42 Chapter 7. Integration (LECTURE NOTES 3)

7.4 The Fundamental Theorem of Calculus

The fundamental theorem of calculus says if f is a continuous function on [a, b], and
F' is any antiderivative of f, then

[ #xydr = F(®) ~ F(a) = F@)l.

This theorem essentially shows how antiderivatives and definite integrals are related
to one another. Properties of definite integrals include:

o Jiflx)dz=0

o [Pk f(z)dx =k [’ f(z)dz, for real k

o [J[f(z) £ g(x)]de = [} f(z)dz + [} g(x) dw
o [y flw)de = [; f(x)dz+ [ f(z)dx

o Jif(x)dr=—J f(z)dx

Not all integrals have antiderivatives; these integrals would have to be solved using
numerical integration. Both limits and variable of integration (not just variable of
integration) are changed when using method of substitution. Definite integrals can
be negative and so some care must be taken when associating them to area, which
(of course) is always positive.

Exercise 7.4 (Definite Integrals)
1. Definite integrals, f(x) = 3.

f(x) =3 f(x)=3 f(x) =3
3 3 3
X 1 4 x 1 5
(@) fx) =3x+C (b) 3(4)-3(1)=9 (c) (5)-3(-1)=18
(indefinite) (definite) (definite)

Figure 7.1 (f(z) = 3)
(a) f(z) =3, graph (a). The indefinite integral of 3,

1
/3dx:/3x0dx:3/x0dx:3(—:L’O+1+C') =
0+1

(i) C (i) 3+ C (ii) 3z +C
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(b) f(z) =3, graph (b). Area in interval [1,4] is definite integral,

4 =4
/ 3dr = [3z+C)="
1
= B+ -BA)+C] =
()8 (i) 9 (i) 10
Y; =3 WINDOW —-251 —141 GRAPH 2nd CALC 7:f f(z)dx ENTER 1 ENTER 4 ENTER

OR MATH foInt(Y1,X,1,4)

also, notice, area of rectangle is (4 —1) x3=3x3=9
(c) f(x) =3, graph (c). Area in interval [—1, 5] is definite integral,

r=—1

= BE)+C =B+ =

5 =5
/ 3dr = [3z+CJ*=
-1

(i) 18 (i) 19 (iii) 20
GRAPH 2nd CALC 7:f f(z)dz ENTER -1 ENTER 5 ENTER

also, notice, area of rectangle is (5 — (—1)) x 3 =6 x 3 =18

(d) (i) True (ii) False. Constant of integration, C, always disappears (is
cancelled out) in a definite integration. In other words, a definite integra-
tion gives the same answer whether C' =1 or C = =37 or C' = 0. It is for
this reason that it is often easiest to let C' = 0 in a definite integration:

5
/ 3de = [32]°=", = [3(5) + 0] — [3(=1) + 0] = 3(5) — 3(—1) = 18
-1
(e) (i) True (ii) False. The two integrals in figures (b) and (c) are both

positive definite integrals because the two areas under the function f(x) = 3
are found above the r—axis.

2. Definite integrals, f(x) = 5x.

f(x) = 5x f(x) = 5x f(x) = 5x
! X R 4 X 0 4 )
(a) () = (5/2) X2 (b) (5/2) @) - (5/2)(1)> © (5/2) @~ (5/2) (0)°
(indefinite) (definite) (definite)

Figure 7.2 (f(z) = bx)
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(a) f(z)= bz, graph (a).

/5:de:5/:vdx:5<ixl+l+c> —
1+1

(i) C (i) bz + C (i) 3z*+C
(b) f(z) = bx, [1,4], graph (b).

4
/ Srdr =
1

(i) 37.5 (i) 52.0 (iii) 52.5
Yo = 5x WINDOW —2 51 —1 20 2 GRAPH 2nd CALC 7:f f(z)dz ENTER 1 ENTER 4 ENTER

r=4

b 2 ) 2 __
=@ =)=

3
—T
2

r=1

OR MATH fnInt(Y2,X,1,4) instead.

(¢) f(z) = bz, [0,4], graph (c).

4
/ Srdxr =
0

(i) 37.5 (i) 40.0 (iii) 52.5
GRAPH 2nd CALC 7:f f(z)dz ENTER 0 ENTER 4 ENTER

r=4

= -

3
—T
2

z=0

3. More definite integrals.

— N

- X |
4 3 x 1 1\ / 2 35

(@) f(x) = e (b) f(x) = €*- 5x* 2x +5 (©) f(x) =x%-2/x

Figure 7.3 (More definite integrals)
(a) f(z) =e", [=1,3], graph (a).

3 z=3 3 1
/ efde=[e"]_ =€ —e &~
-1

(i) 19.7 (i) 52.0 (iii) 54.2

Y3 =e®* WINDOW —131 —1020 2

GRAPH 2nd CALC 7:f f(z)dz ENTER —1 ENTER 3 ENTER

OR MATH fnInt(Y3,X,1,4) instead.
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(b) f(z) =e® — bz — 2z +5, [—1,1], graph (b).

1 : 1 1 1 2=1
dr = let—5. 241 _ .1 4+l 5. o+1}
/_1f(x> = 241" T A S S

[ T 5 3 2 :|:B=1

= |e¥ — —x° —z°+bx
L 3 r=—1
[ 1 5 3 2 —1 5 3 2

= e -2 - +5(1)} _ [e - (1) - (-1 4 5(-1)

(i) 8.23 (i) 9.02 (iii) 10.33

Y4 =e® —5z2 -2z +5 WINDOW —2 51 —10 20 2

GRAPH 2nd CALC 7:f f(z)dz ENTER —1 ENTER 1 ENTER
OR MATH ntnt(Y4 X,-1,1) instead.

(c) flz)=a%—2, [2,3.5], graph (c).
3.5 ! v=35
1 X z=3.5
= gl’ —QIHZELC:2
_1 1
— 3(3.5)3 — 21n(3.5)} - [5(2)3 —2In(2)| ~

(i) 8.23 (i) 9.02 (iii) 10.51

Y5 =22 2VVINDOVV —251-10202

GRAPH 2nd CALC 7: f f(z)dz ENTER 2 ENTER 3.5 ENTER
OR MATH fnInt(Ys5,X,2,3.5) instead.

4. Area and definite integrals, f(x) = bx.

f(x) = 5x
positive
definite
integral
negative

definite x-intercept
integral

f(x) = 5x

@ (b) ©
Figure 7.4 (f(z) = bz, area and definite integrals)

(a) f(x) = bz, [-5,0], graph (b).

=0

[osvdr=[2] = Z0r- S92 -
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(i) 62.5 (i) —62.5 (i) —40
GRAPH 2nd CALC 7:f f(z)dz ENTER -5 ENTER 0 ENTER
OR MATH fnInt(Y2,X,-5,0) instead.

If considered area,

/_055:cdx: gx :_5 - 12(0)2—2(—5)2 _
(i) 62.5 (i) —62.5 (iil) —40
f(z) = bx, [—5,5], graph (b).

[prar=[5] =367 5007

()0 (i) —62.5 (iii) —40
GRAPH 2nd CALC 7:f f(z)dz ENTER -5 ENTER 5ENTER
OR MATH fnInt(Y2,X,-5,5) instead.

If considered area, split into two integrals

5 0 5
/ Srdr = / 5xd$+/ Sx dx
_5 -5 0
=0

B §x T N §x =5
N 2 r=-—5 2 =0
_ o 2 o 2 o 2 o 2|
— 302 = S5 + |57 - 507 -

(i) 62.5 (i) —62.5 (i) 125

f(x) =5z, [-5,3], graph (c).
3 5 1%73 5 5
5d=[—} =—(3)* - =(=5)* =
/_5 vde=|ge] =307 =5
(i) 62.5 (ii) —62.5 (iii) —40
GRAPH 2nd CALC 7: [ f(z) dz ENTER -5 ENTER 3 ENTER
OR MATH fnInt(Y2,X,-5,3) instead.

If considered area, split into two integrals

3 0 3
/_551'd1’ = /_55de+/0 Sx dx

5 =0 5 r=3

- Hz] +H§]

5,5 5,
- 50255

_|_
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(i) 25 (i) 85 (iii) —40

(d) (i) True (ii) False. If considered area, divide the definite integral into

positive (regions above the x-axis) and negative regions (regions below the

x-axis), convert the negative region values to positive values, then sum all

of the positive values to determine the total area.

5. More area and definite integrals.

positive
definite

integral
. x-intercept
X-intercept /—\\/5 4 0 x-intercept

0

\I_/\/§ 4 0 X \I_/2 3
negative

definite

integral @ 00 =x*5 (b) f(x) =5 - x2 (0) fx) =€ - €2

Figure 7.5 (More definite integrals and area)

(a) f(x) =22—5, [0,4], graph (a).

/04 (xQ _ 5) dr — {2—411932“ 5. Fllzmrl Zj
= [50r -5@)] - [30* - 50)] =

. 4 .\ 4 oy 1
(i) —3 (ii) 3 (iii) 3
Y6 =22 — 5 WINDOW —2 5 1 —20 20 2
GRAPH 2nd CALC 7: [ f(z)de ENTER 0 ENTER 4 ENTER

OR MATH fnInt(Ys,X,0,4) instead.

If considered area, split into positive and negative regions;
find x-intercept(s) in [0,4],

flx)=2"-5=0

sor= (i) =5 (i) 0 (iii) v/5

since only V/5 is in [0,4], use only V5

and so

/04(:172—5) dr = /Oﬁ(ﬁ—k’)) d:):+/\/45(x2_5) dz
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- [ [ s
= |58 - 5v8)| - [00° - 500
+|[5@7 -5@)] - [5(/5) -5(v5)] | =

(i) 16.24 (i) § (i) 15.24

MATH NUM abs( ENTER MATH fnInt(Ys,X,0,v/5)
+ abs( ENTER MATH fnInt(Ys,X,v5,4) ENTER.

f(x) =5—22 [0,4], graph (b).

/4 (5 B $2) dr — {5 _ LIO—H B Ll,}l—l
0 0+ 241
)

. 4 -\ 4 N |
(i) —3 (ii) 3 (iii) 3
Y7 =5— 22 WINDOW —2 5 1 —20 20 2
GRAPH 2nd CALC 7: [ f(z)dz ENTER 0 ENTER 4 ENTER
OR MATH fnInt(Y7,X,0,4) instead.

If considered area, split into positive and negative regions;
find x-intercept(s) in [0,4],

flx)y=5—-2>=0
sor= (i) =5 (i) 0 (iii) v/5

since only v/5 is in [0,4], use only v/5

and so
/04(5—x2) de = /0\/5(5—x2) dx—l—/;(f)—xz) dx
r=V5 =4
o Gt P Gk
= |[5v8) - 5(v5y"] - [s0) - 507]

+ [ - 50°] - [36(v8) - vBy]

~
~

(i) 16.24 (i) § (i) 15.24

MATH NUM abs( ENTER MATH foInt(Y7,X,0,v/5)
+ abs( ENTER MATH fnInt(Y7,X,v5,4) ENTER.
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(c) f(z)=e"—¢2 [0,3], graph (c).

/3 v dr — {m_ 2 1 0r1]" "
; (e e) A »
= [ =€,

(i) —3.08 (i) 0 (iii) 3.08

Yg =e® —e2 WINDOW —2 51 —20 20 2

GRAPH 2nd CALC 7:f f(z)dz ENTER 0 ENTER 3 ENTER
OR MATH fnInt(Ys,X,0,3) instead.

If considered area, split into positive and negative regions;
find x-intercept(s) in [0,3],

flz)=e"—e*=0
sorx= (i) e (ii) 1 (iii) 2
and so
[[(-@)ar = [[(e=&)art [ (=) an
= [ a4 e e
= |[e* = 2¢*] = [" = (0)¢?]|
+ [[¢* = 3¢?] — [¢* — 2¢]| ~

r=2

r=2

(i) 12.70 (i) 13.70 (iii) 14.70
MATH NUM abs( ENTER MATH fnInt(Ys,X,0,2)
+ MATH fnInt(Ys,X,2,3) ENTER.

6. Substitution and definite integrals, method 1.

=

(a) Find [} 2222 dy = 1 [ (32 + 2%) 2(3 + 27) da.

L 2 V3a+a?
guess u = (i) 3¢ + x* (ii) 3+ 2z (iii) v/3z + =2
then 2 = 3(1)z'~! + 22*7' = 3+ 2z or du = (3 + 2z) dx

but also limits x = [1,4] should also be changed;
when x =1, u=3(1)+1*=4
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and when z = 4, u = 3(4) +4? = 28
substituting u, du and new limits into [ f(x) dx,

L 3 1 /28
5/1 (3x+x2) ‘B+2z)dr = §A -t du

(i) 2.29 (ii) 2.79 (iii) 3.29
Yo = %\/% MATH ENTER MATH fnInt(Yo,X,1,4).
(b) Find f; 22dz = ['Inz (27!) da.

guessu= (i) Inz (ii) 7!
then du = (i) (z7') dz (ii) (—z72) d=
but also limits x = [1,4] should also be changed;

when x =1, u=In1=0
and when r =4, u =1n4

substituting u, du and new limits into [ f(z)dz,
4 In4
/ Inz (x_l) dr = / wdu
1 0
1 u=In4
- ()
1 + 1 u=0
1 ) u=In4
N (§u >u:0
1

(n4)? — 5(0)

Q

1
2
(i) 0.36 (ii) 0.66 (iii) 0.96

Y10 = 22 MATH ENTER MATH falnt(Y10,X,1,4).

7. Substitution and definite integrals, method 2.

(a) Find fi 522 dy = L [} (30 +22)"2(3 + 22) du.
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guess u = (i) 3= + x* (ii) 3+ 2z (iii) v/3z + =2

then 2 = 3(1)z'~! + 22*7! = 3+ 2z or du = (3 + 2z) dx
substituting v and du into [ f(z) dz,

1 -1 1 1 1
5/(3x+x2) 2(3+2x)da7:§/u_%du:§<_%+1u_%+1+0> =

(i) 24+ C (i) 2uz +C (i) uz + C

but u = 3x + 22, so

/f(:c)dx:u%—i-C:
(i) 3+ 22)2 +C (i) 3z +22)? + C (ii)) (3z +2%)% + C

and so

%/14 (3x+x2)_

=

I
N
/N
W
8
_|._

8

(V]
SN—
=
N——
8 8
Il Il
= L

(3 + 2x)dx

(i) 2.29 (i) 2.79 (i) 3.29

(b) Find [ 22 dz = ['Inx (27!) da.
guess u = (i) Inx (i) =t
then du = (x7') dz = (i) (z7') dz (ii) (—x~2) d=

substituting v and du into [ f(z) dz,

/lnx (x_l) dr =

(i)fuduzﬁulﬁLl—kC:“?—kC
(ii) fJutdu =In|u| + C
(i) 2 fudu = 2 (F5u*! + C) =u? + C

but v = Inz, so

/f(x)d:c:u;—l—C:
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(i) 3(nz)*+ C (ii)In|lnz|+ C (ii) (Inz)*>+ C

and so

/141na?(x_1) dr = <%(lnx)2)xj

(i) 0.36 (i) 0.66 (iii) 0.96
8. Application: bacterial growth. A type of bacteria grows at a rate given by
w'(t) = e(7+%) (3t2)
where w(t) is weight after t hours. Determine weight from ¢ =0 to ¢t = 1.
Find f (™) (3¢2) dt.
guess u = (1) 7+ 3 (ii) 3t2
then du = (0 + 3t>7 ') dt = (i) (1 + 3t?) dt (i) (3t?) dt
substituting v and du into [w'(t) dt,
/6(7+t3) (3t2) dt = /e“ du =e"+C

but u =7+ #3, so
/w’(t)dt:e“+C’:

(i) 3™ 4 C (i) 7e™ + C  (iii) "t + C

and so

/016(7+t3) (3152) dt = (67+t3):(1)

3 3
oTHE TP

(i) 1684.32 (i) 1784.32 (iii) 1884.32

7.5 The Area Between Two Curves

The area between two functions, f(z) and g(x), where f(x) > g(z) on [a,b], is

17 - g dr
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Two related applications of this, given demand function D(q), supply function S(q),
equilibrium price py and equilibrium demand qq, are

e consumer’s surplus, difference between what consumers would and actually pay,
q0
/0 [D(q) — po] dg

e producer’s surplus, difference between what producers should and actually re-
cetve,

/0 N [po — S(q)] dg

Exercise 7.5 (The Area Between Two Curves)
1. Area Between f(z) =3z +5 and g(x) = 1 + 2

(a) f(x)=3x+5, g(x) =1+2% on [1,5].

f(x) =3x+5 gx) =1+ x?

N3 Y3

Figure 7.6 (f(z) = 3z + 5, g(z) =1+ 2? on [1,3])

verify f(x) > g(z) on [1,3] by graphing both functions,
and noticing f(x) > g(z) on [1,3].
Y1 =345, Yo =1422, WINDOW —2 51130 1 GRAPH.

so area bounded by f(z) =3z +5 and g(z) = 14 z* on [1,3]

b 3
L@ = g@lde = [[Gr+5)— 1+ de

3
= /(—x2+3x+4)d:£
1

1 2+1 1 1+1 1 le:?,
= (— x+—3-—x++4-—x+)
241 1+1 041 =1
13 32 >x:3
= _— — 4 =
< 3 +2x+xx:1
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.\ 34 ..\ 35 ...\ 36
1) 5 @@)5 ()G
MATH ENTER MATH fnlnt(Y; - Y2,X,1,3), then MATH ENTER for fraction.

(b) f(z)=3z+5, g(x) =1+ 2% on [-1,4].

f(x)=3x+5

g'(x) =1+x2

() I (b)
Figure 7.7 (f(z) = 3z + 5, g(z) = 1+ 2% on [-1,4])

verify f(x) > g(z) on [-1,4] by graphing both functions,
and noticing f(x) > g(z) on [-1,4].
Y1 =3¢ +5, Yo =1+22 WINDOW —25 1130 1 GRAPH.

and since

f(z) = g(z)

3x+5 = 1427
2 —3r—4 = 0
(x—4)(z+1) = 0

intersections occurs at x = (choose two!) (i) —1 (ii) 0 (iii) 4

so area bounded by f(z) =3z + 5 and g(z) = 1+ 2% on [-1,4]

[ 1@ —g@ldr = [ [Be+5) - 1+ da

~1
4

- / 2?4 3z + 4) dx
-1

(
14 3 =
= (—5553 + 5!132 + 41’>x:_1 =

-\ 123 s\ 125 see\ 127
(i) = (ii) == (iii) e
MATH ENTER MATH fnInt(Y1 - Y2,X,-1,4), then MATH ENTER for fraction.

(c) f(x)=3x+5, g(x) =1+ 22 on [1,5].
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gx)=1+x?

(o]

Figure 7.8 (f(z) = 3z + 5, g(z) = 1+ 2? on [1,5))

by graphing both functions,
notice f(x) > g(x) on [1,4] but g(x) > f(x) on [4,5]
Y1 =3z+5, Y2 =1+ 2% WINDOW -2 5 1

so area bounded by f(z) = 3z + 5 and g(z) =1+ 2% on [1,4]
[ @) —gt@Nde = [[Br+5) -0 +aN]de
= /14(—332 +3x+4)dx

1,3 7=
= (—51'3 + 5!132 + 4:1:’>x:l =

. 25 .o 26 cee 27
0 5 )5 () 3
MATH ENTER MATH fnlnt(Y; - Y2,X,1,4), then MATH ENTER for fraction.

and area bounded by f(z) = 3z + 5 and g(z) = 1 + 2% on [4,5]

b 5
[ @) —g@ldr = | [ [0 +5) = 1 +a?)]do

5
= /(—£E2+31’+4)d££
4

1 3 r=5
= (—gaz?’ + 5:62 + 4x>x:4

S\ 16 i\ 17 iy 18
(i) e (ii) e (iii) e
MATH abs ENTER MATH fnlnt(Y1 - Y2,X,4,5), then MATH ENTER for fraction.

so total area is 277 + %7 = (i) 4—39 (ii) % (iii) %

2. Area Between f(z) = —x* + 6z +5 and g(z) = €”.
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Y.

/ ol 1 X / ol 2i X

(@ (b)
Figure 7.9 (Area Between f(z) = —z? + 6z + 5 and g(z) = €%)

fx)=-x2+6x+5

Y1 =22 46z +5, Yo =e”, WINDOW —241-2 15 1 GRAPH.
(a) f(z) = —a®+6x+5, g(x) =" on [0,1], figure (a).

verify f(x) > g(z) on [0,1] by graphing both functions,
and noticing, on [0,1] (i) £(z) > g(@) (i) g(@) > f(@)

so area bounded by [0,1]
[ U@ - gt@Nde = [~ +60+5) - () do

1
= /(—x2+6x+5—ew)d:c
0

1 oy IR e I on =
= |- 46—t 4 5. :):*—ex)
( 241 1+1 0+1 =0
1 =1
= (——:c3—|—3:c2—|—5:c—e$) =
3 x=0

(i) 5.95 (ii) 6.05 (iii) 6.15
MATH ENTER MATH foInt(Y; - Y2,X,0,1).

(b) f(x) = —x*+46x+5, g(x) = €* on [0,2], figure (b).

verify f(z) > g(z) on [0,2] by graphing both functions,
and noticing, on [0,2] (i) f(x) > g(x) (ii) g(x) > f(x)

so area bounded by [0,2]

2[(—1'2 + 62 +5) — ()] dx

2
(—2% 4+ 62 +5—€")dx

[ - g =

I
S—. —

=2
x3+3x2—|—5x—6x) =

z=0

1
3

|
7 N\
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(i) 10.94 (i) 11.94 (iii) 12.94
MATH ENTER MATH faInt(Y; - Y2,X,0,2).

3. Consumers’ surplus and producers’ surplus: vacuum cleaners.

$200 $200r $200 ~
Demand, D =-(9/20)q + 150 consumers’
ibl dit
possible expenditure producers’
a o producers’ receipts
g - g: = g I surplus
s Supply, S = (1/20)q + 50 o consumers’ o s
$60 |----cm oo ‘ a $60 surplus equilibrium $60
i ilibri
equilibrium ' consumers’ producers’ equilibrium
point (200, 60) | expenditure possible receipts
0 \ ; , , , 0 X ! ) , , 0 : : \ \
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400
quantity, g (in 1000s) quantity, g (in 1000s) quantity, g (in 1000s)

Figure 7.10 (Consumers’ surplus and producers’ surplus for vacuum cleaners)
(a) Equilibrium point.

Supply function for vacuum cleaners is

(i) p = S(q) = 359 + 50

(i) p = D(q) = —355q + 150

sellers increase supply, produce more quantity ¢, if price p increases

Demand function for vacuum cleaners is

(i) p = S(q) = 359 + 50

(i) p = D(q) = —35q + 150

buyers decrease demand, buy less quantity ¢, if price p increases

Equilibrium occurs at intersection of supply and demand

1 9
_ = —— 1
54 50 504 1 150,

so 30¢ =100 and ¢ = $2 = (i) 100  (ii) 200 (i) 300 (1000s) units

where p = () (200) + 50 = (i) $50 (i) $60

so equilibrium is (i) (200, $50) (ii) (200, $60)

Enter Y1 = (35) # 450 and Y2 = — (5 ) @ + 150, WINDOW, set 0, 500, 50, 0, 200, 50, 1, GRAPH
Determine intersection: 2nd CALC, intersect, ENTER to First curve? and ENTER to Second curve?,

arrow close to intersection, ENTER, and intersection is X = 200, Y = 60.
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(b) Consumers’ surplus.

Consumers’ possible expenditure at equilibrium is

" Do) d D 150) d
/0 (q)q—/o (—2—0q+ >q

g=200

9 Lo 1 0+1)
pu— e — 1 [ —
< 20 1110 TP )
9 ) q=200
- (-2 +15o)
< 407 1) o
9 2 9 2 )
— - — _ 1 —
( 15(200) +150(200)) ( 15 (0 +150(0)

(i) 9000 (ii) 12000 (iii) 21000
what consumers would pay at equilibrium price pg = $60

Consumers’ expenditure at equilibrium is

q0 200
podq = / 60 dgq
0 0

I on a=200
~ (60 —— >
< o+1? )

= (60q);="
= (60(200)) — (60(0)) =

(i) 9000 (ii) 12000 (iii) 21000
what consumers actually pay at equilibrium price py = $60

Consumers’ surplus at equilibrium is

[ 0@ -plde = [[(~550+150) ~60] do
= [ aa 0] dg

20
| 20 1+1 0+17 oo
) ) q=200
= |-= +90}
201 9
9 9
- [ sam]- o 0] -
|~ (200)* +90(200) 16(0)% +90(0)

(i) 9000 (i) 12000 (iii) 21000
difference between what consumers would pay and actually pay
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(¢) Producers’ surplus.

Producers’ possible receipts at equilibrium is

g0 200 /1
/ S(q)dq = / (—z—|—50> dq
0 0 20
1 I g 1 o\
p— el —— 50.— +>
(20 17 Vet )

1 ) q=200
= (=¢+50 >

- (i(zoo)2 + 50(200)) - (%(0)2 + 50(0)) -

40
(i) 1000 (ii) 11000 (iii) 12000
what producers should receive at equilibrium price py = $60

Producers’ expenditure at equilibrium is
0 200
podq = / 60 dq
0 0

1 041 q=200
= (60 ——¢"* >
< 0 + 1q q=0
= (609)2=5"
= (60(200)) — (60(0)) =
(i) 1000 (ii) 11000 (iii) 12000
what producers actually receive at equilibrium price py = $60

which, notice, is more than what they “should” receive

Producers’ surplus at equilibrium is

[“o-s@lda = [ 60— (55w +50)] dg

200 1 10 d
—/o {‘%“ ] 1

59

11 1 a=200

_ - 1+1+10_—q0+1

20 141 0+1 4=0

1 ) q=200
= 410 ]

104 q o
= _—i(200)2 + 10(200)} - [—i(O)2 + 10(0)] =
L 40 40 B

(i) 1000 (i) 11000 (iii) 12000

difference between what producers should receive and actually receive
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. Another Exzample: D(q) = (¢ — 6)* = ¢* — 12¢ + 36 and S(q) = ¢*> + 6q.

$50 [0 $50 [ $50 0
Demand, D = ¢?- 129 + 36 §
a a consumers a
g g possible expenditure g
s s s producers’
| Supply, S= q2+ 6q B , - receipts
consume
ilibri Sl equilibrium
(17 qulllbrlum $16 |-------- -1 q $16 |emmmmmmennana g ' equilibrium
' point (2, 16) , producers’ ]
consumers surplu k
expenditure producers?
0 0 0 possible receipts
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3
quantity, g (in 1000s) quantity, g (in 1000s) quantity, g (in 1000s)

Figure 7.11 (Consumers’ surplus and producers’ surplus)
(a) FEquilibrium point.
Equilibrium occurs at intersection of supply and demand
¢* +6q = ¢* — 12q + 36,

so 18¢ =36 and ¢ = 35 = (i) 1 (ii) 2 (iii) 3 (1000s) units
where p = ¢* 4+ 6g = 2 + 6(2) = (i) $10 (ii) $16

so equilibrium is (i) (1,$7) (i) (2, $16)

Enter Y1 = 22 — 12z + 36 and Ya = x2 + 62, WINDOW, set 0, 5, 1, 0, 50, 10, 1, GRAPH

Determine intersection: 2nd CALC, intersect, ENTER to First curve? and ENTER to Second curve?,

arrow close to intersection, ENTER, and intersection is X =2, Y = 16.

(b) Consumers’ surplus.

Consumers’ possible expenditure at equilibrium is

/OQOD(q)dq = /02(6_12—12(1—{—36) dq

= ( L oon 19. quﬂ 1 36- quﬂ)
q=0

2117 1+1 0+1
- (%q?’ —6g% + 36q) :
= <%(2)3 —6(2)* + 36(2)> — <%(0)3 —6(0)% + 36(0)> =

(i) 2 (i) 32 (iii) 22
what consumers would pay at equilibrium price pg = $16
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Consumers’ expenditure at equilibrium is

q0 2
podg = / 16 dg
0 0

q=2

1
_ 16 —— 0+1>

= (169)"=
= (16(2)) — (16(0)) =

() 3 (i) 32 (i) 552
what consumers actually pay at equilibrium price py = $60

Consumers’ surplus at equilibrium is

[* @ -plde = [ [ —12q+36)—6} dg
1

— |: 2+1 . ]‘ 1+1 4 30 ]' q0+1 =2
2 ]. + 1 O + 1 q=0
1 g=2
= (— — 64° +30q>
37 =0
1 1
= <§ 2 4+ 30(2)) (§(0)3 —6(0)2 + 30(0)) =

(i) B (i) 32 (iii) 122
difference between what consumers would pay and actually pay

(¢) Producers’ surplus.

Producers’ possible receipts at equilibrium is

/OQOS(Q)dq = /2 (¢ +6q) dg

1
2+1 6 1+1
TO e )

)
(1) 2 (i) 22 (iii) 32

q=2

2+

q=0

=
(e
(o

c,oI}—t ool»—t

) (%(0)3 +3(0)2> _

what producers should receive at equilibrium price py = $16
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Producers’ expenditure at equilibrium is
q0 2
podq = / 16 dgq
0 0

_ <16 1 0+1>q=2
B 017 ).
= (169)25

= (16(2)) — (16(0)) =

() 5 (i) 22 (iii) 32
what producers actually receive at equilibrium price py = $16

which, notice, is more than what they “should” receive
Producers’ surplus at equilibrium is
q0 2
/ [po — S(@)] dg = / 116 — (¢° + 64)] dg
0 0

2
- /0 [~¢* — 6q+16] dg

- _Lq2+1_6_ 1 ¢ 416 - 1 s =2
[ 241 1+1 0+1" Jomo
1 ¢=2
= |56~ 32+ 164
3 0
1
= 5@ =322+ 162)| - |50 - 30 +16(0)| =

(i) 3 (i) 22 (iii) 32
difference between what producers should receive and actually receive

7.6 Numerical Integration

Not covered.



