Chapter 8

Further Techniques and
Applications of Integration

8.1 Integration by Parts

We look at an integration technique called integration by parts, where

/udv:uv—/vdu,

which often simplifies complicated expressions. The integration by parts integration
technique is related to the product rule in differentiation. Standard and column
methods are used to integrate by parts. Try the method of substitution and other
techniques before trying integration by parts or try mixing these previous methods
with the integration by parts. Integration by parts only works if a number of condi-
tions are satisfied: integrand can be written as u - dv, dv can be integrated to get v, u
can be differentiated to get du and [ v du can be found. Sometimes, online programs,
such as at the link

http://integrals.wolfram.com,

or the following tables (found in Appendices of text) are required to solve integrals.

+C,n# -1

xn+1
n+1

1. [2"dx =
2.fekxdx:%~ekx+0

3. [¢dr=aln|z|+C

4. [Inlax|dz = z(In|ax| — 1) + C
5.]\/ﬁd$:ln|x+m|—l—(]
6. [ g do=In|z+ Va2 —a?|+C
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7.]ﬁdm=i-ln“+—z+0,a7&0
S.I#dx:%-ln—

9. [ dr = 1|2 4 0 0 <z <a

10. [—edy = —LIn | =Y 4 O g £ 0

11, [Lode =2 — L njar+b+C,a#0

12. [ e de = gy T - Inlaz +0[+Ca#0

13. [ clgde =1 In| 25|+ C b #0

4. [ toade = by + 1 |25+ C b #£0

15. [Va? ¥ a@dr = 2Va? + a2+ % Injz + Vil +a?| + C
16. fx"lnxdxzx"“{f—ﬁ—(njl)z}jLC’,n;é—l

n,ax

17. [a"e™dr =2 — 2. [2" e + C,a#0

Exercise 8.1 (Integration by Parts)
1. Find [ xe®dx.
(a) Method 1. Let

/xexdx:/udv

and then guess u = x and dv = e” dx,

sodu= (i) 2(83x 4+ 5) (3)dx (i) (8 + 4) dx (iii) dz

differentiate u = x

and v = (i) e® (i) 4-32% 4+ 5z (i) 2 + 4.
integrate dv = e® dx
SO, summarizing,

U=z v=e¢e"

du=dx dv=¢e*dx
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and so uv — [vdu =

(i) () (e®) — [ (3 + 5) 3dx

(i) (z) (e®) — [ (x? + 4z) (2= + 4) d=z
(iii) () (€*) — [ (e) da

but [ (e¥) dr = e” + C and so, combining, uv — [vdu =
(i) (z) (%) — (32 +5) 3+ C

(i) (z) (e®) — (2% + 4z) (2x +4) + C

(iii) (x) (e*) — e* + C

Method 2. Let

/xexd:c:/udv

where we guess u = x and dv = e” dx,
and construct following table (D is differentiation, I is integration),

D I

X, €
1\ex
0 No

e

Figure 8.1 (Column integration, [ ze® dz)

in column D, successive differentiation of guess u = f(x) = x gives

guess f(z) =z, then £z = 1.2'~! = 1 and finally L1 = 0 (1 is a constant)

in column I, successive integration of guess dv = f(x) = e” gives
guess f(z) = e, then [e”dr = e” and finally [e” dz = €”

then, multiplying items in columns as indicated (with indicated signs)
/xemdx:—l—x-em—l-em—l—(}':
(i) (x) () — Bz +5)3+C

(i) (z) (€®) — (z? + 4z) (2 +4) + C
(iii) (x) (e*) —e* 4+ C

2. Find [(3x 4+ 5)e” dx.

(a)

Method 1. Let
/(31’+5)6de = /udv
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then guess u = 3x + 5 and dv = e” dx.

sodu= (i) 2(3z + 5) (3)dx (ii) (8x + 4) dx (iii) 3dx

differentiate v = 3z + 5

v=(i)e” (i) 4-32% 45z (ii) 2z + 4

integrate dv = e” dz

S0, summarizing,
u=3xrx+5 v=e¢"
du=3dr dv=e"dr
and so uv — [vdu =
(i) (Bx +5) (e*) — [ (3x 4+ 5)3dx
(ii) (3 + 5) (e®) — [ (x* + 4z) (2= + 4) dx
(iii) (3= 4+ 5) (e*) — [ (e*) 3dx

but [ (e*)3dx = 3e* + C and so, combining, uv — [vdu =
(i) Bz +5)(e*) — (Bx+5)3+C

(i) (3z +5) (e®) — (2?2 + 4x) (2 +4) + C

(iii) (3= 4+ 5) (e*) — 3e* + C

(b) Method 2. Let
/(3x+5)emdx = /udv

where we guess u = 3x + 5 and dv = e” dx,

D I

3x+5_, €

3\_ex
\

0 e

Figure 8.2 (Column integration, [(3z + 5)e” dx)

in column D, successive differentiation of guess u = f(x) = x gives
guess f(z) =3z +5, then L(3z+5) =3-2'""+0 =3 and finally £1 =0

in column I, successive integration of guess dv = f(x) = e” gives
guess f(x) = e*, then [e”dxr = e” and finally [e® dz = €®

then, multiplying items in columns as indicated (with indicated signs)

/(3x+5)e“’”dm=—I—(3x—|—5)-e‘c—3-ex+C’:
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(i) 3z +5) (e”) — (3 +5)3+C
(i) (3 +5) (e*) — (z®> + 4x) 2z +4) + C
(iii) (3 4+ 5) (e*) — 3e®* + C

3. Find [ 2%e* dx, repeated integration by parts.

(a) Method 1.
i. First Integration By Parts. Let

ii.

/xzexdxz /udv

where we guess u = 2% and dv = e® dx.
Differentiating u,

du= (1) 2(3x +5) (3)dx (ii) (8 4+ 4) dx (iii) 2x dx
and integrating dv, v = (i) €® (i) 4 - 1x® 4+ 5z (i) 2z + 4

S0, summarizing,
u = x? v =€
du=2xdr dv=e"dx
and so uv — [vdu =
(i) (22) (e*) — [ (3 + 5) 3 da
(i) (x?) (€*) — [ (x® + 4z) (2z + 4) d=z
(iii) (z?) (e®) — [ (e®) 2z d=x

Second Integration By Parts. Let

/21’6xd2§ = /udv

where we guess u = 2x and dv = e* dx.
Differentiating u, du =
(i) 3z +5) dz (i)2 (3z + 5) (3) dz (i) 2d=
integrating dv, v = (i) 2% +4 - J2* (i) 2+ ;2% + 4z
o, summarizing,
u = 2x v=e"
du=2dr dv=e®dx
and so uv — [vdu =
(i) (2z) (e*) — [ (Bx + 5) 3dx
(ii) (2z) (€*) — [ (x? + 4x) (12z + 30) d=
(iii) (2x) (e*) — [ (e*)2dx
where [ (e”)2dx = (choose one or more)

(i) 2 [ (e®) dx (i) 2e®* + C (i) z* 4 8x3 + C

(iii) e

x

67
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and so (2z) (”) — [ (e¥)2dx =

(i) (22) (%) — (32 + 5) + C
(i) (2z) (e®) — (z* 4+ 8z®) + C
(iii) (2x) (e*) — 2e* + C

iii. Combining Two Integrations.
and so (22) (&%) — [ (e®) 2z dx =
(i) z%e® — 2xe® 4 2e* + C
(ii) z%e* — 4xe® + 4e® + C
(iii) =2e® — 2xe® + 4e® + C

/xzexdx = /udv

where we guess u = 2% and dv = e® dx,

(b) Method 2. Let

D I
X e*
ZX\GX
RN
2~ ¢
O\ex

Figure 8.3 (Column integration, [ x2e® dx)

in column D, successive differentiation of guess u = f(x) = z? gives
guess f(z) = 27, then £2? =2 2% =2z, L2z =2 and finally £2 =0

in column I, successive integration of guess dv = f(x) = e* gives
guess f(x) = e, then [e"dx =¢e” and [e”dz = €” and [e”dx = €”

then, multiplying items in columns as indicated (with indicated signs)

/xQexdx:xQ-ex—2:£-ex+2-ex+C:

(i) z?e* — 2xe* + 2e* + C
(ii) z?e* — 4xe® + 4e® + C
(iii) z2e® — 2ze® + 4e® + C

4. Find [Inxdz.
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Method 1. Let

/lnxdatz/udv

then guess u = Inx and dv = dx.

differentiating u,

du= (i) 2(3z +5) (3)dzx (i) (8« +4) dx (iii) z~ dx
and integrating dwv,

v=(i) e* (i) 4-32°+ 5z (i) @

SO, summarizing,

u=Inx V=2
du=z"tdx dv=dx
and so uv — [vdu =
i) (Inz) (x) — [z -z~ dz
(i) (Inx) () — [ (2 + 4x) (2= + 4) d=x
(iii) (lInx) (x) — [ (e®) dx

but [z 2 'dr = [ dr = x + C and so, combining, uv — [ v du =
(i) (Inz) (z) —x+ C

(ii) (Inx) () — [ (2 + 4z) (2= + 4) d=z

(iii) (lInx) (x) — [ (e®) dx

Method 2 variation for Inz. Let

/lnxdx:/udv

where we guess v = Inz and dv = dx,

D I
Inx, 1
1/X>x

Figure 8.4 (Column integration, [ Inz dz)

in column D, successive differentiation of guess u = f(x) = x gives
guess f(z) =Inz, then Llnz =1

stop here because natural logarithm, In z, is gone

in column I, successive integration of guess dv = f(x) = 1 gives
guess f(x) =1, then [ldr ==z
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then, multiplying items in columns as indicated (with indicated signs)

also, horizontal line in table indicates an integration of, in this case, —% -z

/lnxdazzlnx-x—/l-xdx+C:ln:c-:c— ldx+ C =

(i) (Inz) (x) —x+ C
(i) (Inx) () — [ (x> + 4x) (2= + 4) d=x
(iii) (Inx) (x) — [ (e®) dx

5. Find [} 2% In 2z dx. Let

/x31n2xd:c: /udv

where we guess u = In 2z and dv = 23dx,

D I

In2x., x
1/x\;1x4

4

Figure 8.5 (Column integration, [ z%Inz dz)

in column D, successive differentiation of guess u = f(x) = = gives
guess f(z) =In2z, then LIn2z =4 -2=(>) 2 (i)

stop here because natural logarithm, In z, is gone

in column I, successive integration of guess dv = f(z) = 2* gives

guess f(z) = 2%, then [2%dr = ;172%™ = (i) & (ii) %4

24

then, multiplying items in columns as indicated (with indicated signs)

also, horizontal line in table indicates an integration of, in this case, —% . %x‘l

1 1 1 1
/x3ln2xd:c:1n2x~—x4—/— _— dx—i—C'—Z:c In2x — 4/x3dx+C:

4 r 4
(i) i:c4ln:c—|— i+ C (11)1 Alnx — 4-|-C (iii) iw‘*lnw—iw“—FC
SO
/331 d——412—i4r~
0 r mraxr = 45(? nzxr 161’ ~

(i) 25.30 (ii) 31.22 (iii) 37.30
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6. Find [23e3% dx. Let

/:)336_39” dr = /udv

where we guess u = 2% and dv = e~ 3*du,

Figure 8.6 (Column integration, [ x3e™3% dz)

so multiplying items in columns as indicated (with indicated signs)

—3z -3z -3z -3z
3 _—3z . 3_ _e _ 2_ € . _e — . ¢ =
/xe dr ==z < 3) 3z <9>+6SL’( 27) 6<81>+C

7. Find | m dx, using integration table.

From formula 14 above,

T
ar +b

1 1 1
S S
/:c(a:c+b)2 v b(ax+b)+bn ’+C

and since

1 1
———dr = /— d
/ 2@ =322 " " ) w(-3z+42 ™
where a = =3 and b= (i) —3 (ii) 2 (iii) 4

then
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() s—s + s (55) +C
(i) sy T 510 (o) + C
(i) g—geqmy + 310 (=oa) +C.

8. Find [x7(5— xz)_1/2 dx, using integration table

From formula 9 above,

and since

then a = (i) =5 (ii) v/5 (iii) —v/5

a cannot be —v/5 because a must be positive, a > 0

then o
/:1:_1(5 - 9:2) dr =
(i) _L5 In (\/5+— V\/g—ﬁ> +C
1

9. Find [ 17—;# dx, using integration table
From formula (i) 7 (ii) 8 (iii) 9
where a = (i) 2 (i) v/17 (iii) 17

and so
1

1
T dr =
/17—:52 T

0 svsinzs 0
(i) gy In Vi + ©
(iff) 57 In |22 + C.

2(17) 17—z

a+x

+C =

a—x
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10. Find g
/udv
2
if
8
/vdu:15
2
and
2 7 4
8| -6 4

The answer is
/ZSUdU = [w]s — /jvdu = [(=6)(4) — (7)(4)] — 15 =
(i) —65 (i) —66 (i) —67

8.2 Volume and Average Value

The volume of a solid of revolution is obtained by rotating the area under nonnegative
f(z) over [a,b] on x-axis:
n b
_ N2 A — 2
V= 3ol [ wl @) da

The average value of a function f(x) on interval |a, b] is

b i a /ab J(z)dx

Exercise 8.2 (Volume and Average Value)

1. Volumes of cylinders

(a) cylinder, f(x) =3 (b) cylinder, f(x) = 4.5

Figure 8.7 (Volumes of cylinders)
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(a) Figure(a): f(x) = 3, cylinder with radius 3 and length 5. Volume of a
solid of revolution obtained by rotating area under f(x) = 3 over [0, 5]:

/abﬂ[f(:)s)]zda: _ /057r[3]2d:)3
= /057T[9]d:17

[9mal;=
I7(5) — 97(0) =
(i) 97 (ii) 187 (iii) 457

Also, geometrically, volume of cylinder area of base x length = 712 x | = 7(3)2 x 5 = 457;

also notice length of 5 implies limits of integration from 0 to 5.
(b) Figure(b): f(x) = 4.5, cylinder with radius 4.5 and length 7.

/abﬂ[f(x)]zd:): - /077r[4.5]2d93
- /(]77T[20.25]d:c

20.25mx)" =0
20.257(7) — 20.257(0) =

(i) 90.257 (i) 133.257 (iii) 141.757
(c) flx)=8, =3 <z <12

/abw[f(x)]?dg; — /127r[8]2d:1:

-3
12

= / 7[64] dx
-3
[647Tx]izl_23

= 647(12) — 64m(—3) =

(i) 9607 (i) 10507 (iii) 12007

2. Volumes of cones
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0 6
Figure 8.8 (Volumes of cones)

(a) Figure(a): f(x)= 1.5z, cone with radius 3 and length 2. Volume of a solid
of revolution obtained by rotating area under f(x) = 1.5z over [0, 2]:

/abw[f(:c)]2dx - /027r[1.5:c]2dx
= /[7?(1.5)%2} dx

0

_ /02 [7(2.25)2%] do
= [w(2.25)%x3r
2,957

= =

0
2.25m

(0 =

(i) 3w (ii) 67 (iii) 97

Geometrically, volume of cone is %7‘(?“21 = %7‘((3)2(2) = 6m;

notice radius, » = 3, required for this formula, but not volume of a solid of revolution integration.
(b) Figure(b): f(x) = 2z, cone with length 6.

/ab7r[f(x)]2 de = /06 7[22]* da

=3,

= |7(4d)=x

3 lo
47 47
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(i) 2867 (i) 287m (i) 288~
(¢) f(z) =3z, [0,10].

[ﬂf@)ﬁm - /Olow[?)x]2dx

1 5 10

= 7r(9)§93]0
9 3 9T 3
= U FOn =

(i) 10007 (i) 20007 (iii) 30007

(d) f(z) = —3a, [0,10].

Volume of a solid of revolution integration not used because
(i) f(x) = —3x is positive over [0,10]

(ii) f(z) = —3x is nonnegative over [0,10]
(iii) f(z) = —3x is nonpositive over [0,10]

fom n[—3z)? da| = fom [7r(3)2x2] dx

similar to calculation of area, break integration up into subregions according to zeroes of function

although, it is possible to figure out volume: = 30007

3. More volume of a solid of revolution integrations.
(a) f(z) =+, [0,9].
b 2
[l @Pde =

(i) Bz (i) Lx (i) L7
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(i) 97 (i) w#In9 (iii) 7In 8

recall, In1 =0
(¢) f(z)=2%+5,[0,5].

[ s an

(i) B (i) L2 (iii)

5500

9 1 12
= [ ) @
= /1977'[:23_1} dx

9
= [rlnz)]

= mln9—7lnl =

/Osw{f +5}2dx
/057'(' {554 + 1022 —|—25} dx

1 10 2
W[EIS + ?x?’ + 2540 =

4. Find average value of f(z) = x? over [-3,4].

—_
=

(i) 4.3 (i) 30.3 (iii) 31.3

#/4 2% dx
4—(=3) /-3

171 %=
257

7 3 r=-—3

G 3w -

MATH 9:fnInt(X2, X, —3,4) ENTER, THEN DIVIDE BY 7!

OR MATH 9:fnt(%2, X, —3,4) ENTER

5. Find average value of f(z) = 2% — 27! over [1,5].

b
bia/a (@) da

5%1/15(;52 ) da
1r71

4

_ x_
=5

gxs — lnx} - =
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(i) 7.94 (i) 9.93 (iii) 39.72

MATH 9:fnInt(X2 + X1, X, 1,5) ENTER, then divide by 4.

6. Find average value of f(z) = z*+ 2! over [1,15].

bia/abf(:)s)da: = 7151_1/115(932%—:5_1) dx

1 [1 3+1 }x:15
= | — n =
403" T

(i) 10.74 (ii) 30.33 (iii) 80.53

7. Find average value of f(z) = €3 over [1,3].
b 1 8 .
b—a/a f(z)dx = —3_1/1 (e )dm
=3
3x

25"
= —|—e =
2 3 rx=1

(i) 1074.33 (i) 1347.17 (iii) 2694.33

8. Understanding average value, 94, .

42.67

Figure 8.9 (Average value of f(z) = z?)

(a) Find the average value of f(z) = 2% over [—4,4].

1 g 1 :
b—a/af(x)dI - 4—(—4)/_49“" d
oL e
B §[§I:|x:—4

- Hor-iew) -

(i) 4.3 (i) 5.3 (iii) 31.3

MATH 9:fnInt(X2, X, —4,4) ENTER, then divide by 8.
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(b) The area under the f(x) = x? over [—4,4] is (i) the same as (ii) different
from the area under f(x) = 5.3 over the [—4,4]. It is as though the
parabola in the graph on the left above, which is holding back the gray—
shaded “water”, is punctured. The level of which the water settles at, in
the graph on the right above, is the average value, 4,.



