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9.5 Total Differentials and Approximations

For function z = f(x,y) whose partial derivatives exists, total differential of z is
dz = fu(z,y) - dx + f,(z,y) - dy,
where dz is sometimes written df. On the one hand, the ezact value of function is
flx 4+ Az,y + Ay) = f(z,y) + Az.

On the other hand, if differentials dr and dy are small, then dz ~ Az, and so the
value of the function could be (linearly) approximated by,

flx+Az,y+Ay) =~ flz,y)+dz

Total differentials can be generalized. For a function f = f(z,y,z) whose partial
derivatives exists, the total differential of f is given by

df = fo(z,y,2) - de + fy(z,y, 2) - dy + f.(x,y, 2) - dz.

Exercise 9.5 (Total Differentials and Approximations)
1. Differentials Az = dz and dz = f,(x,y) - dz + f,(z,y) - dy.

(a) f(z,y)=2>+3zy+y* z=2,y=0, dr=0.01, dy = —0.01.

since f(z,y) =22*"1 4+ 327y +0 =
(i) 2¢° (i) 3¢ 4 2y (i) 2% + 3y,

and fy(z,y) =0+ 3wy’ + 2y =
(i) 222 (ii) 3z + 2y (iii) 2o + 3y,

dz = f$($,y)d$+fy($,y)dy
= (22 + 3y)dz + (3x + 2y)dy
= (2(2) 4+ 3(0))(0.01) 4+ (3(2) +2(0))(—0.01) =

(i) —0.02 (ii) 0 (iii) 0.02
ezact Az = f(2.01,-0.01) — £(2,0) = [2.01% 4 3(2.01)(—0.01) + (=0.01)2] — [22 4 3(2)(0) + (0)?] =
—0.0201, so approximation minus exact: —0.02 — (—0.0201) = 0.0001
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(b)
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flr,y) =322 +3y* —4lny, =0,y = 1, dv = 0.01, dy = —0.01.

since f(z,y) =3-32>"14+0—-0=
(i) 922 (i) 6y — 5 (iii) 2z + 3y,

and f,(z,y)=0+3-2y* 1 —4.1=

(i) 92* (i) 6y — § (iii) 22 —|—y3y,
dz = f$($,y) ~dr + fy(xvy) - dy
= (92%)dx + <6y — %) dy
= (9(0)2)(0.01) + (6(1) - %) (—0.01) =
(i) —0.02 (i) 0 (iii) 0.02

ezact Az = f(2.01,-0.01) — £(2,0) = [3(0.01) + 3(0.99) — 41n(0.99)| — [3(0)* + 3(1)% — 4In(1)] ~
—0.0195, so approximation minus exact: —0.02 — (—0.0195) = —0.0005

flz,y)=3r+y? 2 =2,y=0,dr=0.01, dy = 0.01.

for fu(z,y), let flg(z)] = (3x +y?)?

with “inner” function g(x,y) = (i) 3= + y* (ii) 3= (iii) 3z + x?
and “outer” function f(z,y) = (i) 2 (i) 2 (iii) =2

with derivative g, (z,y) = (i) 3 (ii) 2y (iii) 3=

and derivative f,(x,y) = (i) %w% (i) %w% (iii) %a:_% = ﬁ

and so by chain rule

fol@y) = folo(z,9)] - gu(z,y) = ful32 4+ y7] - (3)

() = () ;72— (i) =

3x+y? 24/ 3x+y? 34/ 3x+y?
for f,(x,y), also let flg(x
with “inner” function g(z

and “outer” function f(x y)
with derivative g,(x,y) = (i

)
and derivative f,(z,y) = (i) gy% (ii) %y% (i) %y
and so by chain rule

folxy) = fylo(e,v)] - gy(x,y) = f,[3z + 3% - (2y)
1

23z + 12
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(i) \/;Ty (ii) - \/:Z»Ty (iii) \/ZT;,
dz = fu(z,y) dz+ fy(z,y) dy

_ L d _}_(L d

-\ 2Bz + 42 ’ V3r +y? Y

) (2\/3@) n <0>2) on ( 30 ¢ <0>2) (0

(i) 0.005 (ii) 0.006 (iii) 0.007

(d) f(x,y) = 2= =0,y =1, dr=0.01 and dy = 0.03

5$+4y

for f.(z,y), let u(z,y x —y and v(z,y) = bz + 4y.

O

then, u,(x,y) = (i) 4 ii) 4 (iii) —1
ani ve(z,y) = (i) bx? (i1) 5 (iii) 3 + 4
folany) = v(e,y) - un(z,y) —ule,y) - valz,y) Gz +4y)(4) — (4o —y)(5) _

[v(z,y)) (5 + 4y)?

. 21 .. 21 20
0) Goramr ) Gorager (1) Goiayys

for f,(z,y), let u(z,y) = 4z —y and v(z,y) = bz + 4y.

then, u,(z,y) = (i) 4=* (i) 4 (iii) —1
ang vy(z,y) = (i) bx? (i) 5 (iii) 4
£ (2 y) = v, y) - uy(,y) —u(@,y) -vy(e,y) Gz +4y)(=1) — (4o —y)(4) _

[v(z,y))? (52 + 4y)?

—21x

: 21 .s 21
0 Geramr ) Gorager () Goiae

dz = f$($,y)dl'+fy(l’,y)dy
B 21y —21x
- <(5x+4y)2> d <(5x+4y)2> @

_(am 20 Y o
= <(5(0)+4(1))2> (0.01) + <(5(0)+4(1))2> (0.03)
(i) 0.011 (ii) 0.012 (iii) 0.013
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2. Approzimation f(x + Az,y + Ay) = f(x,y) + fo(z,y) - dz + f,(z,y) - dy.

(a) Approximate /8.012 + 14.972.
let

Az = flxz+Az,y+Ay) — f(z,y)
= (@ +A2)2 + (y + Ay)? — a2 + ¢
= V/8.012+ 14.972 — V82 + 152
V8.012 + 14.972 — V172
V8.01% + 14.972 — 17

where we take advantage of the pythagorean triple 8% + 152 = 172 (64 + 225 = 289) relationship

implying f(z,y) = (i) V22 +y2 (i) 2* +y* (i) z +y

and z = (i) 8 (i) 15 (iii) 17
and Az = dz =8.01 —8 = (i) 0.01 (ii) 0.1 (iii) —0.01

and y = (i) 8 (i) 15 (iii) 17
and Ay = dy = 14.97 — 15 = (i) 0.03 (i) —0.03 (iii) 0.01

SO

V801241497 = Az+17

dZ + 17  since dz ~ Az
= folz,y)-doe+ f,(z,y) - dy+ 17

Q

for fu(z,y), let flg(2)] = (2® +47)2

with “inner” function g(z,y) = (i) 2 + y? (i) 3= (iii) 3z + x?
and “outer” function f(z,y) = (i) @z (i) #2 (iii) z2

with derivative g,(z,y) = (i) 3 (ii) 2y (iii) 2=

and derivative f.(x,y) = (i) %w% (ii) %w% (iii) %a:_% = ﬁ

and so by chain rule

fo(zy) = fuolg(@,y)] - gu(z,y) = ful2® + 7] - (22)

(i) \/;;Tyz (ii) \/ijyz (iii)wgii?
for f,(x,y), also let f[g(x)] = (2* + y*)2
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with “inner” function g(z,y) = (i) 2 +y? (i) 3= (iii) 3z + x?
and “outer” function f(z,y) = 3 (iii) y?

with derivative g,(z,y) = (i) 3 (ii)

and derivative f,(z,y) = (i) 3yz (i) 3y7 (i) iy

and so by chain rule

fo(@y) = flal@.y)]- gy(z,y) = fylz* + 7] - (2y)

1
NENCET- A
O 7w 0 75w 0570

and so
Vv8.012 + 1497 =~ f.(x,y) -de+ f,(z,y) - dy + 17

x Yy
—|d —= | d 17
<\/x2+y2> x+<\/x2+y2> v+

_ (W) (0.01) + (ﬁ) (~0.03) + 17
_ (%) (0.01) + Gi) (~0.03) + 17 ~

(i) 16.9782 (ii) 16.9822 (iii) 16.9932
ezact v/8.012 + 14.972 ~ 16.9783, so approximation minus exact: 16.9783 — 16.9782 = 0.0001

(b) Approzimate \/7.012 + 24.012.

let

Az = flx+Az,y+Ay) — f(z,y)
= (@ +A2)? + (y + Ay)? — 22 + ¢
= V7.012424.012 — V72 + 242
= V7.012+24.012 — V252
= V7.012424.01% — 25

where we take advantage of the pythagorean triple 72 + 242 = 252 (49 + 576 = 625) relationship

implying f(z,y) = (i) vz + 9% (i) 2* +y* (i) z +y

and z = (i) 7 (i) 24 (iii) 25
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and Az =dz =7.01 — 7= (i) 0.01 (ii) 0.1 (iii) —0.01

and y = (1) 7 (i) 24 (iii) 25
and Ay = dy = 24.01 — 24 = (i) 0.03 (ii) —0.03 (iii) 0.01

SO

V7.012+24.012 = Az+25

dZ + 25 since dz ~ Az
= fuolw,y)-dv+ fy(v,y) - dy +25

Q

for f.(z,y), let flg(x)] = x2+y2)%
with “inner” function g(z,y) = (i
and “outer” function f(z,y)
with derivative g,(z,y) = (i )

and derivative f,(x,y) = (i) %w% (ii) %a:
and so by chain rule

fx(xay) = fx[g(xay)] 'gx(x>y) = fx[xZ +y2] : (21’)

(i) ﬁ (ii \/:Ty (iil) —22—
for f,(x,y), also let flg(x)]

with “inner” function g(z,y
and “outer” function f(z,y)
with derivative g,(z,y) = (i )

and derivative f,(z,y) = (i) gy% (ii) %y% (iii) %y—% = %
and so by chain rule

fu(zy) = flole,v)] - gy(z,y) = fyl2* + 7] - (2y)

1
e B — 2 —
23z + y2( 2

. y .. @ 3x
O o Wms Wiz

and so

VT7.012424.012 ~ f.(z,y) de+ fy(x,y) - dy+ 17
T Y
= | —]d —|d 17
< f—l—@ﬂ) x+< F2+y2> Y+
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7 24
( O <24>2) 000+ () 0o+

_ (%) (0.01) + (g—g) (0.01) + 25 =

(i) 25.0124 (i) 25.0224 (iii) 25.0234
exact v/7.012 + 24.012 ~ 25.0124, so approximation minus exact: 25.0124 — 25.01240092 = —0.0000009

Approzimate 1.031n1.02.

let

Az = f(z+Az,y+Ay) — f(z,y)
= (z+ Az)In(y+ Ay) —xlny
= 1.03In1.02—-11In1
= 1.03In1.02

where we take advantage of the fact 1ln1=1-0=0

implying f(z,y) = (i) zlny (i) xzy (i) lInx +y

and z = (i) 1 (i) 1.02 (iii) 1.03
and Az =dz =1.02—1= (i) 0.01 (ii) 0.02 (iii) 0.03

and y = (i) 1 (i) 1.02 (iii) 1.03
and Ay =dy=1.03—1= (i) 0.01 (i) 0.02 (iii) 0.03

SO

1.03In1.02 = Az

dz  since dz ~ Az
folz,y) - do+ fy(2,y) - dy

Q

and v(z,y) = Iny.

for fu(z,y), let u(z,y) =«

1 (i) 0 (i) —1
1
y

then, u,(x,y) = (i i
and v (z,y) = (i) 0 (ii)

(iii) 3 + 4z
and so
fola,y) = v(@,y) - ua(z,y) +ulz,y) - valz,y) = (In2)(1) + (Iny)(0) =
O Inz (i) grge () Gori?

(5z+4y)?
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x and v(z,y) = Iny.
Do (i) —1
L (i) 3+ 4z

for f,(z,y), let u(z,y) =
then, u,(z,y) = (1) 1 (i
and v, (z,y) = (1) 0 (i)
and so

Fusy) = e, ) (o, 9) + ula,y) - vy(2,9) = (ng)(0) + (2) <l> ]
(i) Inx (i) Y (ili) xy
and so

1.03In1.02 = fo(z,y)-do+ f,(z,y) - dy
= (lnx)dx—i—(E) dy
Y

— (In1)(0.03) + (%) (0.02)
—(0)(0.03) + 1(0.02) =

(i) 0.02 (i) 0.03 (iii) 0.04

exact 1.031n1.02 =~ 0.0204, so approximation minus exact: 0.02 — 0.0204 = —0.0004

3. Application: temperature of flying bird
The temperature function for a bird in flight is given by

T(x,y,2) = 0.092% + 1.42y + 952°

Use differential dT" = T,(x,y,2) - do + Ty(x,y,2) - dy + T.(z,y,2) - dz to
approximate change in temperature when head wind x increases from 1 meters
per second to 2 meters per second, bird heart rate y increases from 50 beats
per minute to 55 beats per minute and flapping rate z increases from 3 flaps
per second to 4 flaps per second.

Since T,(z,y,z) = 0.09 - 22271 + 142"y + 0 =
(i) 190z (ii) L4z (i) 0.18z + 1.4y,

and T, (x,y,2) =0+ L4y 1+ 0=
(i) 190z (i) 1.4z (i) 0.18z + 1.4y,

and T,(z,y,2) =0+ 0+95-22*71 =
(i) 190z (i) 1.4z (iii) 0.182 + 1.4y,
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since x increases from 1 to 2,

dr=2-1=()5 (i)1 (i) —1

and y increases from 50 to 55,
dr=55—-50= (i) 5 (ii))1 (i) —1

and z increases from 3 to 4,
de=4-3= ()5 (ii))1 (i) —1

and so

dlI' = Ty(z,y,2)-do+Ty(z,y,2) - dy+T.(x,y,z2) - dz
= (0.18z + 1.4y)dz + (1.4z)dy + (190z)d=
= (0.18(1) + 1.4(50))(1) 4+ (1.4(1))(5) + (190(3))(1) =

(i) 647.08 (i) 647.18 (iii) 647.28
ezact AT = T(2,55,4) — (1,50,3) = [0.09(2)2 + 1.4(2)(55) + 95(4)%] — [0.09(1)% + 1.4(1)(50) + 95(3)?] =
749.27, so approximation minus exact: 749.27 — 647.28 = 102.09, large because dz = 5 large

9.6 Double Integrals

Double integral of f(z,y) over rectangular region Rina <z <b, c <y <d,

[ [reavas= [ [ s ayae= [* [ o) dedy

where, notice, integrating first over y from c¢ to d, then over = from a to b equals
integrating first over x from a to b, then over y from c to d.

f(x,y) double integral of f(x,y) over rectangular y
region between x=0,3andy=0,5

___________________

R ! rectangular region

R

Figure 9.21 (double integration over rectangular region)
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If z = f(x,y) is never negative in rectangular region, double integral gives volume
of under f(x,y) over region R. Double integral of f(z,y) over one type of variable
region R where a < x <b, g(z) <y < h(z) is

b rh(z)
/ / f(z,y) dydx,
a Jg(x)

or double integral of f(x,y) over variable region R where g(y) <z < h(y), c <y <d

d rh(y)
/ / f(z,y)dvdy
c Jg(y)

y y y

5| S . y=hx e
R x=h(y)

; o R

L y=90 x=gly)

- _____________ Clomm i

a b x a b X X
rectangular region R variable region R variable region R

Figure 9.22 (Double integrals over rectangular and variable regions)

If a double integration with variable regions is difficult to solve one way, it is often
possible to interchange limits of integration to make the integration easier, but care
must be taken to change the limits of integration accordingly.

Exercise 9.6 (Double Integrals)

1. Area [ [grldydr = [ [p1dxzdy of rectangular region 0 <z <3,0<y <5

area=3x5=60

rectangular region

I
I
-
1
1
1
1
1
1
1
1
1
1
1
1
1
I
I
I

3 X

Figure 9.23 (Area of rectangle bounded by 0 < x < 3,0 <y <5)
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Calculate area using order of integration dy dx,

3 5 37 /5

//1dyda::/ [/ ldy] dx

o Jo o LJo
—_—————

inner integral

outer integral

first calculate inner integral over 0 <y <5

5 5
/dy = /1dy
0 0
5
= 1/ y¥ dy
0

(i),
O + 1 y=0

(i) 5 (i) 0 (iii) 20

then, using inner integral result, calculate outer integral over 0 <z < 3

3T 45 3
/[/ dy}da: = /[5]0[1’
o LJo 0
3
= 5/ 20 dx
0
1 r=3
— 5( xOJrl)
0+1 =0
= 5(z)i,

= 5(3-0)=

(i) 15 (i) 20 (iii) 25

notice this result matches result in figure above, where area =3 x 5 = 15, or volume =1 x 2 x5 =15

Reversing the order of integration from dy dz to dx dy,

5 3 57 13

// dxdy:/ [/ 1dx

0o Jo o LJo
—_———

inner integral

dy

outer integral

first calculate inner integral over 0 <z < 3

3 3
/ dr = / 1dx
0 0
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3
= 1/ 20 dx
0

1 =3
= 1<—x0+1>
0 + 1 =0

()3 (i) 5 (i) 7

then, using inner integral result, calculate outer integral over 0 <y <5

[ILwn = [

(i) 15 (i) 20 (iii) 25

notice this result matches previous result, which is not always true, but will be the case in this course

2. Volume [ [r4dydx on rectangular region 0 < x <3,0<y <5

f(x,y)

fixy)=4

volume =4 (3)(5) =60

r N rectangular region
i dy dx

Figure 9.24 (Double integral f(z,y) =4 over 0 < x < 3,0 <y <5)

3 /5 37 5

//4dydx:/ [/ 4dy] dx

0o Jo o LJo
~———

inner integral

calculate

outer integral



Section 6. Double Integrals (LECTURE NOTES 8)

first calculate inner integral over 0 <y <5

5 5
/ ddy = 4 °dy
0

(i) 5 (i) 0 (iii) 20

then, using inner integral result, calculate outer integral over 0 < x < 3

/03[/0546@] dex = /3[20] dx

0
3

= 20/ 20 dx
0

1 r=3
= 20 <—$0+1>
O + 1 =0

= 20(z)"=)
= 20(3-0) =

(i) 70 (i) 60 (iii) 80

notice this result matches result in figure above, where volume = 3 X 5 x 4 = 60

3. [ [rddydx on rectangular region 0 <z <3,0<y <5

calculate

5 13 57 3

//4da:dy:/ [/ 4da:} dy

o Jo o LJo
—_———

inner integral

outer integral

where, notice, although similar to previous question, inner and outer integrals have been switched

first calculate inner integral over 0 < z < 3

3 3
/ 4dxr = 4/ 20 dx
0 0

1 r=3
= 4<—x0+1)
0 + 1 x=0
= Az)'

=0

4(3-0)=

159
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(1) 12 (i) 13 (i) 14

then, using inner integral result, calculate outer integral over 0 <y <5

/05 {/034dx] dy = /04[12] dy

(i) 70 (i) 60 (iii) 80

4
= 12/ y° dy
0
= 12( 1 y0+1>y:5
0+1 y=0
12(y)"=;
12(5-0) =

notice this result, f 03 f 05 4 dydx = 60, matches previous result, f 05 f 03 4dx dy = 60; although both required

about the same amount of work to solve, sometimes one is easier to solve than the other

4. 2 [2(3x + 4y) dy dx

double integral of f(x,y) over rectangular

f(x,y) | regionbetweenx=0,3andy=0,5

R

_____________________

rectangular region
dy dx

Figure 9.25 (f3 [2(3z + 4y) dy dx)

calculate inner integral over 0 <y <5

/03 /05(33: + 4y) dy dx

r 5

/ (3z + 4y) dy} dx

LJo

r 5

/ (32y° + 49") dy] dx

LJo

_(Sx . Lyo.ﬂ +4. Lyl_H)y:S i
AN 1+17 /2

—(3xy + 2y2)z: dx

:(390(5) + 2(5)2) — (Sx(O) + 4(0)2>] dr —
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(i) fE(15y + 50) dx (i) 2 15z dx (i) > (152 + 50) d=

notice, unlike previous questions, inner integration was solved “inside” outer integral, not separately as before

continuing, calculate outer integral over 0 < x < 3

3 15 3
/ / (3x 4+ 4y)dydx = / (152 + 50) dx
0 Jo 0

1 1+1 1 0+1 v=3
— (15— 50— )
( 17 Vet

= (%ﬁ + 50x> ::Z
= (?(3)2 4 50(3)) - (g(of + 36(0)) _

(i) 217.5 (ii) 218.5 (iii) 219.5

5. 00 33z + 4y) dy dx

rectangular region
dy dx

Figure 9.26 (region of integration: 0 <z <5, 0 <y < 3)

calculate inner integral over 0 <y < 3

/05/03(3x—|—4y)dydx - /O _/()3(3x+4y)dy} dz
= /05 _/03(333y0+4y1)dy] dx
51 1 0+1 1 1+1 y=3
/0 _<3x-ﬁy +4-my >y0‘| dx

(3;1:3/ + QyQ)Z: dx

5 -

(32(3) +2(3)%) — (32(0) + 4(0)*) | dz =

(i) [S9zdz (i) [7(9y + 18)dx (iii) [P (9z + 18) dx
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continuing, calculate outer integral over 0 < x < 5
5 13 5
/ / (3x +4y)dydx = / (9z + 18) dx
0o Jo 0
r=>5

_ ]‘ 1+1 ]‘ 0+1

= (9-—1+1JZ —|—18-—0+1x )x:O
9 ) r=>5

= (535 + 181’)96:0
9 2 9 2

_ (5(5) 4 18(5)) _ (5(0) + 36(0)) _

(i) 202.5 (ii) 203.5 (iii) 204.5

notice f05 f03(3:t+4y) dy dx = 202.5, here, does not equal previous result, fos f05 (B8z+4y) dy de = 217.5. Why?

6. J7 [3(3z + 4y) dy dx

_______________________

c T S
I[ R m' rectangular region
2---- - dydx

K '5
Figure 9.27 (region of integration: 1 <z <5, 2 <y < 3))

calculate inner integral over 2 <y < 3

5 3 -3
//(3x+4y)dydx = / /(3x+4y)dy} dx
1 J2 1 L2
51 3
_ / / (3xy0+4y1)dy] dz
1 L2
/5 (33:-L90+1+4'Lyl+1)y:3 .
S AN 1117 )y

-(3xy + 2y2) ﬂ dx

y=
y=

/15 (3x(3) + 2(3)2) _ (3x(2) n 4(2)2” do —

(i) [Z(By + 2)dx (i) [P(3x + 2)dx (iii) [’ (9z + 18) d=
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continuing, calculate outer integral over 1 < x <5
5 13 5
/ / (Bx +4y)dydr = / (3x +2)dx
1 J2 1
=5

— <3 . Lx1+1 + 9. on‘kl)
]_+1 0+1 r=1

3 =5
B <§x2 + 2x> =1

- @(5)2 +2(5)) - (g(l)2 +2(1)) _

(i) 45 (i) 46 (iii) 44

7.0 [3 3 dy da

calculate inner integral over 0 <y < 3

5 3 570 /3
//3xdydx = / /3xdy
0o Jo o LJo
57 /3
= / /3xy0dy
o LJo

51 1 0+1 y=s
= / 3z (—y + > dx 3z is constant with respect to y
0 L O + 1 y:O

dx

dx

= [ 'Be(®) - ) dr =
(i) [P 9z dx (i) [P 6xdz (iii) [ 9y dz

continuing, calculate outer integral over 0 < z <5

5 13 5
/ / 3rdydr = / 9z dx
0o Jo 0

1 " r=5
- o(he)
1 + 1 x=0

(i) 111.5 (i) 112.5 (iii) 113.5
Since f(z,y) = 3z is never negative over region 0 < z < 5 and 0 < y < 3, value of double integral is a volume

in this case.

8. J& (2 + y?) dy da
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y=0,4 x=0,3
Figure 9.28 ([ (2% 4+ 4?) dy dx)

calculate inner integral over 0 <y <4
Bt 2 W 2
/O/O(x +y ) dydr = /o /O(x —I—y)dy} dx
31 4 2.0 2
= /0 /O(xy +y)dy]dx
J

3_(332- Loy 1 ym)y:“ di
O‘f‘l 2+1 y=0

= /03 <x2y + %yg)sz dz
= [ (2@ +5@7) - (20 +500°)] dr =

() Jo (42% + %) da (i) J3 (222 + &) dz (iii) J§ (92 + 64) d

continuing, calculate outer integral over 0 < z < 3

3 4 3 64
/ / (22 + oy} dydr = / (4x2 + —> dx
0o Jo 0 3
_ <4 1 22 64 1 x0+1>x3
=0

2+1 3 0+1
G
- (369 +50) - (500 +50) -

(i) 99 (i) 100 (iii) 101

0. [ fh(2e? — 2?) dy du
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part of f(x,y) is positive over R
and part is negative under R

Figure 9.29 ([, [y (222 — 2y?) dy dx)

calculate inner integral over 0 <y <1

11 !
/0/0(23:2—2y2)dydx = /(2x2—2y2)dy

I
= /01 _/01(2902?40 . 2y2) dy} dr
L] o -2 k) ]

- L[5
/01 :(29:2(1) - %(1)3) - (23;2(0) - %(0)3)] dv =

i) fy (4332 + g) dr (i) [} (2932 — %) dr (iii) [y (2332 + g) dx

dx

continuing, calculate outer integral over 0 < x <1

/01/01(2x2—2y2)dydx = /01 (2:}52—%) dx

_ (2 L o2 1 xmle
=0

241 ::§'o+1
- (375
= (For-3m) - (507 -30) =

(i) =1 (i) 0 (iii) 1

Negative part of integral below f(z,y) exactly cancels positive integral below surface, so total integral is zero.

1 rl
10. fO fO e3T T4 dy dy (notice dr and dy have been reversed)
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calculate inner integral over 0 <z <1

1 1
/ / 3T dx dy
0o Jo

1

\

—

e

[1f
J, |
Ji |
I

0

[e=]
—_

o

1

o
—
/‘\/\/‘\

(i)

Chapter 9. Multivariable Calculus (LECTURE NOTES 8)

3:73+4y dx} dy

3z+4y |

.3 dx} dy

let w = 3z 4+ 4y, so dugz = 3dz

du]

dy

recall fe du = e*

3

€3$+4y> ‘| dy because u = 3z + 4y

1
3(V)+4y [ = .3(0)+4y dy =
3 ) (36 )] V=

5Jo (e 4 et) dy (i) %f (e®t3) dy (iii)

Ly (et — et) dy

continuing, calculate outer integral over 0 <y <1

1 /1 1 rt
/ / ST o dy = _/ (€4y+3 _€4y) dy
0o Jo 3 Jo
1/1 1 vt
_ g (Z . 64y+3 _ Z . 64y> following steps similar to above
y=0
I N TS
R
_ 1_12 {(64(1)+3 _ 64(1)) _ (64(0)+3 _ 64(0))} =
() f5le" — et — e+ 1] (i) f5[e" —et] (i) 5 [—e* +1]
11. f13 f%(%‘ + 4y) dy dx (notice variable limits of integration for y)
double integral of f(x,y) over
fix,y) variable region R ) y=3x
y=3(3)=9 -
fx,y) = /
y=3(1)=3-+---- R
_ 12
v 31/2 ///y X
) y y=1 172 £ N

1/2

y=X
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Figure 9.30 (/7% (32 + 4y) dy d)

calculate inner integral over /z <y < 3z

3 r3z
Iy

(i) [2(922 — 4z) dx (i)

(3x 4+ 4y) dydx = /13
_ /13:
_ /13
- )
_ /1

J3 (=82 —4x)dx (i) [3(272% — 3x7 — 4x) d=x

3x
3x +4y) dy| dx
/f( y) y]

x

3x
/ (32y° + 4y*) dy] dx

Nz

(Bxy + 2y2> dx

-
y=Vz

y=3x

1 1
3.T . —y0+1 4 4 . —y1+1> ‘| dl‘
( 0+1 1+1 y=VT

167

(32(3z) +2(32)?) — (32(v/z) + 4(V2)?)| do =

continuing, calculate outer integral over 1 < x < 3

3 3z
e

(i) 218

-
X

27

3
27
3

3
(3x +4dy) dydr = / (272% — 327 — 4z) dw
1

1
= [27. 241 _ 3.
(72+1x 3

1

3
2
5 6 5 r=3
r° — —x2? —4x

X

5 (i) 228.5 (iii) 208.5

12. [ [n i dy dx bounded by variable region y =z, y = %, r=2

y=1/x
or -
y=X
y X=1/y or
X=y
y=2 ----------------
Y=1/2 -+ f--r-mnnS -
| X
x=1 x=2

5 =

6 27

(3 - 26)F - 43) - (50 -
D 3
y y=1/x y=x
dy dx

R

i X

x=1 x=2
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Figure 9.31 (ffRidydx, y=z,y==xx=2)
A possible way of writing this question is (choose two!)
() J2 T Ldyde (i) ¥ [ dyde (i) /] 7L dedy+ 2 )2 L dady

so, on the one hand,

_—

no
h
@ | =
QL
<
Q
S

Il
_—

no
ﬁ
< | =
QL
NS
| I
Q
S

H\NH\

2

=Inz

i) Plnz?dzr (i) [Plnz2dz (i) [>Inzde
recall, Inz — ln% —1n %

continuing, calculate outer integral over 1 < x < 2

2 rz ] 2
/ /1 — dy dr = / In 1‘2 dx  solve using integration by parts, shown below
1 Jiy 1
xr

r=2

= (x Inz? — QI)le
= (@Wm(2)?-2(2)) - (1) In(1)* —2(1)) =

(i) 2In4 — 2 (i) 41In4 — 2 (iii) 4In2 — 2

/1n$2d$:/udv

integration by parts: let

SO

du= L 2z = % dz (chain rule) dv =dz

2
uvf/vdu:(1nx2)(x)7/x-—dx:xlnfo/de:xlnfoQx
x

and, on the other hand,

12 2 2] 1 r=2
/ / —dxdy—i—/ / —dxdy = / E
173 Y 1y Y 5 |\¥Y/, -1

and so

2
1

)]
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y=1
= <21ny— Y- ) +(2Iny —y)’Z]
2417 )2
= (2In1
( ! + ( 1/2)
+(21n2—2 (1n1—1
(i) 2In4 — 2 (i) 4ln4 — 2 (iii) 4In2 — 2
which is the same answer as before, where, reca1121n2721n%:21n%:21n4



