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Chapter 9

Other Univariate Statistical
Process Monitoring and Control
Techniques

We look at four control charts in this chapter.

• short run control chart: DNOM (standardized and un–standardized) chart

• modified and acceptance control charts

• control charts for multiple–stream processes: group control charts

• control charts for autocorrelated data

9.1 Statistical Process Control For Short Produc-

tion Runs

SAS program: att8-9-1-part-DNOM

We look at control charts used for short run production runs; in particular, DNOM
(both standardized and un–standardized) charts, in this section.
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Exercise 9.1 (Statistical Process Control For Short Production Runs)
Three different car parts (A, B and C) are each measured (weighed, in grams) four
times. These measurements, mi, and various other calculations are given in the table
below; in particular, the deviations from nominal,

xi = mi − Tj

and the standardized mean, x̄s
i , and standardized range, R̄s

i ,

x̄s
i =

M̄i − Tj

R̄j

, R̄s
i =

Ri

R̄j

and so

part m1 m2 m3 m4 M̄i Tj x1 x2 x3 x4 Ri R̄j x̄s
i R̄s

i

A 7 9 10 11 9.25 9.5 -2.5 0.5 -0.5 1.5 4 3.33 -0.08 1.20
A 9 9 9 11 9.50 9.5 -0.5 0.5 -0.5 1.5 2 3.33 0.00 0.60
A 7 10 11 8 9.00 9.5 -2.5 0.5 0.5 -1.5 4 3.33 -0.15 1.20
B 14 15 17 17 15.75 15.5 -1.5 0.5 -0.5 1.5 3 2 0.13 1.50
B 14 16 16 16 15.50 15.5 -1.5 0.5 0.5 0.5 2 2 0.00 1.00
B 15 17 15 17 16.00 15.5 -0.5 -0.5 1.5 1.5 2 2 0.25 1.00
B 17 17 16 16 16.50 15.5 1.5 0.5 1.5 0.5 1 2 0.50 0.50
B 16 17 15 16 16.00 15.5 0.5 -0.5 1.5 0.5 2 2 0.25 1.00
C 1 2 2 3 2.00 2.0 -1.0 0.0 0.0 1.0 2 1.75 0.00 1.14
C 3 2 2 3 2.50 2.0 1.0 0.0 0.0 1.0 1 1.75 0.29 0.57
C 3 3 2 1 2.25 2.0 1.0 0.0 1.0 -1.0 2 1.75 0.14 1.14
C 2 2 1 3 2.00 2.0 0.0 -1.0 0.0 1.0 2 1.75 0.00 1.14

1. Short production run, x̄ chart and R chart, non–standardized

From SAS, the x̄ chart is out of control for car parts (choose two!) A / B / C
It is out of control because the car parts are different with different x̄ and R,
not because the process is actually out of control.

2. Short production run, x̄ chart and R chart, standardized

From SAS, the x̄ chart is (choose one) in / out of statistical control.
The R chart is out of statistical control for car parts
(choose none, one or more) A / B / C
It is now valid to indicate whether the process is in or out of control because
we have accounted for (standardized) for different x̄ and R.

3. Standardizing the range, R̄s
i =

Ri

R̄j

The range of weights for heavier car parts will be (choose one) wider / nar-
rower than the range for the weights of lighter car parts. By dividing each range
by the average range for a particular car part, all of the ranges are standardized
to values with a center line of R = 1.
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4. Standardizing the mean, x̄s
i =

M̄i−Tj

R̄j

True / False The weight for the heavier car parts will both have a heavier mean
weight and a wider range of weights than for the mean and range, respectively,
of the weights for the lighter car parts. By subtracting the nominal (close to
mean) weight from each weight and the dividing the result by the average range
for a particular car part, all of the weights are standardized to values with a
center line of x̄ ≈ 0.

5. Correcting the standardized mean, x̄s
i =

M̄i−Tj

R̄j

True / False Since the nominal mean weight of a car part is not necessarily
exactly equal to the actual mean weight of a car part, the center line for the

standardized x̄s
i =

M̄i−Tj

R̄j
will not necessarily exactly equal zero. An adjustment

can be made to force the center line to be zero. This adjustment is not necessary
and, in fact, if the adjustment is too large, then the nominal mean weights should
be corrected.

9.2 Modified and Acceptance Control Charts

SAS program: att8-9-2-part-modified,acceptance

We look at modified and acceptance control charts in this section. Both of these
charts are used when the natural spread in the process is so much smaller than the
spread of the specification limits that the true mean of the process can be allowed to
vary over an interval inside the specification limits.
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Exercise 9.2 (Modified and Acceptance Control Charts)
A car part is each measured (weighed, in grams) twice. The means x̄ and ranges R
for 10 samples of this part are given below. Specifications for this car part has been
set as (LSL,USL) = 9.5± 2 = (7.5, 11.5).

x̄ 9.25 9.50 9.00 9.25 9.50 9.63 9.55 9.10 9.30 9.50 9.25 9.45
R 0.5 0.6 0.4 0.3 0.6 0.7 0.8 0.7 0.5 0.5 0.4 0.6

1. Modified control chart, δ = 0.01
Since the specifications are (LSL,USL) = 9.5± 2 = (7.5, 11.5)
and since1 δ = 0.01, Zδ = Z0.01 = 2.326, n = 2
and, from SAS, ¯̄x = 9.356667, R̄ = 0.55 then σ̂ = R̄

d2

= 0.55
1.128

= 0.4875
and so

(LCL,UCL) =

(

LSL+

(

Zδ −
3√
n

)

σ, USL−
(

Zδ −
3√
n

)

σ

)

=

(

9.5 +

(

2.326− 3√
4

)

(0.4875), 11.5−
(

2.326− 3√
4

)

(0.4875)

)

=

(choose one) (8.652, 10.348) / (9.652, 12.348) / (7.903, 11.097)

2. Acceptance control chart, γ = 0.01, 1− β = 0.90
Since the specifications are (LSL,USL) = 9.5± 2 = (7.5, 11.5)
and since γ = 0.01, Zγ = Z0.01 = 2.326
and 1− β = 0.90, Zβ = Z0.10 = 1.28
and n = 2
and, from SAS, ¯̄x = 9.356667, R̄ = 0.55 then σ̂ = R̄

d2

= 0.55
1.128

= 0.4875
and so

(LCL,UCL) =

(

LSL+

(

Zγ +
Zβ√
n

)

σ, USL−
(

Zγ +
Zβ√
n

)

σ

)

=

(

7.5 +

(

2.326 +
1.28√

4

)

(0.4875), 11.5−
(

2.326 +
1.28√

4

)

(0.4875)

)

=

(choose one) (8.95, 10.05) / (9.652, 12.348) / (9.903, 11.097)
The acceptance chart has slightly narrower (smaller) control limits than the
previous modified chart control limits.

3. Understanding the modified control chart

1The value Z0.01 is calculated using 2nd DISTR InvNorm(0.99) ENTER.
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(c) big capability: 6 sigma much less than USL - LSL 

USLLSL

(d) LCL and UCL are modified 

USLLSL LCL UCL

(a) small capability: 6 sigma equal to USL - LSL 

USLLSL

(b) LCL and UCL are determined to fit LSL and USL 

USL, UCLLSL, UCL

LCL UCL

Figure 9.1 (Understanding the modified control chart)

Since the capability, Cp, is so large, the x̄ chart is modified so that the spread
between in the control limits, (LCL,UCL), is made (choose one) smaller / the
same / larger than the typical case when Cp is smaller.

4. Understanding the acceptance control chart
True / False Both the acceptance and modified control charts provide wide
control limits to account for large capability. However, whereas the modified
control charts require n, δ and α to determine by how much the control limits can
be widened, the slightly more sophisticated acceptance control charts require,
in addition, γ and β information, to determine the revised control limits.

5. Acceptance control chart and sample size

Determine the sample size for an acceptance control chart where
δ = 0.001, α = 0.05, γ = 0.02 and β = 0.03.

Since δ = 0.001, Zδ = Z0.001 = 3.090
and α = 0.05, Zα = Z0.05 = 1.645
and γ = 0.02, Zγ = Z0.02 = 2.054
and β = 0.03, Zβ = Z0.03 = 1.881
and so

n =

(

Zα + Zβ

Zδ − Zγ

)2

=

(

1.645 + 1.881

3.09− 2.054

)2

=

(choose one) 11.58 / 12.58 / 13.58
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9.3 Control Charts For Multiple–Stream Pro-

cesses

SAS program: att8-9-3-printer-multiple

We look at a control chart which deals with multiple–stream processes, the group

control chart. This chart plots both the maximum x̄ of all of the process streams and
the minimum x̄ of all of the process streams.

Exercise 9.3 (Control Charts For Multiple–Stream Processes: Printer)
The average and range in the ink–jet pressures of the four heads in a color printer,
where 12 batches of five pressure tests each (4× 5× 12 = 250 pressures are measured
in total) are given below.

batch x̄ R̄ x̄ R̄ x̄ R̄ x̄ R̄ x̄min R̄min
¯̄x ¯̄R x̄max R̄max

1 23 2 24 1 26 2 25 3 23 1 24.50 2.00 26 3
2 21 1 25 2 24 4 24 4 21 1 23.50 2.75 25 4
3 24 2 22 4 25 3 27 2 22 2 24.50 2.75 27 4
4 25 3 24 3 22 1 21 5 21 1 23.00 3.00 25 5
5 24 1 20 2 21 2 23 1 20 1 22.00 1.50 24 2
6 23 2 21 1 24 2 22 2 21 1 22.50 1.75 24 2
7 21 1 23 3 28 5 24 1 21 1 24.00 2.50 28 5
8 22 2 24 4 22 2 25 2 22 2 23.25 2.50 25 4
9 20 2 22 3 22 1 21 1 20 1 21.25 1.75 22 3
10 21 1 25 1 23 3 23 5 21 1 23.00 2.50 25 5
11 22 3 27 2 22 4 25 1 22 1 24.00 2.50 27 4
12 21 2 25 1 24 2 28 2 21 1 24.50 1.75 28 2

1. Control limits for group x̄ chart

From SAS, the grand average of x̄ is,

¯̄x =
∑

12

j=1

∑

4

i=1
x̄

48
= (choose one) 21.25 / 23.33 / 25.5

and the grand average of R is,

R̄ =
∑

12

j=1

∑

4

i=1
R

48
= (choose one) 2.27083 / 2.33333 / 2.51455

The upper control limit and the lower control limit for the group x̄ chart are2,

¯̄x± A2R̄ = 23.33± 0.577(2.270833)

(choose one) (19.02, 22.64) / (22.02, 24.64) / (21.02, 22.64)

2The A2 constant is based on n = 5 and obtained from table VI, page 761.
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2. Control limits for group R chart

The upper control limit and the lower control limit for the group R chart are3,

(D3R̄,D4R̄) = (0(2.270833), 2.115(2.270833))

(choose one) (0, 2.641) / (0, 3.640) / (0, 4.803)

3. In or out of control: group x̄ chart

From SAS, the x̄ chart for the maximum of the four heads is (choose one)
in / out of statistical control, although it is not possible to tell from the
charts whether any particular head is out of statistical control. That all heads,
together, seem out of control, is confirmed by looking carefully at the data itself.

Both the x̄ chart and corresponding listed data for the minimum of the
four heads is (choose one) in / out of statistical control, although, again, it
does not seem to be the case that any particular head is out of statistical
control.

4. In or out of control: group R chart

From SAS, the R chart for the maximum of the four heads is (choose one)
in / out of statistical control, although it is not possible to tell from the
charts whether any particular head is out of statistical control. That all heads,
together, seem out of control, is confirmed by looking carefully at the data itself.

Both the R chart and corresponding listed data for the minimum of the
four heads is (choose one) in / out of statistical control, although, again, it
does not seem to be the case that any particular head is out of statistical
control.

9.4 SPC With Autocorrelated Process Data

SAS program: att8-9-4-icecream-timeseries,ewma,moving

We look at control charts which deal with autocorrelation in the process; in particular,
the first–order autoregressive model (AR(1)). We also look at two approximate control
charts which measure whether or not autocorrelated process data is in control: ewma
control charts for the residuals of the process and moving center line ewma control
charts of the process itself.

Exercise 9.4 (SPC With Autocorrelated Process Data)
Thirty (30) individual ice cream treats are weighed (in ounces).

3The D3 and D4 constants are based on n = 5 and obtained from table VI, page 761.
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5.4 5.6 5.8 5.7 6.2 6.2 6.5
7.8 7.3 7.8 7.9 7.8 7.9 9.8
9.1 9.4 9.0 9.2 8.1 7.7 7.6
7.0 7.0 7.0 7.2 7.0 6.9 6.0
6.9 6.4

1. What is positive autocorrelation?

time

weight

0            10           20          30          40

5

6

7

8

9

10

  -2

  -1

     0

    1

    2

time

error

  -2

  -1

     0

    1

     2

time

error

(b) correlated et et-1 + u
t

=

where  e   = 10
0

(c) correlated et et-1 + u
t

=

where  e   = -10
0

16          20          24           28          32
0            4              8            12          16

(a) weight process

Figure 9.2 (Positive autocorrelated process)

From the SAS individual chart, or the figure (a) above, the ice cream weights
appear to be (choose one) positively / negatively autocorrelated with one
another because the weights appear to first systematically increase and then
systematically decrease over the entire time interval.
In other words, the errors, at first, in figure (b), from times 1 to 14–18, appear
to be mostly the same and all (choose one) positive / negative
and, then for the remainder of the time, in figure (c), from times 14–18 to 30,
the errors again appear to be mostly the same, but now all
(choose one) positive / negative.

2. Positive autocorrelation versus negative autocorrelation

True / False Positive autocorrelation occurs if the errors are all of the same

magnitude and also of the same sign (whether they are all positive or all neg-
ative). Negative correlation occurs if the errors are all of the same magnitude,
but of alternating signs.
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3. Measuring autocorrelation

The autocorrelation is measured using

rk =

∑n−k

t=1
(xt − x̄)(xt−k − x̄)
∑n

t=1
(xt − x̄)2

, k = 0, . . . , K

In this ice cream example, the following plot of sample autocorrelations, for
k = 1, . . . , 30, are

time

autocorrelation

0            10           20          30          40

-1

-0.5

0

0.5

1

sample autocorrelation

Figure 9.3 (Sample autocorrelation)

From SAS, or the figure above, the autocorrelation appears to be significant at
(choose one or more!) one / two / three time lags, where r1 = 0.81153
because the height of the line at time lag one exceeds the control limits, but the
height of the line at time lag two does not exceed the control limits.
In other words, each weight depends mostly on the weight one time lag into the
past and not also, for example, the weight two time lags into the past or the
weight three time lags into the past.

4. Correcting for autocorrelation
Since the autocorrelation appears to be significant at one time lag, a first–order
autoregressive model (AR(1 )), given by x̂t = ξ̂ + φ̂xt−1 = (choose one)

(a) 6.85796 + 0.87513xt−1

(b) 7.85796 + 0.87513xt−1

(c) 8.85796 + 0.87513xt−1

is used to model the process, as opposed to a second–order autoregressive model
(AR(2 )), given by x̂t = ξ̂ + φ̂1xt−1 + φ̂2xt−2, say, or even higher order autore-
gressive models.

5. Is the AR(1 ) model in statistical control?

From the SAS residual plot of the AR(1 ), it appears as though the process is
more in statistical control than before, although there is an out of control signal
at time (choose one) 13 / 14 / 15.
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6. Ewma method 1 to determine if ice cream process is in control

Rather than use a residual plot of a (sophisticated) AR(1 ) to check to see if the
AR(1 ) process is in control, it is possible to use the ewma control chart on the
residuals of the original (non–AR(1 ) modelled) process to decide if the AR(1 )
process is in control. From SAS, this method indicates the process is (choose
one) in / out of control.

7. Moving center line ewma method to determine if ice cream process is in control

An second alternative to using a residual plot of a AR(1 ) to check to see if the
AR(1 ) process is in control, is to use the moving center line ewma control chart
of the original process itself (not the residuals of the process) to decide if the
AR(1 ) process is in control. From SAS, this method indicates the process is
(choose one) in / out of control except at time 14.

9.5 Adaptive Sampling Procedures

This material is not covered.

9.6 Economic Design Of Control Charts

This material is not covered.

9.7 Overview of Other Procedures

This material is not covered.


