Chapter 3

The Derivative

The slope of the tangent line to a curve is called the derivative. Derivatives are defined
and graphed after first discussing limits, continuity and rates of change.

3.1 Limits

The limit L of function f(x) as x approaches (but does not equal) a (from both sides

of a) is written
lim f(x) =L

r—a

where a and L are both real numbers and where values of f(x) approach (and perhaps
equal) L. The limit of L as x approaches a does not ezist if

e as x approaches a from both sides, f(z) approaches either positive (denoted
lim, ., f(x) = 00) or negative infinity (denoted lim,_,, f(z) = —o0), or

e as z approaches a from one side, f(x) approaches positive infinity, but as x
approaches a from the other side f(x) approaches negative infinity or vis-versa,

e lim, .,- f(x) =L and lim,_,,+ f(z) = M, where L # M
If a, A, B are real numbers, f and g are functions and
lm f(r) = A, lmo(s) = B
then
1. If k is a constant, lim, ,, k = k and lim, [k - f(2)] =k - lim,, f(z) =k - A
2. limy o[ f(2) £ g(2)] = lim, o f(2) £ lim, g(2) = A+ B
3. Tyl (2) - 9(2)] = [y £(2)] - [limyn g(z)] = A - B
() _ timasoI6) _ 4 g 2

z) ~ limg—ag(x

s

4. lim,_,,

—~

g
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72 Chapter 3. Differentiation (LECTURE NOTES 5)

5. If p(z) is a polynomial, then lim,_,, p(z) = p(a)
For any real k, lim,_,,[f(z)]* = [lim,_,, f(z)]¥ = A¥, provided limit exists
lim, . f(2) = lim, 4 g(x) if f(z) = g(z) for all x # a

For any real number b > 0, lim,_,, b/®) = pllime—a f(2)] = pA

S

9. For any real number b where 0 <b < 1 or b > 1,
lim,4[log, f(2)] = logy[lim,—,, f(x)] =log, A, it A >0

Limits at infinity for f(x) = %,q(x) # 0, such as lim, ., f(z) and lim,_, ., f(x),
determined by

e dividing p(x) and ¢(x) by highest power of q(z) (not p(z)!)

e then, for positive real n, using

where if 2 < 0, 2 does not necessarily always exist (for example, for n = %)
and so limit also does not exist in these cases

Exercise 2.1 (Limits)

1. Limits for function f(x) = %‘

Sry
lim f(x) = 3 S5ry
x—>4" L limf(x) = 1.75
x-—->1.5 _
limf) =3 — — — — — & — — — T A _ B i
X > 4 | \ limfx) =175 _ _ _ _ _ S+ _ 175
limf(x) = 3 \ x-->1.5 I T
- h i =
x4~ A . ||mf>(x1)sl475 7-4 | .
- A X . | 1]5
i 1
' I
1
' ; fromtheleft | from the right
fromtheleft | from the right 15 w15
X—>4 | x->4 X E | E
X >4 x-->15
(a) (b)

Figure 3.1 (Limits of f(z) = =205+,

(Type y = 22805241 46 Y=, then WINDOW -5 5 1 -5 5 1, then GRAPH;
use WINDOW 1.45 1.55 1 1.72 1.78 1 with dotted line to see the removable discontinuity.)
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(a) Limit as © — 4, Figure (a).

i.

ii.

1il.

1v.

left limat, by table. Complete the following table.

x = 39 399 3999 3.9999 3.99999
flr) = &0 1295 2,995 2.9995 2.99995

(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 3.9 ENTER 3.99 ENTER and so on.)
So, as x approaches (but does not equal) 4 from the left,

lim, . f(z) = ()3 (i) 4 (ii) 5.

right limit, by table. Complete the following table.

4.00001 4.0001 4.001 4.01 4.1 —

3.0005 3.005 3.05 3.05| ¢ f(x)= 2205041
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 4.1 ENTER 4.01 ENTER and so on.)
So, as = approaches (but does not equal) 4 from the right,

lim, .4+ f(z) = (i) 3 (ii)) 4 (iii) 5.

As x approaches (but does not equal) 4 from either left or the right,
so lim,_ya f(z) = () 3 (i) 4 (iii) 5.

The value of the function at x = 4 is given by

f(4) = QA0S _ () 3 (i) 4 (iii) 5.

Limit L = lim,_,4 f(z) (i) exists (ii) does not exist (it equals 3),
and value f(4) (i) exists (ii) does not exist (it equals 3),
so limit L = 3 is (i) equal to (ii) different from value f(4) = 3.

(b) Limit as x — 1.5, Figure (b).

i.

ii.

1il.

1v.

left limit, by table.

T 14 149 1499 14999 1.49999
flz) = &0H) 197 1745 1.7495 1.75

(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 1.4 ENTER 1.49 ENTER and so on.)
so lim,_,15- f(z) = (i) 1.50 (i) 1.75 (iii) 1.80.

right limit, by table.

1.50001 1.5001 1.501 1.51 1.6 —

1.7501 1.7505 1.755 1.8 | « f(x) = Z=205z4])

(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 1.6 ENTER 1.51 ENTER 23;350 on.)
so lim, 15+ f(z) = (i) 1.50 (i) 1.75 (iii) 1.80.

so lim,_y15 f(z) = (i) 1.50 (i) 1.75 (iii) 1.80.

The value of the function at x = 1.5 is given by

f(1.5) = (2(1'5)560’1).(50)'3(31'5”1’ = (i) 3 (ii) 4 (iii) 5 (iv) does not

exist.

Limit lim, ;5 f(z) (i) exists (ii) does not exist (it equals 1.75),
but value f(1.5) (i) exists (ii) does not exist.

2. Limits for function f(x) = £42=6.

x2—4
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5ry 5py

limf(x) = 1.25
x-=>2 " - i

limf(x) = 1.25 r—— I —
X =>2 e I . N . .
lim f(x) = 1.25 5 5
x-->2
from the left from the right from the left from the ”9}“
X=>2 X--> 2 Xo>2 X->-2
(@) (b)

Figure 3.2 (Limits of f(x) = M)

x2—4

(Type y = ziﬁfZG into Y=, then WINDOW -5 51 -55 1, then GRAPH.)

(a) Figure (a), limit as v — 2.
i. left limit, by table.
T — 1.9 1.99 1.999 1.9999 1.99999
f(z) — | 1.2564 1.2506 1.2501 1.25 1.25
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 1.9 ENTER and so on.)
so lim,_,o- f(z) = (i) 0.50 (i) 0.75 (iii) 1.25.
ii. right limat, by table.
2.00001 2.0001 2.001 2.01 2.1 —x
1.25 1.25  1.2499 1.2494 1.2439 | < f(x)
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 2.1 ENTER and so on.)
so lim, o+ f(z) = (i) 0.50 (ii) 0.75 (iii) 1.25.
iii. so lim,_ s f(z) = (i) 0.50 (i) 0.75 (iii) 1.25.
iv. also, f(2) = 2= = (i) does not exist (i) 0 (i) 3
v. so lim, .5 f(z) (i) exists (ii) does not exist (it equals 1.25).
but f(2) (i) exists (ii) does not exist (removable discontinuity).

(b) Figure (b), limit as x — —2.
i. left limit, by table.

r— |-2.1 -2.01 -2.001 -2.0001 -2.00001
f(x) = | -9 -99 -999 -9999 -99999
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE -2.1 ENTER and so on.)
so lim, , o~ f(z) = (i) 0 (ii)) —oo (iii) co.

ii. right limit, by table.

-1.99999 -1.9999 -1999 -199 -19| <« =
100001 10001 1001 101 11 |« f(a)
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE -1.9 ENTER and so on.)
so lim, , o+ f(z) = (i) 0 (ii) —oo (iii) co.
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iii. so lim,_,_o f(z) =
iv. also, f(—2) = 226 2() i = (
v. so lim,_,_

2
and f(—2)
3. Limits for f(x) = :%2

(i) ex1sts (ii) does not exist.
= )

does not exist (i) 0 (iii) 3

f(x) (i) ex1sts (ii) does not exist
(i) exists (ii) does not exist.

wv
I P S
w
/
.
w

fromtheleft | from the right from the left ‘ from the right
x>0 x>0t x>0 x—> 0"
x>0 x>0
(@) fo)=1/x 2 (b) f(x)=1/x

Figure 3.3 (Limits for f(x) = m% and f(z) = %)

(Type y = 27 into Y3 = and y = £ into Y2 =, then WINDOW -5 5 1 -5 5 1, then GRAPH.)

(a) Function (a). f(z) = %.
i. left limit, by table.
xr— |-0.1 -0.01 -0.001 -0.0001 -0.00001
f(x) — | 10* 10*  10° 108 10%0
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE -0.1 ENTER and so on.)
so lim, - & = (i) 0 (ii) —oo (iii) oo.

ii. right limat, by table.

0.00001 0.0001 0.001 0.01 0.1 —x
100 10°  10° 10° 10% |+« f(a)

(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 0.1 ENTER and so on.)

so lim, o+ & = (i) 0 (i) —oo (iii) oo.

iii. so lim, o f(z) = (i) 0 (ii) —oo (iii) oo.

iv. also, f(0) = gz = (i) does not exist (i) 0 (iii) 3

v. so lim, o f(z) = 00, so (i) exists (ii) does not exist
and f(0) (i) exists (ii) does not exist.

(b) Function (b). f(z) =+
i. left limit, by table.

z— | -01 -0.01 -0.001 -0.0001 -0.00001
fx) — | —100 —102 —10° —10*  —10°
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(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE -0.1 ENTER and so on.)
so lim,_,o- 2 = (i) 0 (i) —oo (iii) oo.
ii. right limat, by table.
0.00001 0.0001 0.001 0.01 0.1 —
10° 107 10°  10° 10" | « f(z)
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 0.1 ENTER and so on.)
so lim, o+ = = (i) 0 (ii) —oo (iii) oo.

iii. so lim, o f(z) = (i) does not exist (ii) —oo (iii) co.
iv. also, f(0) = § = (i) does not exist (i) 0 (iii) 3
v. so lim, o f(z) (i) exists (ii) does not exist

and f(0) (i) exists (ii) does not exist.

4. Limats with vertical asymptotes and removable discontinuities.

vertical asymptote

' |
I 5 '

I LSy
! VA
! 1 vertical asymptote \: i
I 3

I

I -
I / |
N R 4

_______ I
- e O
I

v 1 ' M
-3 |l 1 \ 3 5
removable discontinuity

-3

vertical asymptote

\

I
I
1 -5
I
I

(a) f(x) = (x+3)(x-2) /((x + 4)(x-1)) (b) f(x) = (x + 3)(x - 2)/((x + 2)(x - 2))

Figure 3.4 (More limits)

(a) Function (a). f(z)= EE=2)

(z+4)(z—1)
i lim, g (IR = (1) 0 (i) 1 (iii) oo (iv) —oo.

(Hint: Look at graph of function (a).)
i, lim, g EEE2 4y 0 (i) 1 (i) oo (iv) —oo.

(z4+4)(z—1)
iii. so vertical asymptote at (i) (i) x = —4 (i) x =0 (ii)xz =1
iv. lim, - IR — (1) 0 (i) 1 (iii) oo (iv) —oo.
: z+3)(z—2 . .
v. lim, 1+ % = (i) 0 (i) 1 (ili) oo (iv) —oo.
vi. so vertical asymptote at (i) (i) x = —4 (i) x =0 (ii)xz =1

vii. True / False Vertical asymptotes occur when the denominator of a
(simplified) rational function equals zero.

(b) Function (b). f(z)= &i3e=2)

(z+2)(z—2)
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i. simplifying f(x).
(z+3)(z—2) (z+3)
(x+2)(z—-2) (v+2)

where (i) ¢ # —2 (ii)) @ # 0 (iii) = # 2.

i lim,, - &) = (1) 0 (i) 1.5 (iii) oo (iv) —oo.

LT F 2

(z+2)
(Hint: Look at graph in function (b).)
fif. lim, o S = (1) 0 (i) 1.5 (iii) oo (iv) —oo.
iv. so vertical asymptote at (i) € = —2 (ii) =0 (iii)) x = 1.5
v. lim, o S = () 0 (ii) 1.25 (iii) oo (iv) —oo.

(Look at graph of function (b))

vi. True / False “Potential” vertical asymptote at = 2 “cancelled out”
in simplified rational function and, as a consequence, appears, instead,
as a removable discontinuity.

5. More limits with vertical asymptotes and removable discontinuities.

(a)

Function f(x) = %

has vertical asymptote(s) at (circle none, one or more)
)x=-2 (i)x=1 (i) x=2 (iv) none

and removable discontinuities at (circle none, one or more)
)x=-2 (i)x=1 (iii)x=2 (iv) none

Function f(x) = %

has vertical asymptote(s) at (circle none, one or more)
)x=-2 (i)x=1 (i) x=2 (iv) none

and removable discontinuities at (circle none, one or more)
(i)z=—-2 (iij)x=1 (ili)x =2 (iv) none
Function f(x) = @-5&%

has vertical asymptote(s) at (circle none, one or more)
(i)z=—-2 (ii)x=1 (ili)x =2 (iv) none

and removable discontinuities at (circle none, one or more)
)z=-2 (i)x=1 (i) =2 (iv) none

Function f(x) = mﬁ%

has vertical asymptote(s) at (circle none, one or more)
)z=—-4 (ii))x=-5 (i) x=1 (iv) none

and removable discontinuities at (circle none, one or more)
i)z=—4 (ii)x=-5 (ii)x=1 (iv) none
Function f(x) = (H””%Q)Jr%

has vertical asymptote(s) at (circle none, one or more)



78 Chapter 3. Differentiation (LECTURE NOTES 5)

)x=—-2 (i)x=0 (iii)z=+3 (iv)none

2
and removable discontinuities at (circle none, one or more)

(z=-32 (i)xz=0 (ii)z=+3 (iv) none
(f) True / False Function f(x) = #_j”, has no vertical asymptote because
x? — 5z + 7 has no (real) zeros.

(Sketch 22 — 3z + 7 and notice that this function does not cross the z—axis.)

6. Limits for piecewise functions.

- 5 y
fix)=2

y n
limf(x) = 0.75 fx)=2x+4 o) = 2x - 4x
limf(x) = 0 ® X—>15 " N
x-->0 "~ 3 /\
limf(x) = 0 - o V4 ' . X

x-->0 5 X <
lim f(x) i 0 -
x>0 . limf(x) = 3.5 5
+ f(x) =-2x “+2x-2

x-->1.5
from the left from the right from the left from the right
X—>0 x>0 T x-->1.5 x-—>15
(@) ®)

Figure 3.5 (Limits for piecewise functions)

(use WINDOW -5 51 -5 5 1, use dotted line, use 2nd TEST for in/equalities,
For (a), type y = (—z)(z < 0) + (2)(x = 0) 4+ (z)(x > 0) into Y=
For (b), type y = (22 + 4)(X < —1) 4 (223 — 42)(z > —1)(x < 1.5) + (=222 + 2z — 2)(x > 1.5) into Y=)

(a) Figure (a), limit as x — 0.

T ifx >0
flz) =14 2 ifz=0
—x ifz<0

i. left limit, by table.
r— |-01 -0.01 -0.001 -0.0001 -0.00001

f(x) -1 0.1 0.01 0.001 0.0001 0.00001
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE -0.1 ENTER and so on.)

lim, ,o- f(z) = (i) 0 (ii)) —oo (iii) co.
ii. right limat, by table.
0.00001 0.0001 0.001 0.01 01| <« =z
0.00001 0.0001 0.001 0.01 0.1« f(x)




Section 1. Limits (LECTURE NOTES 5)

(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 0.1 ENTER and so on.)

)0

(ii) —oo

i, lim, o+ f(2) = (i
iv. so lim, o f(z) =
v. also, f(0) = (i) O

()0
(i) 1

(il) —oo
(ii) 2

(iii) oo.
(iii) oo.

so lim, o f(z) (i) exists

(ii) does not exist (it is 0)

and f(0) (i) exists

(ii) does not exist (it is 2)

and limit L =0 is (i) equal to

(ii) different from value f(0)

(b) Figure (b), limit as x — 1.5.

20+ 4 ifrzr<—1
flr) =1 22° —4x if -1<z<15
222 +2xr -2 ifl15<x,
i. left limit, by table.
T — 1.4 1.49 1.499 1.4999  1.49999
f(z) — | -0.112 -0.6559 0.74051 0.74905 0.74991
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 1.4 ENTER 1.49 ENTER and so on.)
lim, 5~ f(x) = (1) 0.75 (ii) 1.75 (iii) 2.75.
ii. right limat, by table.
1.50001 1.5001 1.501 1.51 1.6 —
-3.5 -3.5  -3.504 -3.54 -3.92 | « f(x)

(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 1.6 ENTER 1.51 ENTER and so on.)

lim, 15+ f(x) = (i) —1.5 (i) —2.5 (iii)) —3.5.
iii. so lim, 15 f(x) = (i) does not exist (i) 1.75 (iii) 1.80.
iv. and f(1.5) = (i) —1.5 (i) —2.5 (iii) —3.5.
v. Limit lim, ;5 f(x) (i) exists (ii) does not exist,

but value f(1.5) (i) exists (ii) does not exist (it is -3.5).

7. Limits at infinity (horizontal asymptotes).

5 ¢ Y
' Y 4 / horizontal asymptote
:k' horizontal asymptote
_____ '\--}-----ﬁ-'()—-------‘ — P TR S
. . T
T X -10 -6 -2 2 6 10
3\ 1 | 0 \ 3 5
+ removable discontinuity 2 J
o3 -4 1

b) f=02x%2)/x %5

Figure 3.6 (Limits at infinity)

79
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(a) Function (a). f(z) = 2520,

z2—4
i. limit at positive infinity, by table.

r — 10 100 1000 10000 100000
f(z) — | 1.0833 1.0098 1.001 1.0001 1.00001
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE 10 ENTER and so on.)

50 lim, o 24270 = (1) 0 (i) 1 (iii) 2.
ii. limit at positive infinity, by algebra.

2
. 2 +1-6 L4z 6
lim ——— = lim &= -* 2%
300 1’2 _ 4 r—00 z 4

(i) 0 (i) 1 (iii) 2.
iii. limit at negative infinity, by table.

-100000 -10000 -1000  -100 -10 —x
0.99999 0.9999 0.999 0.9898 0.875 | < f(x)
(Type 2nd TBLSET 1 1 Ask Auto, then 2nd TABLE -10 ENTER and so on.)

50 lim, o 320 = (1) 0 (i) 1 (iii) 2
iv. limit at negative infinity, by algebra.

lim 7x2—l—x—6 = lim —ij—i_“"%_“"%
z——o0 2 —4 T——00 x_; _ %
1418
- x1—1>IEloo 133%7:
_ 1+0-0
- 1-0

(i) 0 (i) 1 (iii) 2.
v. so horizontal asymptote at (i) y =0 (i) y=1 (iii)y =2
(b) Function (b). f(z) = 242

245 °

i. limit at positive infinity.

222 4+ 2 22 4 2

. 22 22
im = lim
T—00 72 Y x2 5
2
.24+ 5
= lim .
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ii. limit at negative infinity.

222 + 2 242
im_— = lim H5—=
z——oco g2 4+ 5 T——00 i__‘_P
.2+ %
= lim ==
z——oco | + -
()0 (i) 1 (ii) 2.
iii. so horizontal asymptote at (i) y =0 (ii)) y=1 (iii)) y =2
8. More limits at infinity
(a) limit at positive infinity.
. 2%+ —6 L s _ &
lim ——— = lim &=
x2 x2
i 215
—_= m =
(i) 0 (i) 1 (iii) 2
(b) limit at positive infinity.
2x + 2 . Zy m%
im — = lim 5—=%
1, 2
= _'_ ~“
= lim =2 =
(i) 0 (i) 1 (iii) 2.
(c) limit at positive infinity.
oy 20T =6 2 2§
eoe Bg? 4 bk B2 _ 4
94+ 1 _ 6
= lim z = =
T—00 R
2
(i) —2 (i) —2 (i) —5.
(d) limit at negative infinity.
poot a6 = AR
-2+ 1-5
= lim =
T——00 5— 5

81
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(e) limit at positive infinity.

2
. 2$2 + 2 . i + -
lim = lim divide by highest power of x in denominator
5 y g
T—00 g 4+ 5 z—oo L + 2
T T
. 2z + %
= lim =

(i) 0 (ii)) 1 (iii)) oo (iv) does not exist.

2
(The function 22 ;gz does not have a horizontal asymptote.)

(f) limit at positive infinity.

2

3 2 a3 T 6

. o4 axr—06 ) i i Bl
lim ————— = lim ——
6

= hmix:

(i) 0 (ii) —oo (ili) oo (iv) does not exist.

(Notice the negative in the denominator.)

9. Oblique asymptotes.

10 Y:L/
oblique asymptote, | P oblique asymptote, : / 4
y=x+2 - y=2 Foros
T : 7

—_~——— X . i

75 5 L ] 1 ] 1 : L] X
. - \ s ; / ‘ °
[ oblique asymptote, , “
y=-(4/3)x-4 s
210 -10
-10
(@) y=(x+2)+1/x (b) y =-(4/3x-4+ 1/x?

(y=2x+1/(x-1)

Figure 3.7 (Oblique asymptotes)
(a) Figure (a). f(z) = (z+2)+ <.
i limye (2 42)+2) = ()0 (i) 1 (iii) oo (iv) —oo.
i, lim, oo (@ 42)+ 1) = () 0 (i) 1 (iii) oo (iv) —oo.
iii. oblique asymptote at (i) y = ¢ +2 (i) y = —3z—4 (i) y = 2z
iv. vertical asymptote at (i) z = —1 (i) x =0 (i) x=1
(b) Pigure (b). f(z) = (—3z—4) + %

i limy e ((—42—4)+ %) = (1)) 0 (i) 1 (iii) oo (iv) —oo.
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i limg, oo ((—%x — 4) + %) = (1) 0 (i) 1 (iii) co (iv) —oo.
iii. oblique asymptote at (i) y = x+2 (ii) y = ——:c —4 (i) y = 2z
iv. vertical asymptote at (i) x = —1 (ii)) x =0 (111) xz=1

(¢) Figure (c). f(x) = 220l

i. function with disquised oblique asymptote.

2% — 2x + 1 2e(x — 1) +1
z—1 N z—1
2x(r — 1) 1
z—1 +x—1 N

(i) 2z 4+ 2 (i) 2z + 15
i limy e (2:1:—|— L) = 1) (i) 1 (iii) oo (iv) —oo.
i, lim, oo (224 25 ) = (1) 0 (i) 1 (iii) oo (iv) —oo.
iv. oblique asymptote at (i) y = x+2 (i)y = —5z—4 (ii) y = 2z
v. vertical asymptote at (i) x = —1 (i) x =0 (i) x =1

10. Working with limits. Let

lim f(x) = lim g(z) = 16

r—5 r—5

(a) lim,5[f(z) +g(x)] = (i) 18 (ii) 16 (iii) 32.
(b) lim,_5[f(x) - g(x)] = (i) 16 (ii) 18. (iii) 32

6 (i) 32 (iii) 18.
6 (i) 18. (iii) 4
(i) 18. (iii) 16
|=(@)1 (i)2 (i) 16.
h) lim, 516 = (i) 16 (i) 5 (iii) 32.
(i) limg_,s bl — (1)1 (i) 2 (i) 3.

11. More working with limits.
(a) lim,_so[x]® = (i) 3% (ii) 2% (iii) 5.
(b) limy_o[h]> = (1) 0 (i) 3 (iii) h3.
(c) lim,_3[3z% — 2h% = (i) 4° (ii)) —2(3)? (iii) 3% — 2h2.
() lim, ol 2% = (1) () (i) (=22 (iii) h(—2)2.
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() limy03 = (i) 0 (ii) 3 (iii) 5.
(f) Timy,_o &2 — ()) 22 (i) 2k (iii) 0.

. 2_ 2 2 2_ 2 , 2
Hint: (Jc+h})L z‘ _z +2xh;rh —z® _ 2Jchh+h =25 +h

12. Application: lawyer fees. Lawyer fees per hour, f(t), versus number of years of
experience, t, are given in graph below.

f(t) 10004 L —
3 750 1 —o
e
$ 500 +
o
>
8 250t e—o
o } 1

1 2 3 t
years of experience
Figure 3.8 (Step function: lawyer fees)

(a) lim;_,o- f(t) = (i) does not exist (i) $250 (iii) $750 (iv) $1000
(b) limy .o+ f(t) = (i) does not exist (ii) $250 (iii) $750 (iv) $1000
(c) limyo f(t) = (i) does not exist (ii) $250 (iii) $750 (iv) $1000

)

(d) lim; e f(t) = (i) does not exist (ii) $250 (iii) $750 (iv) $1000

13. Another application: average cost. Monthly fixed costs of using machine I are
$15,000 and marginal costs of manufacturing one widget using machine I is $20.
Consequently, average costs are

_ 20 15000
Cla) = 22200 o
X

(Set WINDOW to 0 700 1 1 0 1000 1 1 before graphing function.)

i) does not exist (ii) O
i) does not exist (i) 0 (iii) 20 (iv)
(¢) lim,_,o C(x) = (i) does not exist (ii) 0

Hint: C(z) = 202415000 — 202 4 15000 — 20 4 15000 (2)

3.2 Continuity

Roughly speaking, a function is continuous if its graph can be drawn without lifting
the pencil from the paper. A function f(x) is continuous at = = c if
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1. f(c) is defined,
2. lim, . f(x) exists,
3. lim, . f(z) = f(c).

If f(z) is not continuous, it is discontinuous. A function is continuous on an open
interval, (a,b), if it is continuous on every x in the interval; a function is continuous
on a closed interval, [a, b], if it is continuous

e on the open interval (a,b),
e from the right at = = a,
e from the left at © = b.

Polynomial and exponential functions are continuous for all x; rational functions,
f(z) = %, are continuous for all z where g(x) > 0; logarithmic functions, f(x) =
log, z, a > 0, a # 1, are continuous for all x > 0; root functions, f(z) = vax + b,

ax + b > 0, are continuous for all  where ax 4+ b > 0.

Exercise 3.2 (Continuity) Consider the following graphs which demonstrate vari-
ous different types of functions with discontinuities.

1. Checking for continuity: some first examples.

5
5pY y
B 3 f(x) =-x -
i f(x) = 2x - 4
3 (x) =2x X ®
175 7
PR / P P P ?| ' Jx ' 1 1 ' 1 ' )
~ BRE 4 5
f(x) = -2x 2+2>< -2

f(x) = (2x - 3)(0.5x + 1) / (2x - 3)

(@) (b) (©
Figure 3.9 (Three types of discontinuity)

(use WINDOW -5 51 -5 5 1, use dotted line, use 2nd TEST for in/equalities,

For (a), type y = % into Y1 =,

For (b), type y = (22 +4)(X < —1) + (223 — 4z)(z > —1)(z < 1.5) + (=222 + 22 — 2)(x > 1.5) into Yz =
For (c), type y = (—z)(X < 0) 4+ (2)(z = 0) + (z)(xz > 0) into Y3 =

) _ (22-3)(0.50+1) : _
(a) Figure (a), f(x) = =—5 3. Continuous at v = 1.57
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i.

ii.
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Since f(1.5) = BEAZEICI — (1) 3 (i) 4 (iii) not defined,
at x = 1.5, function f(z) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if dis/continuous using only this information
(i) True (ii) False Since the first of three conditions for continuity
is violated; namely, f(1.5) is not defined (is a removable discontinu-
ity), f(z) is discontinuous at = = 1.5. It is not necessary to check
the other two conditions for continuity since it is now known f(z) is
discontinuous.

(b) Figure (b). Continuous at v = 1.5¢

i.

ii.

iii.

20+ 4 ifx < -1
flr) =1 22% —4x if -1<z<15
222+ 20 —2 ifl15<z,

Since f(1.5) = —2(1.5)2 +2(1.5) — 2 =

(i) —3.5 (ii) —4 (iii) not defined,

so, at x = 1.5, function f(x) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only this information
since lim, 1 5- f(x) = (i) does not exist (ii) —3.5 (iii) 0.75
and lim,_,; 5+ f(2) = (i) does not exist (ii) —3.5 (iii) 0.75

so lim, 15 f(z) = (i) does not exist (i) —3.5 (iii) 0.75

so, at x = 1.5, function f(x) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only this information

(i) True (ii) False Since the second of three conditions for continuity
is violated; namely, lim, .1 5 f(z) does not exist, f(z) is discontinuous
at x = 1.5. It is not necessary to check the third condition for conti-
nuity since it is now known f(z) is discontinuous.

(c) Figure (c). Continuous at x =07

i.

T ifz>0
flz) =14 2 ifx=0
—x ifx<0

Since f(0) =
(1) 0 (i) 2 (iii) not defined,
so, at x = 0, function f(z) is



Section 2. Continuity (LECTURE NOTES 5) 87

ii.

1il.

1v.

2. More checking for continuity, f(x) =

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only this information
since lim,_,o- f(z) = (i) does not exist (i) 0  (iii) 2

and lim, o+ f(z) = (i) does not exist (ii) 0 (iii) 2

so lim, o f(z) = (i) does not exist (ii) 0 (iii) 2

so, at x = 0, function f(x) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only information so far
since lim, o f(z) = 0 (i) equals (ii) does not equal f(0) =2

so, at x = 0, function f(z) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only information so far
(i) True (ii) False Since the third of three conditions for continuity is
violated; namely, lim,_,o f(x) # f(0), f(x) is discontinuous at = = 0.
It was necessary to check all three conditions for continuity in this
case.

z24+z—6
z2—4

Figure 3.10 (f(z) = £42=6)

(a) Continuous at x =27

i.

ii.

Since f(2) = &8 = (1) 3 (i) 4 (iii) not defined,

at x = 2, function f(z) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if dis/continuous using only this information
(i) True (ii) False Since the first of three conditions for continuity

is violated; namely, f(2) is not defined (is a removable discontinuity),
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f(x) is discontinuous at z = 2. It is not necessary to check the other
two conditions for continuity since it is now known f(z) is discontin-
uous.

(b) Continuous at x = =27

i.

ii.

Since f(—2) = (_2()33%2_6 = (i) 3 (ii) 4 (iii) not defined,
at x = —2, function f(x) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if dis/continuous using only this information
(i) True (ii) False Since the first of three conditions for continuity
is violated; namely, f(—2) is not defined (is a removable discontinu-
ity), f(x) is discontinuous at x = —2. It is not necessary to check
the other two conditions for continuity since it is now known f(x) is
discontinuous.

(¢) Continuous at x =17

i.

1i.

1il.

1v.

. 2 _
Since f(1) = 7(1)(1;@4 6 _

(i) 3 (i) § (iii) not defined,
so, at x = 1, function f(x) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only this information

since lim, - f(z) = (i) does not exist (ii) % (iii) g
and lim,_,;+ f(z) = (i) does not exist (ii) % (iii) g
so lim,_,1 f(x) = (i) does not exist (i) §  (iii) ¢
so, at x = 1, function f(z) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only information so far
since lim,,; f(z) = § (i) equals (ii) does not equal f(1) =3

so, at x = 1, function f(z) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only information so far
(i) True (ii) False Since all three conditions for continuity are sat-

isfied, function is continuous at = = 1.

(d) Continuous at x = 37

i.

Since f(3) = 7(3)(2;(2_6 —
(i) 3 (i) § (iii) not defined,
so, at x = 3, function f(x) is
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(i) continuous
(ii) discontinuous
(iii) cannot tell if continuous using only this information

ii. since lim,_,3- f(z) = (i) does not exist (i) 3  (iii) £
and lim,_,3+ f(z) = (i) does not exist (i) 3  (iii) ¢
so lim,_,3 f(x) = (i) does not exist (i) §  (iii) 3
so, at x = 3, function f(z) is
(i) continuous
(ii) discontinuous
(iii) cannot tell if continuous using only information so far

iii. since lim,_,3 f(2) = 3 (i) equals (ii) does not equal f(1) =3

so, at x = 3, function f(x) is

(i) continuous

(ii) discontinuous

(iii) cannot tell if continuous using only information so far
iv. (i) True (ii) False Since all three conditions for continuity are sat-

isfied, function is continuous at = = 3.

3. And more checking for continuity. Identify all x where f(x) is discontinuous.

. _ (z=2)(z+2)(z—5)
(a) Function f(.ﬁ()') = m
is discontinuous at (circle none, one or more)
(i)z=—2 (iij)x=1 (ili) x =2 (iv) nowhere
: _ (2=2)(a+3)(x—5)
(b) Function f(.ﬁ()') = m
is discontinuous at (circle none, one or more)

(i)z=-2 (ii)x=1 (i) x =2 (iv) nowhere

(c¢) Function f(z) = %
is discontinuous at (circle none, one or more)
(i)z=—2 (iij)x=1 (ili) x =2 (iv) nowhere

(Hint: Is 22 + 5 ever equal to zero?)
(d) Function f(z) =16
is discontinuous at (circle none, one or more)
(i)x=-2 (ii)x=1 (i) x=2 (iv) nowhere
(e) Function f(z) = 3z* +2x — 7
is discontinuous at (circle none, one or more)
(i)z=—2 (iij)x=1 (ili) x =2 (iv) nowhere
(f) Function f(z)=T7"
is discontinuous at (circle none, one or more)
(i)z=—2 (iij)x=1 (ili) x =2 (iv) nowhere
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(g) Function f(z) = In|z|
is discontinuous at (circle none, one or more)
i)z=0 (i)x=1 (ii)z=2 (iv) nowhere

4. Identify k which makes function continuous (not discontinuous!)

(a) Function

ka? if x <3
f(x)_{:c+3k if x >3

is continuous at (i) k=3 (i) k =3 (ili) k =7 (iv) nowhere
(kx? =x+ 3k, or kx2 -3k =z or k(z?> —3) =z or k

(b) Function

fx) = ka? ifr<4
V=Y 244k ifz>4

is continuous at (i) k=3 (i) k = % (iii) k =1 (iv) nowhere
(ka3 =z + 4k, or kx® —4k =z or k(23 —4) =z or k

5. Application: lawyer fees. Lawyer fees per hour, f(t), versus number of years of
experience, t, are given in graph below.

—+
—
=
~

1000+ or—

750 + &—0

250 1 e—0

o f f
1 2 3 t

years of experience
Figure 3.11 (Step function: lawyer fees)

pay per hour
U
o
o

Lawyer fees f(t) are discontinuous at (circle none, one or more)
(i)t=1 (ii))t=2 (iii)t =3 (iv) nowhere

6. Application: intermediate value theorem.
(i) True (ii) False If a function f(x) is continuous on closed interval [a, b],
then f(x) takes on every value between f(a) and f(b). For example, on closed

interval [0, 1] where f(0) = —2 and f(1) = 3, continuous function f(z) must
take on every value between —2 and 3; for instance the value 0.



