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Chapter 4

Calculating the Derivative

Recall, the derivative is the slope of the tangent to a curve. We found using the
definition directly to calculate a derivative is complicated. Consequently, we look at
techniques that allow us to algebraically calculate the derivative quickly.

4.1 Techniques for Finding Derivatives

Various notations for the derivative of y = f(z) include

P, L L), D)

Some rules for differentiation include:

e Constant rule. Derivative of a constant function, f(z) = k, k real, is zero:
f'(x) =0.
e Power rule. Derivative of f(x) = 2", n real, is
f'(x) = na" L.
e Constant times function rule. Derivative of f(z) = k- g(z), k real, ¢’(x) exists:
f'(@) = kg'(2).

e Sum or difference rule. Derivative of f(z) = u(z) £ v(x), and u/(z),v'(x) exist:

Exercise 4.1 (Techniques for Finding Derivatives)
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112 Chapter 4. Calculating the Derivative (LECTURE NOTES 7)

1. Constant rule.

(a) If f(x) = 3 (equivalently, y = 3), then derivative:
i f(x)=(1)0 (i) 1 (i) 3
i % =()0 (ii)1 (i) 3
iii. <L [f(z)]= ()0 (i) 1 (i) 3
iv. D[f(z)] = ()0 ()1 (iii)3
(b) If f(z) =3 and x = 3, derivative f'(3) = (i) 0 (ii) 1 (iii) 3
Function f(z) = 3 for all z, including when & = 3.

(c) If y =3 and = =, derivative f'(7) = (i) 0 (ii) 1 (iii) 3
Function f(z) = 3 for all «, including when z = .

(d) If f(x) = 32, derivative f'(x) = (i) 0 (ii) 1 (iii) 3

(e) If y = m, derivative & = (i) 0 (i) 1 (iii) 3

(f) If f(z) = 72, derivative £ [f(z)] = (i) 0 (ii) 1 (iii) 3

g) If f(z) = w2, derivative D,[f(z)] = ()0

h) If f(z) = 3 and = = 3, derivative 2 = (i) 0 (i) 1 (iii) 3

(i) Function f(x) =31is a (i) horlzontal (ii) vertical line and so
the slope (derivative) f’(z) must be (i) 0 (ii) 1 (iii) undefined

(j) (i) True (ii) False If f(z) = k, k real, by definition f'(x) is

dx
( (i) 1 (iii) 3
(

flz+h) - f(x)

/ . .
fz) = Jm h
k—k . 0
T T Ty a0

2. Power Rule.

(a) If f(z) = (equwalently, y = x2), then derivative:
iff(z)=221= (i) 2 (ii) 2z (i) 223
i %= () e (i)2z (i) 223
i, L [f(2x)] = ()& (i) 2z (i) 2z®
iv. D.[f(z)]=()=x (i) 2z (i) 22>
(b) If f(x) = 23 then f'(x) = (i) 3 (ii) 3= (iii) 3x?
(c) Iy =2t &= (i) 42® (i) 42? (iii) 4o
(d) If f(t) =t* then £ [f(t)] = (i) 42 (i) 4¢* (iii) 3¢*
(e) If f(zx) =z =2x! then D.[f(x)]= ()0 (i) 12®° =1 (iii) =
(f) If f(z) =73 then f'(z) = (i) —3z~* (ii) 3==* (iii) —3x2

8



Section 1. Techniques for Finding Derivatives (LECTURE NOTES 7) 113

(h) If y = 277 then & = (i) —5 (i) =% (i) — %
(i) If f(z) =27 ™2, L[f()] = (i) —7.22782 (i) —8.227%2 (iii) —6.2¢82
() If f(z) = V& = 27 then D,[f(2)] = (i) 2z~2 (i) —22~7 (iii) lz~2
(k) If f(x) = \/x then D,[f(x)] = (i) 2\3/5 (ii) —ﬁa (iii) ﬁ
(1) If f(z) = 2% then f'(z) = (i) —22~3 (i) —2z~5 (i) 25
(m) If f(z) = 2? (or y = 2?), so f'(z) = 227! = 2z, then at z = 7

_
%
—
-3
S——
I
[\
—
~3
S—

— (i) 14 (i) 2z
)14 (i) 2z (i) 7
(i) 14 (i) 2z (i) 7

iv. Dm[f(7)] (i) 14 (i) 2z (i) 7

(n) If f(z) =27 then f'(z) = —3z7
and so f( )— -3(3)™*~ (i) —3xz~* (ii) —0.037 (iii) —0.333
and f/(4) = ~3(4)" ~ () —0.012 (i) —0.037 (i) ~0.333
and f/(—4) = —3(—4)"* ~ (i) —0.012 (ii) —0.037 (iii) —0.333

3. Constant times a function rule.

22

22\—/

(a) If f(x) = 102° (equivalently, y = 10x°), then derivative:

i. f'(x) =10 (52°"") = (i) bx* (ii) 10z* (iii) 502*

i = (i) 5z* (i) 10z* (iii) 50z*

ii. 4 [f(x)] = (1) ba* (i) 102* (iii) 50z*

iv. D[f(z)] = (1) 5&* (i) 10z* (iii) 50z*
(b) If f(z) = —2a® then f'(z) = —% (32°7') = (i) —22? (i) 3x? (iii) —3x3
If y = 8p* then 9 =8 (4p"~!) = (i) 32* (i) 8p® (iii) 32p?

)
(c)
(d) If f(z) = 5x7 then Lf(x)] = () 2x=7 (i) Za—7 (i) 527
) 7 = (i) 7=t (i) —7e~? (i) 2277
—2.25 (i) —1.75 (iii) —2.75
0.23 (ii) —0.45 (iii) —0.11
g(x), k real, by definition f’(z) is

[f(2)] = -7(2)7* = (i)
8)] =—78)~ (i) —
(f) (i) True (ii) False If f(z) =k -

kg(x + h) — kg(x)

fiz) = lim .
g 9@t ) —g(a)

h—0 h
g @) — (@)

h—0 h

= k-g'(z)
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4. Sum or difference rule.

(a) If f(x) = 22% — 42 then f/(z) =2 (32371) —4 (12! =
(i) 322 —4 (i) 622 — 4 (iil) 622 — 4z

(b) Ty = 8p" +4,/p—5 = 8p'+4p? —5 then % = 8 (4p'~1) +4 (Ip= 1) +0 =
(i) 32p° +  (ii) 32p°® + % +5 (iii) 32p% + %

c r) =05x7 + =~ =dx7 + Tz~ " then -~ [f(x)] =
If f P+ 1 =507 + 727! then L [f
(i) 227 — 722 (i) 527 — Tz~2 (i) 227 + 722

(d) Tf fz) = TEWE = T 4 &% _ 701 4 4y

then D,[f(2)] =7 (—a 1) +4 (Ja371) =
(1) 2+ % (i) =2z + 5 (i) —2z — %

(e) If f(z) = (223 — 42)” = 425 — 162* + 1622
then f/(x) =4 (62°7') — 16 (42*71) + 16 (22*71) =
(i) 24x® — 6423 + 32z (i) 24x° + 64x® +32 (iii) 242° — 642> — 32
and so f'(2) = 24(2)° — 64(2) + 32(2) = (i) 321 (ii) 322 (iii) 320
and f'(0) = 24(0)® — 64(0)® + 32(0) = (i) 0 (ii) —8 (iii) undefined

(f) (i) True (ii) False If f(z) = u(z) 4+ v(x), then

[u(z + h) +v(x+ h)] — [u(z) + v(x)]

e = g !
_ i @) —u(@)] + [+ ) — v(2)]
h—0 h
~ im u(z+h) —u(r) ov(@+h)—ov(z)
h=50 h N
— Im u($+h) —U(SL’) 4 lim U( + —U((L’)
h—0 h h0

5. Tangent lines.

(a) Locating point(s) of f(x) = 22* + bx where tangent line(s) horizontal.
since f'(zr) =2 (22> ) +5(zY) = (i) 2z +5 (ii) 4z +5 (i) 4 —5
and horizontal tangent line occurs when f'(x) = 0, then

f(x)=42+5=0

when z; = (i) —1.25 (ii) 1.25 (iii) O

and since f (1) = f(=1.25) = 2(—=1.25)> + 5 (—1.25) =

(i) —3.125 (i) —3.225 (i) 3.325

so point on f(z) when tangent line is horizontal is (z1, f (x1)) =
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(i) (—1.25,3.125) (i) (1.25, —3.125) (iii) (—1.25, —3.125)
and also equation of tangent line at (—1.25, —3.125) is

y—flx) = fllo)(x—m)
y— f(=1.25) = f'(-1.25)(z— (—1.25))
~(~3.125) = 0(z + 1.25)

or (i) y = —3.125 (i) y = 3.125 (i) y =0

Locating all x where tangent lines to f(x) = z° + 2% are horizontal.
since f/(z) =323t +2* ' = ()32 +x (i) 3z +x (ii) 223+ =
and horizontal tangent lines occur when f'(x) = 0, then

fllx) =322 +2=2(32+1) =0

when z; = (choose two!) (i) —% (ii) % (iii) 0

Points where slopes to tangent lines to f( )= 22% + 3z equal -3.
since f'(z) = 5 (32%71) + 2 (2% ) + 3 (2t 1) =

(i) 22 — 52 +3 (i) z2 + 5z + 3 (iii) 2—|—5a:

and tangent lines with slope -3 occur when f'(x) =
fllx) =2 +52+3=-3

sox?+5x+6=0o0r (r+3)(z+2)=0
when x; = (choose two!) (i) —2 ( i) —
and since f(xl) =f(-2) = é( ) +%
(i) 3 (i) 5 (i) 3

and also f (z1) = f(— )—%( 3)3+g(—3)2+3(—3):

(i) 4.5 (ii) 4.4 (iii) 4

so two points on f(x) when slope of tangent line -3 is (z1, f (x1)) =

() (~2,2) (i) (=3,4.5) (i) (~2,-3)

6. Application: life sciences. Circumference, C' (in cm), of a healing wound is

(a)
(b)
(c)

C(r) =2mr
Circumference of a wound with radius r = 3 cm, is
C(3) = (i) 3w (i) 6 (iii) 87
Rate of change of circumference with respect to radius is
C'(r)= (1) 2w (ii) 3= (iii) 47
At r=5cm, C'(5) = (i) 2= (i) 3= (iii) 47

7. Application: social sciences. Population of a city is given by

P(t) = 50,000 + 1500t
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(a) Rate of change of population with respect to time is
P'(t) = (i) 1500t (i) 2250¢%5 (iii) £°-5

(b) At ¢t =2, growth rate is P'(2) = (i) 3182 (ii) 4574 (iii) 4834
8. Application: physics. Function which relates distance, s, to time, ¢:
s(t) = 3t + 2t

(a) At t =0, distance s(0) = (i) 0 (ii)) 1 (iii) 2
and at t =2, s(2) = (i) 3 (i) 14 (iii) 28

(b) Velocity (rate of change of distance with respect to time) is
v(t)=s(t)= (1) 3t2+2 (i) 9t* +2 (iii) 92
and at t =2, v(2) =9(2)? +2 = (i) 3 (i) 14 (iii) 38

(c) Acceleration (rate of change of velocity with respect to time) is
a(t) =v'(t) = (i) 18t (ii) 9¢* + 2 (iii) 9¢?
and at £ = 2, a(2) = 18(2) = (i) 3 (i) 14 (iii) 36

9. Application: business. Revenue, R(x), and cost, C(x), functions are

R(x) = 3z,
C(x) = 0.012* + 2.4z + 45,

where z is quantity of items produced.

(a) Marginal revenue R'(x) =
(i) 3z — (0.01z2 + 2.4z) (i) 3z — (0.01z2 + 45) (iii) 3
so marginal revenue of 50 items R'(50) = (i) 3 (ii) 15 (iii) 20
(b) Marginal cost C'(x) =
(i) 3z — (0.0122 + 2.4z) (i) 3z — (0.01z2 + 45) (iii) 0.02z + 2.4
so marginal cost of 50 items C'(50) = (i) 1.40 (ii) 2.40 (iii) 3.40
(c) Profit P(x) = R(z) — C(x) =
(i) 3z — (0.01x2 + 2.4x)
(i) 3z — (0.01z2 + 45)
(iii) —0.01z2 + 0.6 — 45
so marginal profit P'(x) =
(i) 3z — (0.0122 + 2.4z) (i) 3z — (0.01z2+45) (iii) —0.02z + 0.6
marginal profit of 50 items P’(50) = (i) —0.40 (ii) —0.60 (iii) —0.80
(d) Quantity = when marginal profit zero, P'(z) = 0, so

P'(z) = —0.022 + 0.6 = 0

when z = =28 = (i) 30 (ii) 40 (iii) 50

where profit is P(30) = —0.01(30)2 + 0.6(30) — 45 =
(i) —30 (i) —36 (iii) —42
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4.2 Derivatives of Products and Quotients
Product rule: Tf f(z) = u(z) - v(z), w(z) and v/(z) exist, then

fi(@) =v(z) - u'(2) + u(x) - v'(z).
Quotient rule: If y = 2 /(z) and v/(x) exist, and v(z) # 0, then

v(x)
v(x) - u(z) — u(x) - U,(J})‘
[o(x)]’

f'(x) =

Exercise 4.2 (Derivatives of Products and Quotients)
1. Product Rule

(a) Consider f(z) = (4z — 1)(5z + 4).
let u(x) =4z — 1 and v(z) = bx + 4.

Then, u'(x) =
(i) 42

(ii) 4

(iii) —1

and v'(x) =
(i) 5x?

(ii) 5

(iii) 3 + 4z

and so v(x)u'(x) =
(i) (5z + 4)(4)

(i) (bx + 4)(4x?)
(iii) (5x2 + 4)(4)

and u(x)v'(z) =
(1) (42 —1)(5)
(i) (42 —1)(5)
(iii) (4 — 1)(5x)

and so f'(z) =v(z) - v (z) +u(z) - V' (z) =
(i) (52 +4)(4) + (4 —1)(5)

(i) (52 — 4)(4) + (4= — 1)(5)

(iii) (5x + 4)(4) — (4= — 1)(5)
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which equals
(i) 40z — 11
(i) 40z + 11
(iii) 39 + 11

(b) Consider f(x) = (v + z)(a® + 2?).
let u(z) = /z + 1 =22 + 2 and v(z) = 2° + 2%

Then, v'(x) =
(i) 3z%2 — 7

(i) 3z% 4+ 3
(i) 212 4+ 1

and v'(z) =
(i) 3z2 — 7
(ii) 3z% 4+ 3
(iii) 3x? + 2z

and so v(z)u/(x) =

(i) (223 4 222 — 4x)(3z2 + 3)
(i) (2 + 2*) (2o 1/2 4 1)

(iii) 6x + 4z — 4

and u(z)v'(z) =

(i) (223 4 222 — 4x)(3z2 + 3)
(i) 3z% 4+ 3

(iii) (/2 4+ x) (322 + 2x)

and so % = v(z) - u/(2) + u(z) - v'(z) =

(i) (2x® 4 222 — 4x)(3z2 + 3)

(i) (®® + x?) (3272 4+ 1) + (x/? + ) (3% + 2x)

(iii) (2% 4 222 — 4x) (322 + 3) + (x® + 3z) (622 + 4x — 4)
or

13 + 107 + 2% + 2% + 3% + 32% + 207 + 227

which equals

(i) 43 + gw% + 322 + gw%

(i) 423 + %m% + 3x? + gm%

(iii) 42> + %w% + 3x? + gw%

(c) Consider f(x) = (2 + 3z)(22® + 22% — 4x).
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let u(x) = 23 + 3z and v(x) = 223 + 222 — 4x.

Then, u'(x) =
(i) 322 — 7
(i) 3z% 4+ 3
(iii) 4 — I
and v'(z) =

(i) 322 — 7

(i) 3z% 4+ 3

(iii) 6x? + 4z — 4

so v(z)u(x) =

(i) (223 + 2x2 — 4x)(3z2 + 3)
(i) 3z% 4+ 3

(iii) 6x + 4z — 4

and u(z)v'(z) =

(i) (223 + 222 — 4x)(3z2 + 3)
(i) 3z% 4+ 3

(iii) (x> + 3x) (622 + 4 — 4)

and so f'(z) =v(z) - v (z) +u(z) - V' (z) =

(i) (223 4 222 — 4x)(3z2 + 3)

(i) 3z% 4+ 3

(iii) (2% 4 222 — 42) (322 + 3) + (x® + 3z) (622 + 4x — 4)

or

62° + 62 — 122° + 62° + 622 — 122 + 62° + 182° + 4a* + 122% — 42° — 122

which equals

(i) 122° + 10z* 4 8z3 + 18x? — 24«
(i) 6x2® 4+ 12z* — 1623 + 14x? — 24x
(iii) 6x® + 12x* + 8x3 + 14x? — 24x

Z+3=2r2+3andv(z) =5 +20 —4=2"3420 -4

Then u/(z) =

(i) —4x=3

(i) 322 + 3

(iii) 622 + 4z — 4
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and v'(z) =

(i) 32 + 3

(i) 6z + 4x — 4
(i) —3z~* + 2

and so v(z)u'(x) =

(i) 32 + 3

(i) (z73 + 2x — 4) (—4x73)
(iii) 6x + 4z — 4

and u(x)v'(z) =

(i) 32 + 3

(i) (2272 + 3) (—3x~* + 2)
(iii) 622 + 4z — 4

and so L [f(z)] = v(z) -/ (z) + u(z) - v'(z) =

(i) (2 +2x —4) (—4z73) + (2272 4+ 3) (—3z™* 4+ 2)
(i) (z72 + 2x — 4) (—4z73) + (2272 4 3) (—3z~* 4 2)
(iii) (z73 4+ 2z — 4) (—4x™3) + (272 + 3) (=3z~* — 2)
(irélx_ﬁ — 8272+ 16272 — 6270 — 9z + 4272 + 6

which equals

(i)4z=2 + 16273 —9x=* — 10z~ ¢ + 6
(i) —4x™2 — 1622 — 9z~* — 1027 % + 6
(ili) —4x™2 4+ 16273 — 92~* — 102 ¢ + 6

(e) Using product rule definition.
If u(4) =5, v/(4) =6, v(4) =9 and v'(4) = —4, then
D.[f(4)] =v(4)-u'(4) +u(4)-0'(4) = (1) 34 (ii) 35 (iii) 36

2. Quotient rule

(a) Consider f(z) = 21

T bx+4-
let u(x) =4z — 1 and v(z) = 5z + 4.

Then, u'(x) =
(i) 42

(ii) 4

(iii) —1

and v'(z) =
(i) b2
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(i) 5
(iii) 3 + 4

and so v(x)u'(z) =
(i) (5z + 4)(4)

(i) (bx + 4)(4x?)
(iii) (5x? + 4)(4)

and u(x)v'(z) =
(i) (42 —1)(5)
(ii) (42 — 1)(5)
(iii) (4 — 1)(5x)

and so f/(z) = d@vo-ul @) _

[v(2)]

(i) G2HOW-Ur-1)©) () Got)@)+Ha-1)()

(5z+4)2 (5x+4)2

which equals
(1) (5m2i4)2 (if) f505f41)12 (iii) ﬁ

. 1/2
Consider y = %3 +:§ )

let u(z) = 22 + 2 and v(z) = 2% + 22,

Then, u'(x) =
(i) 3x2 — 7

(ii) 322 + 3
(iii) 212 + 1

and v'(x) =
(i) 3x2 — 7
(ii) 322 + 3
(iii) 3x2 + 2z

and so v(x)u'(z) =

(i) (22> + 222 — 4x)(3x> + 3)
(i) (28 + 2?) (2a /2 + 1)

(iii) 622 + 42 — 4

and u(x)v'(z) =

(i) (22> + 222 — 4x) (32> + 3)
(i) 3z% 4+ 3

(iii) (x'/2 + x)(3x? + 2x)

(iii)

(5z+4)(4)+(4z—1)(5)

(4z—1)2
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and so & — Y@@ -u@'@) _

de [v())?
(i) (22 +x2)(22~1/241)+ (/2 +x) (322 +22)
(x5 422)*
(11> (z3+22) (22 1/241)—(z/2+2) (3x2+2x)
(23 +22)
iy et B
€T €T
?ré 1,.3,,3,.2 9.3 a3 o3 52
522 +5x2 4z +2" 322 —3z° 202 -2z
(3+x2)2

which equals

5 3
() —2m3—%m2 —m2—%m2

@ +2?)”
5 3
(ii) 4x3+ 322 3224 322
(@3 422)*
5 3
—4:83—%:137 —3:82—%:137
(111) (w3+w2)2

(c) Consider f(t) = z-

let u(t) =t and v(t) = t* + 3.

Then, u'(t) =
(i) 1

(i) ¢

(iii) 2

and v'(t) =
(i) 2t

(ii) 2¢2
(iii) 4t

and so v(t)u/'(t) =
(1) (#* +3)(t)
(i) (¢ +3)(1)
(iii) (% 4+ 3)(1)

and u(t)v'(t) =
(i) (£*)(¢)

(if) (¢* +1)(1)
(iii) (t)(2¢)

1(4) — v B)—u®)v' @) _
e tszo :{ (1t) _t 2t o t2+3 : t)(2t) (3t243)(1)—(t)(2t)
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which e2qua18 , ,
() gt (i) G245 (i) GEtd

(d) Equation of tangent line to y = f(t) = gtz at point (t1, f(t1)) = (1, i)
Since f'(t1) = f/(1) = 78 = (i) 2 (i) & (iii) & then

()23 T
y—f(t) = f(t)t—t)
y—f(1) = -1
1 1
Yy=7 T 3 (t—1)

or () y =t )y =15 )y =t

3. Application: average cost. Monthly fixed costs of using machine I are $15,000
and marginal costs of manufacturing one widget using machine I is $20. Suppose
number of widgets produced restricted to 100 < z < 500. Consequently, average

costs are 202 + 15000
Clx) = 272270 100 < 2 < 500.
X

let u(z) = 20z 4 15000 and v(z) = .

Then, u'(x) =
(i) 15000

(ii) 2022

(iii) 20

and v'(x) =
(i) =
(ii) 1
(iii) 22

and so v(x)u/'(z) =
() (x)(20)

(i) (22)(20)

(iii) (x)(20x)

and u(x)v'(z) =

(i) (20)(1)

(ii) (20z + 15000) (1)
(i) (15000)(1)
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and so U/(x) — va) v @) um) (@)

Q) (m)(20)+<2((;a§j15000)[f}ff (i) (m)(20)—(2(t;§zj15000)(1) (iif) (m)(20)(;)(220m)(1)

which equals
(1) 15:1(:)200 (11) _15:1(:)200 (111> _15200



