C(9.90)
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(b)  two point BC linear function model 

A(3,76)

B(7,100)

C(9.90)
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(c)  least squares linear function model 

y = 6x + 58
y = (14/6)x + 69 y = 1.88x + 74.1

Figure 1.1 (Linear Function Models of Reading Ability Versus Level of
Illumination)
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58 Chapter 1. Linear Regression With One Predictor Variable (ATTENDANCE 2)

illumination, X 1 2 3 4 5 6 7 8 9 9 10
ability to read, Y 70 70 76 88 91 94 100 92 79 90 85

(a) Two–Point AB Linear Model. Two points are chosen arbitrarily from the
data set, A(3,76) and B(7,100), to be used to determine a linear function
model of the data, Y = b0 + b1X. Since the slope is given by

b1 =
100− 76

7− 3
=

(circle one) 4 / 5 / 6,
and the intercept is given by, using point B(7,100),

b0 = Y − b1X = 100− 6(7) =

(circle one) 52 / 58 / 62,
a linear function model of this data is given by
(circle one) Y = 6X + 58 / Y = 5X + 62 / Y = 4X + 66.
On the one hand, at reading ability X = 5, the data tells us that (look at
the table above!) the level of illumination is Y = 91; on the other hand,
the linear model Y = 6X + 58 tells us that the level of illumination is

Y = 6(5) + 58 =

(circle one) 78 / 88 / 98.
True / False Linear function Y = 6X + 58 is the only possible model for
the data.

(b) Two–Point AC Linear Model. Two points are chosen arbitrarily from the
data set, A(3,76) and C(9,90), to be used to determine a linear function
model of the data. Since the slope is given by

b1 =
90− 76

9− 3
=

(circle one) 14/6 / 15/6 / 16/6,
and the intercept is given by, using point C(9,90),

b0 = Y − b1X = 90− (14/6)(9) =

(circle one) 52 / 58 / 69,
a linear function model of this data in this case is given by
(circle one) Y = 6X + 58 / Y = 5X + 62 / Y = (14/6)X + 69.
On the one hand, at reading ability X = 5, the data tells us that (look at
the table above!) the level of illumination is Y = 91; on the other hand,



Section 1. Relations Between Variables (ATTENDANCE 2) 59

the linear model Y = (14/6)X + 69 tells us that the level of illumination
is

Y = (14/6)(5) + 69 =

(circle one) 78 / 81 / 98.
Of the two linear functions, Y = 6X +58 and Y = (14/6)X +69, the first
linear function is a (circle one) better / worse model for the data at point
X = 5 since its approximation, 98, is closer than 81 to the true value 91.
True / False The linear function, Y = 6X + 58, is a better model than
Y = (14/6)X + 69 for all points of the data set.

(c) Statistical Relation: Least Squares Linear Model.

The linear least squares model is given by1

Ŷ = 1.88X + 74.1

True / False Of the three linear functions, Y = 6X+58, Y = (14/6)X+69
and X̂ = 1.88X+74.1, the last linear function is closer to Y = 91 at X = 5
than the other two linear functions. In fact, this least squares function is
the ”best” model of all linear functions (in a least–squares sense).

(d) Terminology. True / False For functional relations, the variable X is the
independent variable and so the variable Y is the dependent variable. For
statistical relations, X is the independent or explanatory variable and Y
is the dependent or response variable.

2. Curvilinear–Quadratic Function Model: Reading Ability Versus Level of Illu-

mination. Consider the following three quadratic functions used to model the
reading ability versus level of illumination data.

A(3,76)

B(7,100)

C(9.90)
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(a)  ABC quadratic function model 

A(3,76)

B(7,100)

C(9.90)
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(b)  ADC quadratic function model 

A(3,76)

B(7,100)

C(9.90)
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(c)  least squares quadratic function model 

y = 1.88x + 74.1

D(6,94)
D(6,94)

C(9.90)

y = -1.9x  + 24.36x + 19.5
2

y = -1.9x  + 24.36x + 19.5y = -1.9x  + 24.36x + 19.5
y = -1.2x  + 17x + 36

2
y = -1.2x  + 17x + 36y = -1.2x  + 17x + 36

y = -0.9x  + 12x + 53.7
2

y = -0.9x  + 12x + 53.7y = -0.9x  + 12x + 53.7

Figure 1.2 (Quadratic Function Models of Reading Ability Versus Level of
Illumination)

1Type STAT EDIT and then type the data into L1 and L2; then STAT CALC 4:LinReg(ax +
b).
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illumination, X 1 2 3 4 5 6 7 8 9 9 10
ability to read, Y 70 70 76 88 91 94 100 92 79 90 85

(a) Three–Point ABC Quadratic Model. Three points are chosen arbitrarily
from the data set, A(3,76), B(7,100) and C(9,90) to be used to determine
a quadratic function model of the data. Since a quadratic function is
given by Y = b2X

2 + b1X + b0, at point A where (x, y) = (3, 76), 76 =
b2(3)

2 + b1(3) + b0, and so for points A, B and C, the three equations can
be stated as2,

b2(3)
2 + b1(3) + b0 = 76

b2(7)
2 + b1(7) + b0 = 100

b2(9)
2 + b1(9) + b0 = 90

which can be solved using algebra to find (circle one)
b2 = −1.9, b1 = 24.36, b0 = 19.5 /
b2 = −1.7, b1 = 24.36, b0 = 19.5 /
b2 = −1.5, b1 = 24.36, b0 = 19.5,
(Type 2nd MATRIX EDIT ENTER 3 ENTER 4 ENTER 32 3 1 76 72 7
1 100 92 9 1 90 2nd QUIT, then 2nd MATRIX MATH B:rref( ENTER
2nd MATRIX [A] ) ENTER; read b2, b1, b0 numbers in fourth column of
matrix.)
In other words, a quadratic function model of this data is given by (circle
one)
Y = −1.9X2 + 24.36X + 19.5 /
Y = −1.7X2 + 24.36X + 19.5 /
Y = −1.5X2 + 24.36X + 19.5.
On the one hand, at reading ability X = 5, the data tells us that (look at
the table above!) the level of illumination is Y = 91; on the other hand,
the quadratic model Y = −1.9X2 + 24.36X + 19.5 tells us that the level
of illumination is

Y = −1.9(5)2 + 24.36(5) + 19.5

(circle one) 78 / 88 / 93.8.
True / False Quadratic function Y = −1.9X2 +24.36X +19.5 is the only
possible model for the data.

(b) Three–Point ADC Quadratic Model. Three points are chosen arbitrarily
from the data set, A(3,76), B(6,94) and C(9,90) to be used to determine a

2Right and left hand sides of each equation have been flipped to allow the calculator to be used
in an easier way.
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quadratic function model of the data. Since a quadratic function is given
by Y = b2X

2 + b1X + b0, three equations can be stated,

b2(3)
2 + b1(3) + b0 = 76

b2(6)
2 + b1(6) + b0 = 94

b2(9)
2 + b1(9) + b0 = 90

which can be solved using algebra to find (circle one)
b2 = −1.9, b1 = 24.36, b0 = 19.5 /
b2 = −1.7, b1 = 24.36, b0 = 19.5 /
b2 = −1.2, b1 = 17, b0 = 36,
In other words, a quadratic function model of this data is given by (circle
one)
Y = −1.9X2 + 24.36X + 19.5 /
Y = −1.7X2 + 24.36X + 19.5 /
Y = −1.2X2 + 17X + 36.
On the one hand, at reading ability X = 5, the data tells us that (look at
the table above!) the level of illumination is Y = 91; on the other hand,
the quadratic model Y = −1.2X2 + 17X + 36 tells us that the level of
illumination is

Y = −1.2(5)2 + 17(5) + 36

(circle one) 78 / 91 / 93.8.
Of the two linear functions, Y = −1.2X2 + 17X + 36 and Y = −1.9X2 +
24.36X+19.5, the first quadratic function is a (circle one) better / worse
model for the data at point X = 5 since its approximation, 91, is closer
than 93.8 to the true value 91.
True / False The linear function, Y = −1.2X2 + 17X + 36, is a better
model than Y = −1.9X2 + 24.36X + 19.5 for all points of the data set.

(c) Least Squares Quadratic Model.

The quadratic least squares model is given by3

Y = −0.9X2 + 12X + 53.7

True / False The quadratic least squares function is a better model of
the data than the linear least squares function.

3. Curvilinear–Higher Order Least Squares Function Models. Consider the follow-
ing reading ability versus level of illumination data.

illumination, X 1 2 3 4 5 6 7 8 9 9 10
ability to read, Y 70 70 76 88 91 94 100 92 79 90 85

3Type STAT EDIT and then type the data into L1 and L2; then STAT CALC 5:QuadReg
ENTER.
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(a) The cubic function model is given by4 (circle one)
Y = −0.1X3 + 0.6X2 + 4.9X + 61.7 /
Y = −1.7X2 + 24.36X + 19.5 /
Y = −1.2X2 + 17X + 36.

(b) The quartic function model is given by5 (circle one)
Y = −1.9X2 + 24.36X + 19.5 /
Y = −1.7X2 + 24.36X + 19.5 /
Y = 0.08X4 − 1.6X3 + 11.6X2 − 25.3X + 85.5

1.2 Regression Models And Their Uses

We look at regression models, in general.

Exercise 1.2 (A General Discussion of Regression: Patient Responses Ver-
sus Drug Dosages.) Twelve different patients are subjected to one drug at three
dosages. Their responses are recorded below and a corresponding scatter plot is given.

10 mg 5.90 5.92 5.91 5.89 5.88
20 mg 5.51 5.50 5.50 5.49 5.50
30 mg 5.01 5.00 4.99 4.98 5.02
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Y for X = 20

Figure 1.3 (Scatter Plot and Regression Model)

1. Two Parts of Regression. True / False The two parts that make up a regression
are the statistical relation between patient responses, Y , and drug dosages, X,
and the scatter of observations around this statistical relation.

4Type STAT EDIT and then type the data into L1 and L2; then STAT CALC 6:CubicReg
ENTER.

5Type STAT EDIT and then type the data into L1 and L2; then STAT CALC 7:QuartReg
ENTER.
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2. Statistical Relation. The statistical relation between Y and X is described by
(circle one)

(a) a probability distribution of Y , given X

(b) a function where the mean of the probability distribution is the dependent
variable and X is the independent variable.

3. Scatter of Observations. The scatter of observations about the statistical rela-
tion between Y and X is described by (circle one)

(a) a probability distribution of Y , given X

(b) a function where the mean of the probability distribution is the dependent
variable and X is the independent variable.

4. Number of Predictors. There are (circle one) one / two / three predictors in
the regression model used to describe this data.

5. Other Predictors. In addition to the drug dosage predictor, X1 other possible
predictors might include (circle none, one or more)

(a) drug type, X2

(b) kind of drug administration (oral, intravenous), X3

(c) drug form (liquid, solid, gas), X4

(d) patient weight, X5

6. Dimension of Scatter Plot and Number of Predictors. True / False A regression
model with one predictor appears as a curve on a scatter plot in two dimensions,
(X,Y ). A regression model with two predictors appears as a surface on a scatter
plot in three dimensions, (X1, X2, Y ).

7. Selecting Predictors. Of all the possible predictors that could be chosen for a
regression model, a subset is picked so that (circle none, one or more)

(a) there is small variation left between model and data

(b) each predictor reduces the variation, after accounting for the variation
reduction due to the other predictors in the model

8. Selecting The Functional Form Of The Regression Relation. True / False
Often, it is not known what functional form (linear, quadratic and so on) to
use for the regression equation and so a linear or quadratic form is often used
to begin with.
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9. Scope of Variables. The domain of drug dosage, X, is given from 0 to 50. The
range of the patient response, Y is given from 5.00 to 6.00. It (circle one) does
/ does not make sense to have the domain of the drug dosage, X to be from
10 to 30.

10. Purpose of Regression. True / False Knowing how the patient response varies
with drug dosage; in other words, knowing the regression, allows us to control

future patient responses for given drug dosages. It allows us to determine the
“correct” drug dosage. Knowing the regression also allows us to describe the
relationship between variables and to predict responses for given X values.

11. Regression and Causality. True / False The regression does not say that dif-
ferent drug dosages causes different patient responses. If light people are given
small doses and heavy people are given large doses, it might be that patient
weight, rather than dosage, is what is causing different patient responses.

1.3 Simple Linear Regression Model With Distri-

bution of Error Terms Unspecified

The simple linear regression model is given by,

Yi = β0 + β1Xi + εi, i = 1, . . . , n

where

Yi is the response for the ith trial

β0, β1 are parameters

Xi is the (known) constant value of the predictor for the ith trial

εi is the error term
where E{εi} = 0, σ2{εi} = σ2 and σ{εi, εj} = 0, i, j; i 6= j

Exercise 1.3 (Simple Linear Regression: Patient Responses Versus Drug
Dosages) Twelve different patients are subjected to one drug at three dosages. Their
responses are recorded below and a corresponding scatter plot is given.

10 mg 5.90 5.92 5.91 5.89 5.88
20 mg 5.51 5.50 5.50 5.49 5.50
30 mg 5.01 5.00 4.99 4.98 5.02
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E[Y] = -0.045X  +  6.37
Y   = 5.88

E[Y] = -0.045(10)  +  6.37  =  5.92

i

ε   =  5.88 − 5.92  =  −0.04
i

Figure 1.4 (Scatter Plot and Regression Model)

1. The simple linear regression function6 is given by the equation, E{Y } = 6.37−
0.045X. The Y –intercept of this line, β0, is (circle one) 6.37 / −0.045. The
slope, β1, of this line is (circle one) 6.37 / −0.045.

2. True / False The simple linear regression function E{Y } = 6.37 − 0.045X
could also be written as E{Y } = −0.045X + 6.37.

3. True / False The slope, β1 = −0.045, is interpreted to mean, on average,
patient response decreases 0.045 units for an increase of one unit of drug dosage.
The slope of the least squares line is usually more important information to the
statistician that the Y –intercept.

4. True / False The Y –intercept, β0 = 6.37, is interpreted to mean the average
patient response is 6.37, if the drug dosage is zero (which is meaningless in this
case, since X = 0 is outside the range of X).

5. The mean value of the patient response at dosage level X = 10, is
E{Y } = −0.045(10) + 6.37 ≈ (circle one) 5.90 / 5.92 / 5.94.

6. Draw a vertical line which passes through 10 on the “drug dosage” axis. Now
draw an horizontal line which passes through the point where the solid regression
line and the previously drawn vertical line intersect. This horizontal line should
intersect the “patient response” line at about (circle one) 5.90 / 5.92 / 5.94.
Drawing the lines in this way corresponds to using the regression line to predict
E{Y } = 5.92 for X = 10.

7. Point of Averages. The average of X is X̄ = 10+10+···+30
15

= 20 and the average
of Y is Ȳ = 5.90+5.92+···+5.02

15
≈

6Type (x, y) into L1, L2; that is type
10 10 10 10 10 20 20 20 20 20 30 30 30 30 30 into L1 and
5.90 5.92 5.91 5.89 5.88 5.51 5.50 5.50 5.49 5.50 5.01 5.00 4.99 4.98 5.02 into L2

and 6.37−0.045X into Y=, then 2nd STAT PLOT, choose the scatter plot and make Xlist L1, Ylist
L2 and then ZOOM 9:ZoomStat.
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(circle one) 5.47 / 5.92 / 5.94.
The point of averages, (X̄, Ȳ ) = (20, 5.47) is (circle one) on / not on the
regression line. (Does 5.47 = 6.37− 0.045(20)?)

8. Error, εi. At level x = 10, E{Y } = 5.92. The difference between this value and
the observed value, Yi = 5.88 (look at the table of the data above) is called the
error and is given by
εi = Yi − E{Y } = 5.88− 5.92 (circle one) −0.04 / 0 / 0.04.

9. If we were to draw the error for (X,Yi) = (10, 5.88) on the scatter plot, we
would (circle one)

(a) draw line parallel to the regression line

(b) draw a line connecting the point (10,5.88) to the point (20,5.88)

(c) draw a line connecting the point (10,70) to (20,5.92)

(d) draw a vertical line connecting (10,5.88) to the regression line at the point
(10,5.92)

(e) draw a horizontal line connecting (10,5.88) to the regression line

10. There are (circle one) 1 / 5 / 15 errors on the scatter plot.

11. At level x = 40, E{Y } = 6.37 − 0.045X = 6.37 − 0.045(40) ≈ 4.57. In this
case, since X = 40 is outside the range of data, (30,50), the predicted value,
E{Y } ≈ 4.57, is most likely a (circle one) poor / good estimate of patient
response.

12. Some Terminology. True / False The model Yi = β0 + β1Xi + εi is simple
because there is one (as opposed to two or more) predictor, X. This model
is linear in the parameters because parameters β0 and β1 do not appear in an
exponent and are not multiplied or divided together. This model is linear in
the predictors because predictor X is not squared or cubed and so on.

13. Properties of Error and Responses. True / False The errors, εi, are random
variables and are assumed to have zero mean, have constant variance, σ2, and
be uncorrelated. This implies, since Yi = β0 + β1Xi + εi, that the responses, Yi

are also random variables. More than this, Yi have means equal to β0 + β1Xi,
with constant variance, σ2, and are uncorrelated.

14. Alternate Ways To Write the Regression Model. True / False The model

Yi = β0 + β1Xi + εi

could be written as

Yi = β0X0 + β1Xi + εi, X0 ≡ 1
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or, centered, as

Yi = β∗
0 + β1(Xi −X) + εi = β∗

0 + β1xi + εi

where
β∗

0 = β0 + β1X, xi = Xi −X

15. Regression Model Versus Regression Function.

True / False The model

Yi = β0 + β1Xi + εi

describes all of the points on the scatter plot, whereas the function

E{Yi} = β0 + β1Xi

describes the line superimposed on the scatter plot.

1.4 Data For Regression Analysis

Data for regression analysis may be observational or experimental. In an experiment,
the experimenter decides who is to be given the treatment and who is to be the
control. In an observational study, it is the subject who decides whether or not s/he
is to be given the treatment. Unable to use randomization, confounding variables are
eliminated by controlling for them in an observed study.

Exercise 1.4 (Observational Data and Experimental Data: Smoking and
Health) Are smokers more prone, than nonsmokers, to heart attacks, lung cancer
and other diseases?

smokers smokers

healthy food unhealthy food

nonsmokers nonsmokers

compared to compared to

      smoking vs health, 

      controlling for food confounder

effect on health

Figure 1.5 (Controlling For Confounding Variables)

1. If smokers tended to eat unhealthy foods, then (circle one)
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(a) it would it be the smoking, alone, which made smokers more prone to heart
attacks and so on.

(b) it would the unhealthy foods, alone, which made smokers more prone to
heart attacks and so on.

(c) it could be a combination of smoking and unhealthy foods which made
smokers more prone to heart attacks and so on.

and so unhealthy foods is a confounder.

2. If smokers tended to live in polluted areas, then (circle one)

(a) it would it be the smoking, alone, which made smokers more prone to heart
attacks and so on.

(b) it would the pollution, alone, which made smokers more prone to heart
attacks and so on.

(c) it could be a combination of smoking and pollution which made smokers
more prone to heart attacks and so on.

and so pollution is a confounder.

3. True / False Unhealthy food and pollution are the only possible confounders.

4. This is necessarily (circle one) an observed study / a randomized experi-
ment because the smokers, not the experimenters, decide whether they smoke
are not.

5. True / False If this was a randomized experiment, confounders would be dealt
with by deciding which subjects smoked and which did not smoke at random.
This is called a completely randomized design and would mix–up the possible
confounders of unhealthy food and pollution between the smoker and nonsmoker
groups.

6. Since this is not a randomized experiment, it (circle one) is / is not possible
to use randomization to combat confounders. The treatment, smoking, has not
been (cannot be) assigned to the subjects at random.

7. Rather than use randomization, controlling for any potential confounder is re-
quired, instead, in observed studies. For example, say, unhealthy food is iden-
tified as a possible confounder. In this case, the number of heart attacks for
smokers and nonsmokers who are healthy eaters should be compared to the
number of heart attacks for smokers and nonsmokers who are unhealthy eaters.
Then, if smokers experienced a greater number of heart attacks than nonsmok-
ers in both the healthy and unhealthy eater groups, then, clearly, unhealthy
food (circle one) would / would not be a confounder.
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8. (Circle one) All / A few / Some confounders should be controlled for in this
observed smoking study in order to be assured that smoking, and smoking alone,
causes an increase in heart attacks.

9. True / False Controlling for confounders is not as effective as randomization.
There may be other variables the experimenters are unaware of which are con-
founded with smoking and so would not be dealt with by this procedure.

1.5 Overview of Steps in Regression Analysis

There are three steps in regression analysis.

• Choose a model. One of a number of different regression models is chosen.

• Diagnostics. The model is checked to see that it adequately represents the data.
If it is not an adequate representation, then remedial measures are attempted
to correct the inadequacies in the model. If the remedial measures fail, another
model is chosen.

• Inference. Inferences (tests, confidence intervals and prediction intervals) are
made on the particular regression model chosen.

1.6 Estimation of Regression Function

SAS program: att2-1-6-regression

Both the model
Yi = β0 + β1Xi + εi

which describes all of the points on the scatter plot, and the regression function,

E{Yi} = β0 + β1Xi

which describes the line superimposed on the scatter plot, are unknown. They are
estimated by, respectively,

Yi = b0 + b1Xi + ei

and
Ŷi = b0 + b1Xi

where least squares estimators, b0 and b1, are given by

b1 =

∑

(Xi −X)(Yi − Y )
∑

(Xi −X)2
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and

b0 =
1

n

(

∑

Yi − b1
∑

Xi

)

Exercise 1.5 (Calculating the Least–Squares Line)

1. Calculating the Least–Squares Line By Calculator.

(a) Reading Ability Versus Level of Illumination.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Verify7 that the least–squares line is Ŷ = 72.2 + 2.418X.

(b) Circumference Versus Heights of Trees.

circumference, x 2.1 1.7 1.1 1.5 2.7
height, y 40 37 35 36 42

The least–squares line is (circle one)
Ŷ = 29.44 + 4.70X / Ŷ = 4.70 + 29.44X / Ŷ = 2.94 + 47.0X.

(c) Student Population Versus Annual Pizza Sales.

number students, x 2 6 8 8 12 16 20 20 22 26
pizza sales, y 58 105 88 118 117 137 157 169 149 202

The least–squares line is8 (circle one)
µ̂(x) = 60 + 5x / µ̂(x) = 5 + 60x / µ̂(x) = 65 + 65x.

2. Normal Equations. The least squares estimators, b0 and b1, can be determined
by solving the normal equations9, given by,

nb0 +

(

n
∑

i=1

Xi

)

b1 =
n
∑

i=1

Yi

(

n
∑

i=1

Xi

)

b0 +

(

n
∑

i=1

X2
i

)

b1 =
n
∑

i=1

XiYi

For the present reading ability versus level of illumination case, the normal
equations are given by10

10b0 + 55b1 = 855

55b0 + 385b1 = 4902

7The TI–83 program to do this involves, first, typing the (x, y) values of the given data set into
the (L1, L2) lists. Then type STAT CALC 8: LinReg(a + bx) ENTER.)

8Paste the linear regression y = 60 + 5x onto the scatter plot by typing Y= VARS 5:Statistics
ENTER EQ 1:RegEQ ENTER, then, as before, ZOOM 9:ZoomStat ENTER.

9The normal equations arise as a consequence of minimizing the criterion, Q =
∑

(Yi−β0−β1Xi)
2.

This is done by differentiating Q with respect the β0 and β1.
10Type 2nd MATRIX EDIT ENTER 2 ENTER 3 ENTER 10 55 855 55 385 4902 2nd QUIT, then

2nd MATRIX MATH B:rref( ENTER 2nd MATRIX [A] ) ENTER; read b1, b0 numbers in third
column of matrix.
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and so the slope is
b1 = (circle one) 1.5 / 1.9 / 2.1 / 2.4,
and the Y –intercept is
b0 = 855−55b1

10
= (circle one) 68.3 / 70.1 / 71.2 / 72.2.

The least squares estimators b0 and b1 are unbiased and have minimum variance
among all unbiased linear estimators11.

1.7 Estimation of Error Terms Variance σ2

SAS program: att2-1-6-regression

The estimator used for the variance, σ2, of the error, ε, is given by the mean square

error (or mean square residual)

MSE =

∑

e2
i

n− 2
=

∑

(Yi − Ŷi)
2

n− 2

where the sum of squares of the errors (or residuals) are SSE =
∑

(Yi − Ŷi)
2. Plots

of the residuals are used to diagnose if the regression model as an appropriate fit to
the data. The variance of the error, σ2 = MSE , is a single number that is often used
to assess the fit of the regression model to the data.

Exercise 1.6 (Calculation of
√
MSE)

1. Calculating
√
MSE Using SAS and The TI–83.

• Type the (X,Y ) values of the data set into the (L1, L2) lists.

• Then type

– stat tests E:LinRegTTest... enter

and then arrow down to Calculate and press enter. Then arrow down to
s =; this is

√
MSE .

(a) Reading Ability Versus Level of Illumination12.

illumination, X 1 2 3 4 5 6 7 8 9 10
ability to read, Y 70 70 75 88 91 94 100 92 90 85

Verify the
√
MSE is 7.8 using the TI-83 and also using the following SAS

program13.

11That is, there are “really good” estimators!
12Notice that the data here is different from before! The point (9,79) is not in this data set.
13Notice that this program is identical to the one above, where we calculated the regression line

for the data! The SAS program gives a lot of information.
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(b) Circumference Versus Heights of Trees.

circumference, X 2.1 1.7 1.1 1.5 2.7
height, Y 40 37 35 36 42

Verify the
√
MSE is 0.60.

(c) Student Population Versus Annual Pizza Sales.

number students, X 2 6 8 8 12 16 20 20 22 26
pizza sales, Y 58 105 88 118 117 137 157 169 149 202
√
MSE = (circle one) 11.2 / 13.8 / 14.5.

2. Discussion of the Residuals.

(a) Reading Ability Versus Level of Illumination.

illumination, X 1 2 3 4 5 6 7 8 9 10
ability to read, Y 70 70 75 88 91 94 100 92 90 85

predicted Ŷ 74.6 77.0 79.5 81.9 84.3 86.7 89.1 91.5 94.0 96.4

residual, Y − Ŷ -4.6 -7.0 -4.5 6.1 6.7 7.3 10.9 0.5 -4.0 -11.4

i. At X = 3, the observed value is
Y = (circle one) 70 / 75 / 88,
Since the least-squares line is Ŷ = 72.2 + 2.418X, at X = 3, the
predicted value is Ŷ = (circle one) 70 / 79.5 / 88,
and so the residual is
Y − Ŷ = (circle one) −2.0 / −4.5 / −8.6.

ii. Looking at the table above, at X = 8,
Y = (circle one) 70 / 75 / 92,
Ŷ = (circle one) 70 / 79.5 / 91.5,
Y − Ŷ = (circle one) 0.5 / 1.5 / 2.5.

iii. The sum of the residuals should be
∑

(Y − Ŷ ) = −4.6− 7.0− 4.5 + 6.1 + · · · − 11.4 =
(circle one) −0.01 / 0 / 0.01.
(The sum of residuals should be zero, even though, due to round off
error, it may not be exactly zero.)

iv.
∑

(Y − Ŷ )2 ≈ (−4.6)2 + (−7.0)2 + (−4.5)2 + 6.12 + · · ·+ (−11.4)2 =
(circle one) 354 / 490 / 549.
(The sum of the squared residuals is not zero, even though the sum of
residuals is.)

v. Square Root of Mean Squared Error.

σ =
√
MSE =

√

∑

(Y−Ŷ )2

n−2
≈
√

490
10−2

≈ (circle one) 6.8 / 7.8 / 8.8.
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vi. The mean squared error is related to the least–squares line in much
the same way the variance is related to the (circle one) average /
coefficient of determination. Roughly, it measures the “average”
distance the observed data is from the least–squares line.

vii. (Review.) If we sampled at random another ten individuals, we would
get (circle one) the same / different standard error of the estimate

as given in the diagram above. This means the MSE must be a (circle
one) statistic / parameter.

(b) Circumference Versus Heights of Trees.

circumference, X 2.1 1.7 1.1 1.5 2.7
height, Y 40 37 35 36 42

predicted Ŷ 39.3 37.4 34.6 36.5 42.1

residual, Y − Ŷ 0.7 -0.4 0.4 -0.5 -0.1

i. Looking at the table above, at X = 1.1,
Y = (circle one) 35 / 36 / 37,
Ŷ = (circle one) 34.6 / 37.4 / 42.1,
Y − Ŷ = (circle one) −0.4 / −0.1 / 0.4.

ii. The sum of the residuals should be (circle one) −0.01 / 0 / 0.01.

iii.
∑

(Y − Ŷ )2 ≈ (circle one) 1.07 / 1.23 / 1.56.

iv. Square Root of Mean Squared Error.

σ =
√
MSE =

√

∑

(Y−Ŷ )2

n−2
≈
√

1.07
5−2

≈ (circle one) 0.46 / 0.60 / 0.81.

1.8 Normal Error Regression Model

The simple linear regression model, where the error is specified to be normally dis-

tributed, is given by,
Yi = β0 + β1Xi + εi, i = 1, . . . , n

where

Yi is the response for the ith trial

β0, β1 are parameters

Xi is the (known) constant value of the predictor for the ith trial

εi are independent N(0, σ2), i = 1, . . . , n

Specification of the probability distribution of the error allows us a second way (in
addition to the method of least squares) to estimate the parameters β0, β1 and σ2,
using the method of maximum likelihood. More importantly, though, specification of
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the probability distribution of the error also allows us to perform inference for simple
linear regression models–which we will look at in the next chapter.

The three parameters and their estimators, using both the method of least squares
and maximum likelihood, are given below.

parameter Least Squares Estimator Maximum Likelihood Estimator

β0 b0 =
∑

(Xi−X)(Yi−Y )
∑

(Xi−X)2
β̂0 = b0

β1 b1 = 1
n
(
∑

Yi − b1
∑

Xi) β̂1 = b1

σ2 MSE =
∑

(Y−Ŷ )2

n−2
σ̂2 = n

n−2
MSE

In other words, both methods give exactly the same estimator for β0 and β1, but are
different by a factor of n

n−2
for the estimator for σ2.

Exercise 1.7 (Maximum Likelihood Estimators for β0, β1 and σ2)

1. Reading Ability Versus Level of Illumination.

illumination, X 1 2 3 4 5 6 7 8 9 10
ability to read, Y 70 70 75 88 91 94 100 92 90 85

Complete the following table.

parameter Least Squares Estimator Maximum Likelihood Estimator
β0 72.2 72.2
β1 2.42
σ2 7.82

2. Circumference Versus Heights of Trees.

circumference, X 2.1 1.7 1.1 1.5 2.7
height, Y 40 37 35 36 42

Complete the following table.

parameter Least Squares Estimator Maximum Likelihood Estimator
β0 29.44
β1 4.7
σ2 0.602

3. Student Population Versus Annual Pizza Sales.

number students, X 2 6 8 8 12 16 20 20 22 26
pizza sales, Y 58 105 88 118 117 137 157 169 149 202
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Complete the following table.

parameter Least Squares Estimator Maximum Likelihood Estimator
β0 60
β1 5
σ2 13.82
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Chapter 2

Inferences in Regression Analysis

We look at inferences for simple linear regression models with one predictor variable.

2.1 Inferences Concerning β1

SAS program: att2-2-1,2,3-inference

We look at a statistical test and confidence interval for the slope parameter, β1, which
appears in the simple linear model,

Yi = β0 + β1Xi + εi

where, in particular, εi are independent N(0, σ2). The test statistic is given by

t∗ =
b1 − β10

s{b1}
which is distributed as a t(n− 2) distribution and the confidence interval is given by

b1 ± t(1− α/2;n− 2)s{b1}
where

b1 =

∑

(Xi −X)(Yi − Y )
∑

(Xi −X)2

s2{b1} =
MSE

∑

(Xi −X)2

MSE =
SSE

n− 2
=

∑

(Yi − Ŷi)
2

n− 2

In addition, b1 is normal where

E{b1} = β1

σ2{b1} =
σ2

∑

(Xi −X)2

77
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Exercise 2.1 (Inferences Concerning β1: Reading Ability Versus Illumina-
tion) Consider the following table of the reading ability versus level of illumination
data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Test if the slope, β1 (the change in reading ability for unit increase in illumination
level), is different from zero (0) at α = 0.05. Also calculate a 95% CI for β1.
(Use the SAS program above or PRGM REGINF where {B0,B1,MN,PI} = {0,1,0,0}.)

1. Test Statistic Versus Critical Value.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : β1 = 0 versus Ha : β1 > 0.

ii. H0 : β1 = 0 versus Ha : β1 < 0.

iii. H0 : β1 = 0 versus Ha : β1 6= 0.

(b) Test. To test β1,

b1 =

∑

(Xi −X)(Yi − Y )
∑

(Xi −X)2
=

(circle one) 1.34 / 2.42 / 3.45 (ESTM in PRGM REGINF)
and

s2{b1} =
MSE

∑

(Xi −X)2
=

(circle one) 0.47 / 0.57 / 0.74 (square of SE in PGRM REGINF)
and so the test statistic is

t∗ =
b1 − β10

s{b1}
=

2.42− 0√
0.74

=

(circle one) 2.81 / 3.45 / 3.55. (TOBS in PGRM REGINF)
The upper critical value at α = 0.05, with n − 2 = 10 − 2 = 8 degrees of
freedom, is
(circle one) 2.31 / 3.89 / 4.26
(TCRT in REGINF or use PRGM INVT ENTER 8 ENTER 0.025 EN-
TER)

(c) Conclusion. Since the test statistic, 2.81, is larger than the critical value,
2.31, we (circle one) accept / reject the null hypothesis that β1 = 0.

2. P–Value Versus Level of Significance.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : β1 = 0 versus Ha : β1 > 0.
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ii. H0 : β1 = 0 versus Ha : β1 < 0.

iii. H0 : β1 = 0 versus Ha : β1 6= 0.

(b) Test. Since the test statistic is t∗ = 2.81, with n− 2 = 10− 2 = 8 degrees
of freedom, and this is a two–sided test,

p–value = P (t ≤ −2.81) + P (t ≥ 2.81) =

(circle one) 0.01 / 0.02 / 0.03
(PVAL in PGRM REGINF or use 2nd DISTR tcdf(2.81,E99,8).)
The level of significance is 0.05.

(c) Conclusion. Since the p–value, 0.02, is smaller than the level of signifi-
cance, 0.05, we (circle one) accept / reject the null hypothesis that the
slope is β1 = 0.
(Confirm using PRGM REGINF ENTER {0,1,0,0} ENTER 0 ENTER
0.05 ENTER)

3. Confidence Interval of β1. A 95% CI is given by

b1 ± t(1− α/2;n− 2)s{b1} = 2.42± t(1− 0.05/2; 10− 2)
√
0.74 =

(circle one) (0.43, 4.41) / (1.33, 5.41) / (2.33, 6.41)
(CI in PGRM REGINF)

2.2 Inferences Concerning β0

We look at a statistical test and confidence interval for the intercept parameter, β0,
which appears in the simple linear model,

Yi = β0 + β1Xi + εi

where, in particular, εi are independent N(0, σ2).
The test statistic is given by

t∗ =
b0 − β00

s{b0}
which is distributed as a t(n− 2) and the confidence interval is given by

b0 ± t(1− α/2;n− 2)s{b0}
where

b0 = Y − b1X

s2{b0} = MSE

[

1

n
+

(X)2
∑

(Xi −X)2

]

MSE =
SSE

n− 2
=

∑

(Yi − Ŷi)
2

n− 2
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In addition, b0 is normal where

E{b0} = β0

σ2{b0} = σ2

[

1

n
+

(X)2
∑

(Xi −X)2

]

Exercise 2.2 (Inferences Concerning β0: Reading Ability Versus Illumina-
tion) Consider the following table of the reading ability versus level of illumination
data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Test1 if the y–intercept, β0 (the average reading ability when the illumination level is
zero (0)), is different from 74 at α = 0.05. Also calculate a 95% CI for β0.
(Use the SAS program above or type data in L1, L2, then use PRGM REGINF
ENTER {1,0,0,0} ENTER 74 ENTER 0.05 ENTER)

1. Test Statistic Versus Critical Value.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : β0 = 74 versus Ha : β0 > 74.

ii. H0 : β0 = 74 versus Ha : β0 < 74.

iii. H0 : β0 = 74 versus Ha : β0 6= 74.

(b) Test. To test β0,
b0 = Y − b1X =

(circle one) 72.2 / 82.2 / 92.2 (ESTM in PGRM REGINF.)
and

s2{b1} = MSE

[

1

n
+

X
2

∑

(Xi −X)2

]

=

(circle one) 25.35 / 26.35 / 28.59 (square of SE in PGRM REGINF.)
and so the test statistic is

t∗ =
b0 − β00

s{b0}
=

72.2− 74√
28.59

=

(circle one) −0.33 / −0.45 / −0.55. (TOBS in PGRM REGINF)
The lower critical value at α = 0.05, with n − 2 = 10 − 2 = 8 degrees of
freedom, is
(circle one) −2.31 / −3.89 / −4.26
(TCRT in PGRM REGINF or use PRGM INVT ENTER 8 ENTER 0.025
ENTER)

1Does it really make sense to test β0 in this case? Is the y–intercept within the range of data?
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(c) Conclusion. Since the test statistic, -0.33, is larger than the critical value,
-2.31, we (circle one) accept / reject the null hypothesis that β0 = 74.

2. P–Value Versus Level of Significance.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : β0 = 74 versus Ha : β0 > 74.

ii. H0 : β0 = 74 versus Ha : β0 < 74.

iii. H0 : β0 = 74 versus Ha : β0 6= 74.

(b) Test. Since the test statistic is tθ̂ = −0.33, with n−2 = 10−2 = 8 degrees
of freedom, and this is a two–sided test,

p–value = P (t ≤ −0.33) + P (t ≥ 0.33) =

(circle one) 0.56 / 0.75 / 0.86
(PVAL in PGRM REGINF or use 2nd DISTR tcdf(−E99,-0.33,8).)
The level of significance is 0.05.

(c) Conclusion. Since the p–value, 0.75, is larger than the level of signifi-
cance, 0.05, we (circle one) accept / reject the null hypothesis that the
y–intercept is β0 = 74.

3. Confidence Interval of β0. A 95% CI is given by

b0 ± t(1− α/2;n− 2)s{b0}

(circle one) (59.87, 84.53) / (60.87, 85.53) / (61.87, 86.53)
(CI in PGRM REGINF)

2.3 Some Considerations on Making Inferences

Concerning β0 and β1

We consider some other considerations on making inferences concerning β0 and β1.

Exercise 2.3 (Other Considerations Concerning β0 and β1) Consider the fol-
lowing table of the reading ability versus level of illumination data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

1. Sample size
True / False
Even if εi are not normal, as long as the sample size, n, is large enough, the
tests and confidence intervals given above are still valid.
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2. Spacing in Xi

The spacing of Xi influences the variance of b1 and b2. In particular, the wider
the Xi are spaced, the (choose one) smaller / larger both

s2{b0} = MSE

[

1

n
+

(X)2
∑

(Xi −X)2

]

s2{b1} =
MSE

∑

(Xi −X)2

are, since
∑

(Xi−X)2 appears in the denominator of a fraction which describes
both s2{b0} and s2{b1}.

3. Power
Power is the chance of choosing the alternative hypothesis when, in fact, the
alternative hypothesis is correct. Power can be used to measure the performance
of a test; a large value of power indicates the test performs
(choose one) badly / well.

For example, we might be interested in testing the slope
H0 : β1 = 2 versus Ha : β1 6= 2
even though the actual (true) value of the slope is β1 = 2.4 at α = 0.05.

Recall from above, s{b1} =
√
0.74 and so the value of the noncentrality measure,

a measure of how far the hypothesized β10 = 2 is from the actual β1 = 2.4, is

δ =
|β1 − β10|
σ{b1}

≈ |β1 − β10|
s{b1}

=
|2.4− 2|√

0.74
= 0.46

and so, with n−2 = 10−2 = 8 degrees of freedom, and since δ = 0.46 is closest
to 1.0 in table B.5 (pages 1346, 1347) the power is 2

(choose one) 0.15 / 0.25 / 0.36

2.4 Interval Estimation of E{Yh}
We look at a statistical test and confidence interval for the mean response parameter,
E{Yh}, for the simple linear model,

Yi = β0 + β1Xi + εi

2This is not a good value of the power, but, then, the hypothesized and actual values of the
slope are pretty close to one another. It would be an idea to determine the power at other distances
between hypothesized and actual slope values, to get an idea of how sharply the test identifies actual
value of the slope.
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where, in particular, εi are independent N(0, σ2). The test statistic is given by

t∗ =
Ŷh − E{Yh}

s{Ŷh}

which is distributed as a t(n− 2) and the confidence interval is given by

Ŷh ± t(1− α/2;n− 2)s{Ŷh}

where

Ŷh = Y − b1X

s2{Ŷh} = MSE

[

1

n
+

(Xh −X)2
∑

(Xi −X)2

]

MSE =
SSE

n− 2
=

∑

(Yi − Ŷi)
2

n− 2

In addition, Ŷh is normal where

E{Ŷh} = β0 + β1Xh

σ2{b0} = σ2

[

1

n
+

(Xh −X)2
∑

(Xi −X)2

]

Exercise 2.4(Inferences Concerning E{Yh}: Reading Ability Versus Illumi-
nation) Consider the following table of the reading ability versus level of illumination
data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Test if the expected response, E{Yh} is different from 75 at Xh = 2.4 and at α = 0.05.
Also calculate a 95% confidence interval.
(Use3 PRGM REGINF where {B0,B1,MN,PI} = {0,0,1,1}.)

1. Test Statistic Versus Critical Value.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : µ(2.4) = 75 versus Ha : µ(2.4) > 75.

ii. H0 : µ(2.4) = 75 versus Ha : µ(2.4) < 75.

iii. H0 : µ(2.4) = 75 versus Ha : µ(2.4) 6= 75.

3The preset programs in SAS can calculate something similar but not exactly like this. The
program SAS calculates a confidence interval for E{Yh} only for values of x included in the data–for
Xh = 2, say, but not Xh = 2.4, though.
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(b) Test. To test E{Yh},
Ŷh = b0 + b1Xh

= 72.2 + (2.418)(2.4)

=

(circle one) 77.0 / 77.5 / 78.0 (ESTM in PGRM REGINF)
and

s2{Ŷh} = MSE

[

1

n
+

(Xh −X)2
∑

(Xi −X)2

]

=

(circle one) 1.642 / 2.642 / 13.26 (square of SE in PGRM REGINF)
and so the test statistic is

t∗ =
Ŷh − E{Yh}

s{Ŷh}
=

78− 75√
13.26

=

(circle one) 0.41 / 0.67 / 0.83. (TOBS in REGINF)
The upper critical value at α = 0.05, with n − 2 = 10 − 2 = 8 degrees of
freedom, is
(circle one) 2.31 / 3.89 / 4.26 (TCRT in REGINF)

(c) Conclusion. Since the test statistic, 0.83, is smaller than the critical value,
2.31, we (circle one) accept / reject the null hypothesis that µ(2.4) = 75.

2. P–Value Versus Level of Significance.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : µ(2.4) = 75 versus Ha : µ(2.4) > 75.

ii. H0 : µ(2.4) = 75 versus Ha : µ(2.4) < 75.

iii. H0 : µ(2.4) = 75 versus Ha : µ(2.4) 6= 75.

(b) Test. Since the test statistic is tθ̂ = 3.64, with n− 2 = 10− 2 = 8 degrees
of freedom, and this is a two–sided test,

p–value = P (t ≤ −3.64) + P (t ≥ 3.64) =

(circle one) 0.21 / 0.32 / 0.43
(PVAL in PRGM REGINF or use 2nd DISTR tcdf(3.64,E99,8).)
The level of significance is 0.05.

(c) Conclusion. Since the p–value, 0.43, is larger than the level of significance,
0.05, we (circle one) accept / reject the null hypothesis that the expected
response is µ(2.4) = 75.

3. Confidence Interval of E{Yh}. A 95% CI at x = 2.4 is given by

Ŷh ± t(1− α/2;n− 2)s{Ŷh} = 78± t(1− 0.05/2, 10− 2)(3.642) =

(circle one) (49.61, 86.4) / (59.61, 96.4) / (69.61, 86.4)
(CI in PGRM REGINF)
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2.5 Prediction of New Observation

We look at a confidence interval for the mean of m new observations, Yh(new), for the
simple linear model,

Yi = β0 + β1Xi + εi

where, in particular, εi are independent N(0, σ2). The test statistic is given by

t∗ =
Yh(new) − Ŷh

s{predmean}

which is distributed as a t(n− 2) and the confidence interval is given by

Ŷh ± t(1− α/2;n− 2)s{predmean}

where

Ŷh = Y − b1X

s2{predmean} = MSE

[

1

m
+

1

n
+

(Xh −X)2
∑

(Xi −X)2

]

MSE =
SSE

n− 2
=

∑

(Yi − Ŷi)
2

n− 2

In addition, when m = 1,

σ2{predmean} = σ2{Yh(new) − Ŷh}
= σ2 + σ2{Ŷh}

Exercise 2.5(Inferences Concerning Yh(new): Reading Ability Versus Illumi-
nation) Consider the following table of the reading ability versus level of illumination
data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Calculate a 95% prediction interval for m = 1 observation and for the mean of m = 2
observations.
(Use4 PRGM REGINF where {B0,B1,MN,PI} = {0,0,1,1}.)

4The preset programs in SAS can calculate something similar but not exactly like this. The
program SAS calculates prediction intervals for m = 1 (and not m = 2, say) and for values of x
included in the data–for Xh = 2, say, but not Xh = 2.4, though.
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1. Prediction Interval of Yh(new) when m = 1. A 95% PI of one, m = 1, new
observation at X = 2.4, is given by

Ŷh ± t(1− α/2;n− 2)s{predmean} = 78± t(10− 2, 0.05/2)(8.63) =

(circle one) (42.73, 93.28) / (52.73, 103.28) / (58.1, 97.91)
(PI in PGRM REGINF, MN is whatever and M is 1)

2. Prediction Interval of Yh(new) when m = 2. A 95% PI of the mean of two, m = 2,
new observations at X = 2.4, is given by

Ŷh ± t(1− α/2;n− 2)s{predmean} = 78± t(10− 2, 0.05/2)(6.63) =

(circle one) (42.73, 93.28) / (52.73, 103.28) / (62.73, 93.28)
(PI in PGRM REGINF, M is 2)

2.6 Confidence Band for Regression Line

SAS program: att2-2-6-SAS-CI,PI

We look at a confidence band for the entire regression line with the simple linear
model,

Yi = β0 + β1Xi + εi

where, in particular, εi are independent N(0, σ2). The confidence band is, for every
Ŷh, given by

Ŷh ±Ws{Ŷh}
where

Ŷh = Y − b1X

W 2 = 2F (1− α;n− 2)

s2{Ŷh} = MSE

[

1

n
+

(Xh −X)2
∑

(Xi −X)2

]

MSE =
SSE

n− 2
=

∑

(Yi − Ŷi)
2

n− 2

where, in particular, W is the Working–Hotelling statistic. The confidence band is
wider than attaching the end points of confidence intervals together.

Exercise 2.6 (Confidence Band: Reading Ability Versus Illumination) Con-
sider the following table of the reading ability versus level of illumination data.
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illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Calculate the confidence band at α = 0.05.
(Use5 PRGM REGSCIPI where k = 1 and m = 16

1. Previously, we found that the confidence interval for X = 2.4 and α = 0.05 to
be (69.61, 86.4); we can also find the Working–Hotelling confidence interval for
a confidence band to be (63.16, 88.5). Complete the following table of CIs and
Working–Hotelling CIs for confidence band for various values of X.

x (BF) Confidence Interval Working–Hotelling Confidence Interval For Band
1.5 (66.04, 85.61) (63.16, 88.5)
2.4 (69.61, 86.4) (67.13, 88.88)
3.0
5.5 (79.79, 91.21) (78.11, 92.89)
7.5 (83.38, 97.29) (81.33, 99.34)
9.5 (85.39, 104.96) (82.5, 107.84)

2. The confidence band is constructed by connecting all of the (Working–Hotelling)
confidence intervals for the various values of X, as shown in the following dia-
gram.
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Figure 2.1 (Confidence Band)

The (Working–Hotelling) confidence band is (circle one) wider / narrower
than connecting all of the confidence intervals together.

5The preset programs in SAS can calculate something similar but not exactly like this. The SAS
confidence band is narrower than is calculated here.

6Both variables, k and m are used later, for simultaneous confidence interval and prediction
interval purposes.
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Exercise 2.7 (What SAS Can Do: Inferences Concerning Yh(new), Reading
Ability Versus Illumination) Consider the following table of the reading ability
versus level of illumination data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Use SAS to calculate both a 95% confidence band and 95% prediction band for m = 1
observation. The confidence band of the average of all observations is (choose one)
broader than / narrower than the prediction band of one observation because
the variability of the average of all observations is smaller than the the variability of
one observation. Although the SAS confidence band matches with the one described
above, the SAS prediction band is narrower than the one described above because
the SAS prediction band (incorrectly) does not account for the simultaneous nature
of the prediction band.

2.7 Analysis of Variance Approach to Regression

Analysis

att2-2-7-ANOVA-regression

We look at a two–sided test for the slope parameter, β1, which appears in the simple
linear model,

Yi = β0 + β1Xi + εi

where, in particular, εi are independent N(0, σ2). We test the slope, β1, of the linear
regression using the analysis of variance technique. The ANOVA table is

Source Sum Of Squares Degrees of Freedom Mean Squares

Regression SSR =
∑

(Ŷi − Y )2 1 MSR = SSR

1

Error SSE =
∑

(Yi − Ŷi)
2 n - 2 MSE = SSE

n−2

Total SSTO =
∑

(Yi − Y )2 n - 1

where the observed F is

F ∗ =
MSR

MSE

and is used to test if the slope, β1, is zero or not7.

Exercise 2.8 (Linear Regression Using ANOVA: Reading Ability Versus
Illumination) Consider the following table of the reading ability versus level of
illumination data.

7Although this ANOVA method is presently just another way of testing if the slope is zero or
not, this method will be become more important in and of itself, later on.
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illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Test if the slope β1 (the change in reading ability for unit increase in illumination
level) is different from zero (0) at α = 0.05; use an ANOVA procedure to do this8.

1. Test Statistic Versus Critical Value.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : β1 = 0 versus H1 : β1 > 0.

ii. H0 : β1 = 0 versus H1 : β1 < 0.

iii. H0 : β1 = 0 versus H1 : β1 6= 0.

(b) Test. The degrees of freedom for the regression are (always) 1 and for the
error are n− 2 = 10− 2 = 8. Also,

SSR =

(circle one) 482.4 / 582.4 / 682.4
(use SS in REGRESSION of PGRM REGANOVA)
and

SSE =

(circle one) 682.4 / 882.4 / 972.5
(use SS in ERROR of PGRM REGANOVA)
and so the ANOVA table is given by,

Source Sum Of Squares Degrees of Freedom Mean Squares
Regression 482.4 1 482.4

Error 490.1 8 61.3
Total 972.5 9

and so the test statistic is

F test statistic =
482.4

61.3
=

(circle one) 6.88 / 7.88 / 8.88.
The upper critical value at α = 0.05, with 1 and n−2 = 10−2 = 8 degrees
of freedom, is
(circle one) 5.32 / 6.32 / 7.32
(Use PRGM INVF ENTER 1 ENTER 8 ENTER 0.95 ENTER)

(c) Conclusion. Since the test statistic, 7.88, is larger than the critical value,
5.32, we (circle one) accept / reject the null hypothesis that the slope β1

is zero.
8Use the SAS program above or PRGM REGANOVA in the following exercises9.
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2. P–Value Versus Level of Significance.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : β1 = 0 versus H1 : β1 > 0.

ii. H0 : β1 = 0 versus H1 : β1 < 0.

iii. H0 : β1 = 0 versus H1 : β1 6= 0.

(b) Test. Since the test statistic is F = 7.88, the p–value, with 1 and n− 2 =
10− 2 = 8 degrees of freedom, is given by

p–value = P (F ≥ 7.88)

which equals (circle one) 0.00 / 0.022 / 0.043.
(Use PRGM REGANOVA or use 2nd DISTR 9:F cdf(7.88,E99,1,8).)
The level of significance is 0.05.

(c) Conclusion. Since the p–value, 0.022, is smaller than the level of signifi-
cance, 0.05, we (circle one) accept / reject the null hypothesis that the
slope β1 is zero.

3. ANOVA Versus Linear Regression. The conclusions reached using the F–
distribution with the ANOVA procedure here is (circle one) the same as /
different from the conclusions reached previously using the t–distribution.

2.8 General Linear Test Approach

SAS program: att2-2-8-GenLin-regression

The ANOVA approach to testing if β1 = 0 versus β1 6= 0 for simple linear regression
is a special case of the general linear approach. The three steps to this more general
approach are:

1. Full or Unrestricted Model. The full or unrestricted model is given by

Yi = β0 + β1Xi + εi

where
SSE (F ) =

∑

[Yi − (b0 + b1Xi)]
2 = SSTO

where SSE (F ) is the sums of squares of error for the full model.

2. Restricted Model. The restricted model is given by

Yi = β0 + εi
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where
SSE (R) =

∑

[Yi − b0]
2 =

∑

[Yi − Y ]2 = SSE

where SSE (R) is the sums of squares of error for the restricted model and where,
notice, it is assumed β1 = 0.

3. Test Statistic. The test statistic is

F ∗ =
SSE (R)− SSE (F )

df R − df F
÷ SSE (F )

df F

which compares the sums of squares of the model due to the β1 parameter to the
sums of squares due to both parameters β0 and β1 in the full model. If the sums
of squares are about the same (meaning F ∗ ≈ 1) then β1 is not contributing to
the model, and so this indicates β1 = 0.

Exercise 2.9 (General Linear Test Approach: Reading Ability Versus
Illumination) Consider the following table of the reading ability versus level of
illumination data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85

Test if the slope β1 (the change in reading ability for unit increase in illumination
level) is different from zero (0) at α = 0.05; use an General Linear Model procedure
to do this.

1. Full Model.

True / False Using the SAS output, the ANOVA for the full model is given
by,

Source Sum Of Squares Degrees of Freedom Mean Squares
Regression 482.4 1 482.4

Error 490.1 8 61.3
Total 972.5 9

2. Reduced Model.

True / False Using the SAS output, the ANOVA for the reduced model is
given by,

Source Sum Of Squares Degrees of Freedom Mean Squares
Regression 0 0 0

Error 972.5 9 108.06
Total 972.5 9
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3. Test Using Test Statistic vs Critical Value.

(a) Statement. The statement of the test is (check none, one or more):

i. H0 : β1 = 0 versus H1 : β1 > 0.

ii. H0 : β1 = 0 versus H1 : β1 < 0.

iii. H0 : β1 = 0 versus H1 : β1 6= 0.

(b) Test. The test statistic is

F ∗ =
SSE (R)− SSE (F )

df R − df F
÷ SSE (F )

df F
=

972.5− 490.1

9− 8
÷ 490.1

8
=

(circle one) 6.88 / 7.88 / 8.88.
The upper critical value at α = 0.05, with 9 − 8 = 1 and 8 degrees of
freedom, is
(circle one) 5.32 / 6.32 / 7.32
(Use PRGM INVF ENTER 1 ENTER 8 ENTER 0.95 ENTER)

(c) Conclusion. Since the test statistic, 7.88, is larger than the critical value,
5.32, we (circle one) accept / reject the null hypothesis that the slope β1

is zero.

4. General Linear Model versus ANOVA Approach

The general linear model approach here gave (choose one) the same / a dif-
ferent answer than the ANOVA approach.

2.9 Descriptive Measures of Association Between

X and Y in Regression Model

The observed coefficient of determination, R2, is given by

r2 =
SSR

SSTO

and is measure of the degree of linear association between X and Y . The coefficient
of correlation is the square root of coefficient of determination, and is denoted r.

Exercise 2.10 (Coefficient of Determination)

1. Linear Regression Using ANOVA: Reading Ability Versus Illumination. Con-
sider the following table of the reading ability versus level of illumination data.

illumination, x 1 2 3 4 5 6 7 8 9 10
ability to read, y 70 70 75 88 91 94 100 92 90 85
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Using one of the SAS programs above, since the ANOVA table is given by

Source Sum Of Squares Degrees of Freedom Mean Squares
Regression 482.4 1 482.4

Error 490.1 8 61.3
Total 972.5 9

the coefficient of determination, r2 = SSR

SSTO
= 482.4

972.5
, is given by

(circle one) 0.49 / 0.70 / 0.99.

2. Linear Regression Using ANOVA: Three Drugs. The responses of fifteen differ-
ent patients are measured for one drug at three dosage levels (in mg).

10 mg 5.90 5.92 5.91 5.89 5.88
20 mg 5.51 5.50 5.50 5.49 5.50
30 mg 5.01 5.00 4.99 4.98 5.02

Since the ANOVA table is given by

Source Sum Of Squares Degrees of Freedom Mean Squares
Regression 2.025 1 2.025

Error 0.0105 13 0.00081
Total 2.0355 14

the coefficient of determination, r2 = SSR

SSTO
, is given by

(circle one) 0.49 / 0.70 / 0.99.

3. The coefficient of determination measures what percentage of the variation in
the observed response variable can be explained by the linear regression. For
example, for the reading ability problem, (circle one) 49% / 99% of the vari-
ation can be explained by µ̂(x) = 72.2 + 2.4x. If the points of the scatter plot
are close to the linear regression line, R2 is large.

4. Properties. The slope, b1, and coefficient of correlation, r, are related in the
following way,

b1 =

[ ∑

(Yi − Y )2
∑

(Xi −X)2

]1/2

r =

(

sY
sX

)

r

and so b1 = 0 when r = 0.
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2.10 Considerations in Applying Regression Anal-

ysis

Some considerations in applying regression analysis include:

1. When used for new (future) observations, it is implicit that the future conditions
are the same as the present conditions given for the linear regression.

2. The analysis applies to data that falls within the scope or range of the data.

3. To say β1 6= 0 does not mean that X causes Y , for observed data. For controlled
experimental data, this is more likely true.

2.11 Case When X is Random

We have assumed that the X are fixed known constants. For example, we assume
that we set the level of illumination at certain lighting levels and then check to see
what the effect of this is on reading ability. If the X are random, such as would occur
if we were comparing son’s heights with father’s heights, the results given above still
hold if the following conditional assumptions are true.

1. Conditional Yi, given Xi, are normal and independent with constant variance
σ2

2. The Xi are independent random variables that do not involve the parameters
β0, β1 and σ2.


