
Chapter 20

Design and Analysis of
Experiments and Observational
Studies

Point of both observational studies and designed experiments is to identify variable
or set of variables, called explanatory variables, which are thought to predict outcome
or response variable. Observational studies are an investigation of the association
between treatment and response, where subject who decide whether or not they take
a treatment. In experimental designs, experimenter decides who is given a treat-
ment and who is to be a control, the experimenter alters levels of treatments when
investigating how these alterations cause change in the response.

20.1 Observational Studies

Exercise 20.1 (Observational Studies)

1. Observational Study versus Designed Experiment.

(a) Effect of air temperature on rate of oxygen consumption (ROC) of four
mice is investigated. ROC of one mouse at 0o F is 9.7 mL/sec for example.

temperature (Fo) 0 10 20 30
ROC (mL/sec) 9.7 10.3 11.2 14.0

Since experimenter (not a mouse!) decides which mice are subjected to
which temperature, this is (choose one)
observational study / designed experiment.

(b) Indiana police records from 1999–2001 on six drivers are analyzed to de-
termine if there is an association between drinking and traffic accidents.
One heavy drinker had 6 accidents for example.
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drinking → heavy light
3 1
6 2
2 1

This is an observational study because (choose one)

i. police decided who was going to drink and drive and who was not.

ii. drivers decided who was going to drink and drive and who was not.

(c) A recent study was conducted to compare academic achievement (mea-
sured by final examination scores) of Internet students with classroom
students. This is an observational study because (choose one)

i. instructor assigned students to classroom or internet.

ii. students decided to attend classroom or Internet class.

(d) Effect of drug on patient response. Response from one patient given drug
A is 120 units for example.

drug → A B C
120 97 134
140 112 142
125 100 129
133 95 137

If this is a designed experiment, then (choose one)

i. experimenter assigns drugs to patients.

ii. patients assigns drugs to themselves.

2. Explanatory variables, responses, confounding and lurking variables and more.
Point of both observational studies and designed experiments is to identify vari-
able or set of variables, called explanatory variables, which are thought to predict
outcome or response variable. Confounding between explanatory variables oc-
curs when two or more explanatory variables are not separated and so it is not
clear how much each explanatory variable contributes in prediction of response
variable. Lurking variable is explanatory variable not considered in study but
confounded with one or more explanatory variables in study.

(a) Effect of drug on patient response.

drug → A B C
120 97 134
140 112 142
125 100 129
133 95 137
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i. Explanatory variable or, equivalently, factor is (choose one)

A. drug

B. patients

C. drug A

D. drug A, B and C

ii. Three treatments or, equivalently, three levels of factor are

A. drug

B. patients

C. drug A

D. drug A, B and C

iii. Experimental units or, better, subjects are (choose one)

A. drug

B. patients

C. drug A

D. drug A, B and C

iv. Number of replications (patients per treatment) is 2 / 3 / 4.

v. One drug is a control, something to compare the other active drugs
against. If drug A is a placebo, a drug with no medical properties,
then the control in this case is

A. drug

B. patients

C. drug A

D. drug A, B and C

vi. Patients who receive a drug may feel better simply because they re-
ceived drug and not because of any actual medical relief drug might
provide. A bias in favor of / against the drug occurs unless a placebo
is used.

vii. True / False.
This experiment is single-blind if patients do not know which drug is
assigned to which patient and double-blind if both patients and exper-
imenters do not know which drug is assigned to which patient, until
after experiment is over.

(b) Effect of temperature on mice rate of oxygen consumption.

temperature (Fo) 0 10 20 30
ROC (mL/sec) 9.7 10.3 11.2 14.0

i. Explanatory variable considered in study is (choose one)

A. temperature
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B. rate of oxygen consumption

C. mice

D. mouse weight

ii. Response is (choose one)

A. temperature

B. rate of oxygen consumption

C. mice

D. room temperature

iii. Possible explanatory variable not considered in study (choose two!)

A. temperature

B. rate of oxygen consumption

C. noise level

D. mouse weight

iv. To guard against confounding variables, the experiment should at-
tempt to control (a second meaning of the work “control”) for other
possible variables; that is, for example, keep noise and mouse weight
the same / different when conducting the experiment.

v. Mouse weight is a lurking variable if confounded with temperature in,
for example, following way.

temperature (Fo) 0o 10o 20o 30o

mouse weight (oz) 10 14 18 20
ROC (mL/sec) 9.7 10.3 11.2 14.0

Hotter temperatures confounded with heavier mice because increased

A. temperature alone

B. mouse weight alone

C. combination of temperature and mouse weight

are associated with increased ROC. One way to reduce confounding
in this experiment would be to

A. assign temperatures to mice at random

B. assign lower temperatures to heavier mice

Number mice 1, 2, 3 and 4. Mice

A. 6, 8, 4, 1

B. 4, 1, 3, 2

C. 4, 2, 1, 3
assigned to temperatures 0o, 10o, 20o and 30o respectively.
mice <- c(1,2,3,4); set.seed(7); sample(mice, 4, replace=FALSE) # set.seed gives same "random" sample

(c) Effect of drinking on traffic accidents.
Indiana police records from 1999–2001 are analyzed to determine if there
is an association between drinking and traffic accidents.
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drinking heavy drinker 3 6 2
light drinker 1 2 1

i. Match columns.
Terminology Example

(a) explanatory variable (A) driver’s age
(b) response (B) amount of drinking
(c) lurking variable (C) number of traffic accidents

Terminology (a) (b) (c)
Example

ii. Suppose age influences number of traffic accidents. Age is a confound-
ing (and so lurking) variable with drinking in number of traffic acci-
dents of Indiana drivers if (circle one)

A. young drivers had more traffic accidents than older drivers.

B. intoxicated drivers had more traffic accidents than sober drivers.

C. it was not clear at end of study whether number of traffic accidents
was a consequence of being intoxicated or not, or whether it was
a consequence of age.

iii. One way to eliminate confounding effect of age with drinking on num-
ber of traffic accidents (to control for age) in this observational study
would be to (choose one)

heavy drinkers heavy drinkers

younger older

light drinkers light drinkers

compared to compared to

      alchol vs accidents,  

      controlling for age confounder

effect on number of accidents

Figure 20.1: Drinking and Driving Study, Controlling For Age

A. assign drivers to be either drunk or sober at random (Is this pos-
sible, since the data was collected from police records?)

B. compare number of traffic accidents of drunk drivers with sober
driver who both have similar ages, to control for age.

C. compare number of traffic accidents of drunk drivers with sober
driver who both have different ages
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(d) Effect of teaching method on academic achievement.
A recent study compares academic achievement (measured by final exam-
ination scores) of Internet students with classroom students.

i. Suppose average GPA influences academic achievement. Average stu-
dent GPA is a confounding (lurking) variable with teaching method
on academic achievement of students if (circle one)

A. students with high average GPAs had better final examination
scores than students with low average GPAs.

B. Internet students had better final examination scores than class-
room students.

C. it is not clear at end of study whether students’ academic achieve-
ment is a consequence of being either an Internet students or class-
room students, or is a consequence of average GPA.

ii. One way to eliminate confounding effect of average GPA with teaching
method on academic achievement of students (to control for average
GPA) in this observed study would be to (choose one)

      internet/class vs learning, 

      controlling for GPA confounder

internet internet

low GPA high GPA

classroom classroom

compared to compared to

effect on learning (final exam scores)

internet

middle GPA

classroom

compared to

Figure 20.2: Academic Achievement and Teaching Method, Controlling For GPA

A. assign students to be either “classroom” or “Internet” students
at random (Is this possible, since these students choose between
these two options themselves?)

B. compare academic achievement of classroom students with Inter-
net students who both have similar average GPAs, to control for
GPA.

C. compare the academic achievement of classroom students with In-
ternet students who both have different average GPAs

iii. True / False Controlling for confounder average GPA in this study
does not control for any other confounder. Each confounder (lurking
variable) must be controlled for separately from every other confounder
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in an observational study.
(This is unlike in a randomized designed experiment, where randomization takes care of all

confounders all at once.)

3. Two types of observational studies: retrospective and prospective.
Data collected from historical records is a retrospective (or case-control) study.
Data collected over time (into the future) of a group (or cohort) of individuals
collected at random is a prospective (or cohort) study.

(a) Effect of drinking on traffic accidents.
Indiana police records from 1999–2001 are analyzed to determine if there
is an association between drinking and traffic accidents.

drinking heavy drinker 3 6 2
light drinker 1 2 1

If number of historical traffic accidents of drunk drivers is compared with
sober drivers who both have similar characteristics such as age, gender,
health and so on, this is a (choose one)

i. retrospective observational study

ii. prospective (cohort) observational study

iii. designed experiment

(b) Explanatory variables influencing traffic accidents.
If a large group of individuals collected at random are observed over an
extended period of time into the future to determine explanatory variables
contributing to traffic accidents, this is a (choose one)

i. retrospective observational study

ii. prospective (cohort) observational study

iii. designed experiment

(c) Effect of temperature on mice rate of oxygen consumption.

temperature (Fo) 0 10 20 30
ROC (mL/sec) 9.7 10.3 11.2 14.0

This is a (choose one)

i. retrospective observational study

ii. prospective (cohort) observational study

iii. designed experiment

4. Two types of experimental design: completely randomized, randomized block
Consider experiment to determine effect of temperature on mice ROC.

(a) Completely Randomized Design.
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mice

Group 1 (3 mice)

Group 2 (3 mice)

random

assignment
ROC response

Treatment 1 (70)

Treatment 2 (-10)

Figure 20.3: Completely randomized with temperature factor

temperature → 70o F −10o F
10.3 (a) 9.7 (d)
14.0 (b) 11.2 (e)
15.2 (c) 10.3 (f)

This is a completely randomized design with (choose one or more!)

i. one factor (temperature) with two (but could be more) treatments,

ii. three pair of mice matched by age,

iii. mice assigned to temperatures at random.

To reduce lurking (confounding) variables, assign six mice at random to
two temperatures. Number mice 1, 2, 3, 4, 5 and 6. Mice

i. 3, 8, 1

ii. 3, 1, 2

iii. 6, 2, 1

assigned to temperature 70o (a), (b) and (c) and mice

i. 4, 5, 3

ii. 3, 4, 5

iii. 4, 3, 5

assigned to temperature −10o (d), (e) and (f).
mice <- c(1,2,3,4,5,6); set.seed(7); sample(mice, 6, replace=FALSE)

(b) Randomized Block design.

age ↓ temperature → 70o F −10o F
10 days 10.3 (a) 9.7 (d)
20 days 14.0 (b) 11.2 (e)
30 days 15.2 (c) 10.3 (f)

This is a randomized block design with (choose one or more!)

i. one factor (temperature) with two (but could be more) treatments,

ii. one block (age) with three levels (where age is not “assigned” to mice)

iii. mice assigned to temperatures within each age block at random.

To reduce lurking (confounding) variables, assign two mice each at random
to three blocks of two temperatures. Number mice 1, 2, 3, 4, 5 and 6. Mice
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mice

10 day

20 day

30 day

Group 1 (1 mouse)

Group 2 (1 mouse)

Group 1 (1 mouse)

Group 2 (1 mouse)

Group 1 (1 mouse)

Group 2 (1 mouse)

Treatment 1 (70)

Treatment 2 (-10)

ROC responserandom

assignment

random

assignment

random

assignment

ROC response

ROC response

Treatment 1 (70)

Treatment 2 (-10)

Treatment 1 (70)

Treatment 2 (-10)

Figure 20.4: Randomized block with temperature (factor), age (block)

i. 1, 2

ii. 2, 1

assigned to 10 days block (a), (d) and mice

i. 3, 4

ii. 4, 3

assigned to 20 days block (b), (e) and mice

i. 5, 6

ii. 6, 5

assigned to 30 days block (c), (f).
mice.10 <- c(1,2); set.seed(7); sample(mice.10, 2, replace=FALSE)

mice.20 <- c(3,4); set.seed(7); sample(mice.20, 2, replace=FALSE)

mice.30 <- c(5,6); set.seed(7); sample(mice.30, 2, replace=FALSE)

(c) Another Randomized Block design.

block ↓ temperature → 70o F −10o F
mouse 1 or two “similar” mice 10.3 9.7
mouse 2 or two “similar” mice 14.0 11.2
mouse 3 or two “similar” mice 15.2 10.3

This is a matched-pair design with (choose one or more!)

i. one factor (temperature) with exactly two treatments,

ii. three mice or three pair of “similar” mice,

iii. mice assigned to temperatures within each age at random.

A pair of mice might be “similar” due to age only; that is, 10 days, 20 days and 30 days, but, typically,

are paired with greater number of similar characteristics such as similar age, gender, general health

and so on. Using the same mouse is also possible.
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(d) Completely Randomized or Randomized Block?

drug → A B C
120 97 134
140 112 142
125 100 129
133 95 137

Since this experiment consists of one factor with three levels, no blocks
and where patients are assigned to drugs at random, this is a (choose one)

i. completely randomized design

ii. randomized block design

(e) Completely Randomized or Randomized Block?

age↓ drug → A B C
20-25 years 120 97 134
25-30 years 140 112 142
30-35 years 125 100 129
35-40 years 133 95 137

Since this experiment consists of one factor (drug) with three levels, one
block (age) with four levels and where patients are assigned to drugs within
common ages at random, this is a (choose one)

i. completely randomized design

ii. randomized block design

5. Factorial Design: effect of music (artist, loudness) on heart rate.
Effect of volume and different musical artists on heart rate of students, chosen
at random from PNW, is investigated. For instance, heart rates of two students
listening to Natalie Merchant playing softly are 7.2 and 8.1 units.

artist ↓ volume → soft medium loud
Natalie Merchant 7.2, 8.1 8.4, 8.2 8.9, 9.2
Matchbox Twenty 9.1, 8.7 9.2, 9.5 10.2, 12.7
Handel 3.2, 4.1 4.3, 4.1 4.7, 4.5

(a) Match columns.

Column I Column II

(a) explanatory variables (A) artist, volume
(b) subjects (B) Handel, soft
(c) response (C) heart rates
(d) control (D) PNW students
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Column I (a) (b) (c) (d)
Column II

(b) This is a 2 / 3 / 4 factor design where each factor has 2 / 3 / 4 levels.

(c) Number of treatments is 3 artists × 3 volumes = 8 / 9 / 10.

(d) Number of replications (students per treatment) is 2 / 9 / 18
and because there is the same number of replications per treatment this
design is balanced / unbalanced.

(e) Number of students required for experiment is 2 / 9 / 18.

(f) Block or explanatory variable? Choose one.

i. Both artist and volume are explanatory variables

ii. Artist is block; volume is explanatory variable

iii. Artist is explanatory variable; volume is block

iv. both artist and volume are blocks

because both artist and volume are assigned to students.

6. More Factorial Design: effect of clay type, oven on proportion cracked.
Clay tiles are fired in a kiln where, unfortunately, some of the tiles crack during
the firing process. Batches of clay are molded into clay tiles using one of three
ovens. A manufacturer of clay roofing would like to investigate the effect of clay
type and oven on proportion of cracked tiles. Two different types of clay are to
be considered. Both clay types are identical, aside from addition of ingredient
A for clay type A and addition of ingredient B for clay type B. Plates of one
hundred tiles can be placed in kiln at any one time. Higher firing temperature
increases cracking. There are slight variations in firing temperature at different
locations in kiln. Where tiles are placed in kiln is not considered (used) in
design of experiment.

(a) Which design is correct? Choose one table.

i. Table A.
temperature ↓ oven → 1 2 3
warm 100 tiles 100 tiles 100 tiles
hot 100 tiles 100 tiles 100 tiles

ii. Table B.
clay type ↓ oven → 1 2 3
ingredient A 100 tiles 100 tiles 100 tiles
ingredient B 100 tiles 100 tiles 100 tiles
ingredient C 100 tiles 100 tiles 100 tiles

iii. Table C.
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clay type ↓ oven → 1 2 3
ingredient A 100 tiles 100 tiles 100 tiles
ingredient B 100 tiles 100 tiles 100 tiles

(b) Match columns.

Column I Column II

(a) explanatory variable (A) clay ingredient A, oven 1
(b) experiment unit(s) (B) proportion of cracked clay tiles
(c) response (C) clay tiles
(d) control (D) clay type, oven
(e) confounder (E) location (heat) of tiles in kiln

Column I (a) (b) (c) (d) (e)
Column II

(c) Number of treatments is 6 / 8 / 10.

(d) Number of replications (tiles per treatment) is 50 / 100 / 200.

(e) Number of tiles required for experiment is 600 / 800 / 1000.

(f) Block or explanatory variable? Choose one.

i. Both clay type and oven are explanatory variables

ii. Clay type is block; oven is explanatory variable

iii. Clay type is explanatory variable; oven is block

iv. Clay type and oven are blocks

because both clay type and oven are assigned to tiles.

(g) Identify possible confounders (lurking variables). Choose one or more.

i. confounder / not confounder gender of kiln operator

ii. confounder / not confounder humidity in kiln

iii. confounder / not confounder temperature in kiln

iv. confounder / not confounder air pressure in kiln

7. Match columns.

Column I Column II

(a) randomize (A) use many subjects to decrease variability in results
(b) control (B) make external variables as similar as possible
(c) replicate (C) assign subjects to treatments at random to reduce confounding
(d) block (D) control for variable explicitly within experiment

Column I (a) (b) (c) (d)
Column II
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20.2 Randomized Comparative Experiments

Material covered in previous section.

20.3 The Four Principles of Experimental Design

Material covered in previous section.

20.4 Experimental Designs

Material covered in previous section.

20.5 Issues in Experimental Designs

Material covered in previous section.

20.6 Analyzing a Design in One Factor–The One-

Way Analysis of Variance

A one–way ANOVA procedure tests multiple averages using test statistic

Fk−1,N−k =
MSTr

MSE

which has a F distribution, with (N − k, k − 1) df, where N data points sampled
randomly from k treatments (populations), and where k samples are independent of
one another, each normally distributed and all with same variance, σ2, and where
MSTr is mean square due to treatment and MSE is mean square due to error, and
calculated as given in ANOVA table:

Source Degrees of Freedom, DF Sum Of Squares Mean Squares F -Ratio

Treatment (between) k − 1 SSTr =
∑k

i=1
ni(yi − y)2 MSTr = SSTr

k−1
Fk−1,N−k = MSTr

MSE

Error (within) N − k SSE =
∑k

i=1
(ni − 1)s2i MSE = SSE

N−k

Total N − 1 SST =
∑∑

(yij − y)2

The Bonferroni multiple comparison confidence intervals (CIs) for pairwise com-
parison of means, ȳi − ȳj, which guards against increased type I error (accidently
rejecting the null), is given by

(ȳi − ȳj)± t(1−α/(2g);N−k)

√

√

√

√MSE

(

1

ni

+
1

nj

)
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where g is the number of CIs and MSE is the mean squared error from the associated
one-way ANOVA table.

Exercise 20.5 (Analyzing a Design in One Factor–The One-Way Analysis
of Variance)

1. Test comparing multiple means, ANOVA: average drug responses A.
Fifteen different patients, chosen at random, subjected to three drugs. Test if
at least one of the three mean patient responses to drug is different at α = 0.05.

drug 1 drug 2 drug 3
5.90 5.51 5.01
5.92 5.50 5.00
5.91 5.50 4.99
5.89 5.49 4.98
5.88 5.50 5.02

x̄1 ≈ 5.90 x̄2 ≈ 5.50 x̄3 ≈ 5.00

y.drug.A <- chapter20.drugA.oneway; attach(y.drug.A); head(y.drug.A)

sapply(list(drug.1,drug.2,drug.3), mean) # mean responses for three drugs

(y.stack.A <- stack(y.drug.A)); names(y.stack.A) <- c("response.A", "drug.A"); attach(y.stack.A); head(y.stack.A)

tapply(response.A,drug.A,var)

(a) Check assumptions.
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Figure 20.5: Checking ANOVA assumptions
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par(mfrow=c(2,2)); plot(aov(response.A~drug.A)); par(mfrow=c(1,1)) # check assumptions

i. Data normal?
Normal probability plot indicates (more or less)
normal / not normal because plot is (more or less) linear.

ii. Constant (equal) variance (SD)?
All three residual plots indicate (more or less)
equal / unequal SD for different drug responses.
Roughly, maximum residual variance should be no more than twice minimum residual variance.

(b) Statement. Choose one.

i. H0 : µ1 = µ2 = µ3 vs H1 : µ1 6= µ2, µ1 = µ3.

ii. H0 : µ1 = µ2 = µ3 vs H1 : µ1 6= µ3, µ1 6= µ2.

iii. H0 : µ1 = µ2 = µ3 vs H1 : µi 6= µj, i 6= j; i, j = 1, 2, 3.

iv. H0 : means same vs H1 : at least one of the means different

No matter how the question is worded, null is always “means same” and alternative is always “at least

one of the means different”.

(c) Test.
p–value = (circle one) 0.00 / 0.035 / 0.043.
summary(aov(response.A~drug.A))

Level of significance α = (choose one) 0.01 / 0.05 / 0.10.

(d) Conclusion.
Since p–value = 0.00 < α = 0.05,
(circle one) do not reject / reject null H0 : means same.
Data indicates (circle one)
average drug responses same
at least one of average drug responses different

(e) Related question.
“H1 : at least one of the means different” means: (choose one or more)

i. µ1 6= µ2, but µ2 = µ3

ii. µ1 6= µ3, but µ2 = µ3

iii. µ2 6= µ3, but µ1 = µ3

iv. µ1 6= µ2, µ1 6= µ3 and µ2 6= µ3

(f) Bonferroni multiple comparison CIs for mean pairwise differences, ȳi− ȳj.

response.A std r LCL UCL

drug.1 5.9 0.015811388 5 5.886807 5.913193

drug.2 5.5 0.007071068 5 5.486807 5.513193

drug.3 5.0 0.015811388 5 4.986807 5.013193
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Means with the same letter are not significantly different

Groups, Treatments and means

a drug.1 5.9

b drug.2 5.5

c drug.3 5

FIRST, INSTALL PACKAGE AGRICOLAE

library(agricolae) # multiple pairwise bonferroni mean comparisons

LSD.test(aov(response.A~drug.A), "drug.A", p.adj= "bon",console=TRUE, alpha = 0.05)

Since three treatments are grouped into three different groups “a”, “b”
and “c”, the means of these three treatments are / are not significantly
different from one another.

2. Test comparing multiple means, ANOVA: average drug responses B.
Fifteen different patients, chosen at random, subjected to three drugs. Test if at
least one of the of three mean patient responses to drug is different at α = 0.05.

drug 1 drug 2 drug 3
5.90 6.31 4.52
4.42 3.54 6.93
7.51 4.73 4.48
7.89 7.20 5.55
3.78 5.72 3.52

x̄1 ≈ 5.90 x̄2 ≈ 5.50 x̄3 ≈ 5.00

y.drug.B <- chapter20.drugB.oneway; attach(y.drug.B); head(y.drug.B)

sapply(list(drug.1,drug.2,drug.3), mean) # mean responses for three drugs

(y.stack.B <- stack(y.drug.B)); names(y.stack.B) <- c("response.B", "drug.B"); attach(y.stack.B); head(y.stack.B)

tapply(response.B,drug.B,var)

(a) Statement. Choose none, one or more.

i. H0 : µ1 = µ2 = µ3 vs H1 : µ1 6= µ2, µ1 = µ3.

ii. H0 : µ1 = µ2 = µ3 vs H1 : µ1 6= µ3, µ1 6= µ2.

iii. H0 : µ1 = µ2 = µ3 vs H1 : µi 6= µj, i 6= j; i, j = 1, 2, 3.

iv. H0 : means same vs H1 : at least one of the means different

(b) Test.
p–value = (circle one) 0.00 / 0.35 / 0.66.
summary(aov(response.B~drug.B))

Level of significance α = (choose one) 0.01 / 0.05 / 0.10.
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(c) Conclusion.
Since p–value = 0.66 > α = 0.05,
(circle one) do not reject / reject null H0 : means same.
Data indicates (circle one)
average drug responses same
at least one of average drug responses different

(d) Bonferroni multiple comparison CIs for mean pairwise differences, ȳi− ȳj.

response.B std r LCL UCL Min Max

drug.1 5.9 1.819134 5 4.411997 7.388003 3.78 7.89

drug.2 5.5 1.416775 5 4.011997 6.988003 3.54 7.20

drug.3 5.0 1.296013 5 3.511997 6.488003 3.52 6.93

Means with the same letter are not significantly different

Groups, Treatments and means

a drug.1 5.9

a drug.2 5.5

a drug.3 5

library(agricolae) # multiple pairwise bonferroni mean comparisons

LSD.test(aov(response.B~drug.B), "drug.B", p.adj= "bon",console=TRUE, alpha = 0.05)

Since three treatments are grouped into one group “a”, the means of these
three treatments are / are not significantly different from one another.

(e) Related questions. ANOVA table is

Df Sum Sq Mean Sq F value Pr(>F)

drug.B 2 2.033 1.017 0.436 0.656

Residuals 12 27.985 2.332

SSTr = 1.017 / 2.033 / 2.332 / 27.985
MSTr = 1.017 / 2.033 / 2.332 / 27.985
SSE = 1.017 / 2.033 / 2.332 / 27.985
MSE = 1.017 / 2.033 / 2.332 / 27.985
so test statistic is F = MST

MSE
= 1.0167

2.3321
= 0.345 / 0.436 / 0.767,

with k − 1 = 3− 1 = 2 and n− k = 15− 3 = 12 DF,
so p–value = P (F ≥ 0.436) = 0.00 / 0.35 / 0.66
1 - pf(0.436,2,12)

and critical value of F at 5% is 3.89 / 4.36 / 7.67
qf(0.95,2,12)

3. Comparing drug response data set A and data set B.

(a) Comparing averages, x̄1, x̄2 and x̄3, in two drug response data sets.
Of following two data sets, data set A,
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drug 1 drug 2 drug 3
5.90 5.51 5.01
5.92 5.50 5.00
5.91 5.50 4.99
5.89 5.49 4.98
5.88 5.50 5.02

x̄1 ≈ 5.90 x̄2 ≈ 5.50 x̄3 ≈ 5.00
s1 ≈ 0.12 s2 ≈ 0.004 s3 ≈ 0.01

and data set B,

drug 1 drug 2 drug 3
5.90 6.31 4.52
4.42 3.54 6.93
7.51 4.73 4.48
7.89 7.20 5.55
3.78 5.72 3.52

x̄1 ≈ 5.90 x̄2 ≈ 5.50 x̄3 ≈ 5.00
s1 ≈ 1.82 s2 ≈ 1.27 s3 ≈ 1.30

three average patient responses within drugs in data set A are
(circle one) smaller than / same as / larger than
three average patient responses within drugs in data set B.

(b) Comparing SDs, s1, s2 and s3, in two drug response data sets.
The standard deviations in patient responses within drugs in data A are
(circle one) smaller than / the same as / larger than the standard
deviations in patient responses within drugs in data B.

(c) Comparing averages, taking into account SDs.
As shown in figure below, since standard deviations within drugs in data
set A are smaller than they are for data set B, we are “more certain” about
where averages are in data set A, than we are about where averages are in
data set B. Consequently, it is “easiest” to tell if average patient responses
are different from one another in data set (choose one) A / B. This is why
p–value is smaller for data set A, than it is for data set B even though
averages are same in both sets.

(d) Comparing F test statistics.
Since mean square treatment (MST) same for data sets A and B, but mean
square error (MSE) smaller for data set A than for data set B,

F =
MST

MSE

is (choose one) smaller / same as / larger for A than for B, so greater
chance of rejecting null (means same) for A than for B.
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5.00 5.50 5.90

5.00 5.50 5.90

Data set A

small SD (MSE)

Data set B

large SD (MSE)

MST for data set A = MST for data set B
F = MST / MSE for A

larger than

F = MST / MSE for B

Figure 20.6: Comparing average drug responses

20.7 Assumptions and Conditions of ANOVA

Material covered in previous section.

20.8 Multiple Comparisons

Material covered in previous section.

20.9 ANOVA on Observational Data

Material covered in previous section.

20.10 Analysis of Multifactor Designs

The two–factor analysis of variance (ANOVA) procedure, assuming equal sample
sizes, is demonstrated in this section. This ANOVA test uses the data to test whether
the

• mean main effect due to factor A is zero or not,

• mean main effect due to factor B is zero or not,

• mean interaction effect due to factor AB is zero or not

An important part of this procedure involves the calculation of the ANOVA table,



188Chapter 20. Design and Analysis of Experiments and Observational Studies (lecture notes 10)

Source Degrees of Freedom, df Sum Of Squares, SS Mean Squares, MS
Factor A a− 1 SSA = nb

∑

(yi − y)2 MSTA = SSA
a−1

Factor B b− 1 SSB = na
∑

(yj − y)2 MSTB = SSB
b−1

Interaction AB (a− 1)(b− 1) SSAB = n
∑∑

(yij − yi − yj − y)2 MSTAB = SSAB
(a−1)(b−1)

Error ab(n− 1) SSE =
∑∑∑

(yijk − yij)
2 MSE = SSE

ab(n−1)

Total nab− 1 SSTO =
∑∑

(yijk − y)2

Exercise 20.6 (Analysis of Multifactor Designs)
Consider the effect of air temperature and noise on the ROC of deer mice.

Factor B, noise → j = 1, low j = 2, medium j = 3, high row ave
Factor A, i = 1, 0o F 10.3, 7.2 9.1, 5.4 6.1, 2.1 y1 = 6.7
temperature i = 2, 10o F 1.8, 9.8 12.1, 4.2 5.1, 6.2 y2 = 6.5

i = 3, 20o F 1.2, 8.1 6.5, 4.1 1.2, 2.1 y3 = 3.9
i = 4, 30o F 12.4, 15.1 16.1, 17.2 18.1, 19.1 y4 = 16.3

column ave y1 = 8.2 y2 = 9.3 y3 = 7.5 y = 8.4

Df Sum Sq Mean Sq F value Pr(>F)

temperature 3 539.1 179.71 18.704 8.08e-05 ***

noise 2 13.7 6.84 0.712 0.510

temperature:noise 6 55.7 9.28 0.966 0.487

Residuals 12 115.3 9.61

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

# IMPORT DATASET y.temp.noise

y.temp.noise <- chapter20.temp.noise.twoway; attach(y.temp.noise); head(y.temp.noise)

temperature <- factor(y.temp.noise$temperature,c("0","10","20","30")) # convert integer to factor

noise <- factor(y.temp.noise$noise,c("low","medium","high")) # arrange levels this way

tapply(ROC,list(temperature,noise), mean) # mean responses for treatments

summary(aov(ROC ~ temperature + noise + temperature * noise))

Test if either of the two main effects or the interaction effect are significant at α = 0.05.

1. Check assumptions using Figure 20.7.

(a) Data normal?
Normal probability plot indicates (more or less)
normal / not normal because plot is (more or less) linear.
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Figure 20.7: Checking ANOVA assumptions

(b) Constant (equal) variance (SD)?
All three residual plots indicate (more or less)
equal / unequal SD for different drug responses.
Roughly, maximum residual variance should be no more than twice minimum residual variance.

par(mfrow=c(2,2)); plot(aov(ROC ~ temperature + noise + temperature * noise)); par(mfrow=c(1,1)) # check assumptions

2. Test Main Factor A, Temperature.

(a) Factor A, Temperature, Effect.
Temperature effects are differences between mean ROC at each tempera-
ture level and grand mean ROC,
α̂1 = ȳ1 − ¯̄y = 6.7− 8.4 = −4.5 / −1.9 / −1.7 / 7.9
α̂2 = ȳ2 − ¯̄y = 6.5− 8.4 = −4.5 / −1.9 / −1.7 / 7.9
α̂3 = ȳ3 − ¯̄y = 3.9− 8.4 = −4.5 / −1.9 / −1.7 / 7.9
α̂4 = ȳ4 − ¯̄y = 16.3− 8.4 = −4.5 / −1.9 / −1.7 / 7.9
if temperature effects are all zero none / some / all mean ROC at each
temperature are, within random error, the same
tapply(ROC,temperature, mean) # mean responses for temperature levels

(b) Statement

i. H0 : α1 = α2 = α3 = α4 = 0 versus Ha : α1 6= α2, α1 = α3.

ii. H0 : α1 = α2 = α3 = α4 = 0 versus Ha : α1 6= α3, α1 6= α2.

iii. H0 : α1 = α2 = α3 = α4 = 0 versus
Ha : at least one αi 6= 0, i = 1, 2, 3, 4.



190Chapter 20. Design and Analysis of Experiments and Observational Studies (lecture notes 10)

iv. H0 : µ1· = µ2· = µ3· = µ4· versus
Ha : at least one µi· 6= µj·, i, j = 1, 2, 3, 4.

(c) Test
Since the test statistic is F = 179.71

9.61
= 18.70, the p–value, with

a− 1 = 4− 1 = 2 / 3 / 6 / 12 and
ab(n− 1) = 4(3)(2− 1) = 2 / 3 / 6 / 12
degrees of freedom, is given by
p–value = P (F ≥ 18.70) = 0 / 0.26 / 0.43.
The level of significance is 0.05.

(d) Conclusion
Since the p–value, 0, is smaller than the level of significance, 0.05,
fail to reject / reject the null hypothesis that the average mice ROC
responses to the temperatures / noises are the same.

3. Test Main Factor B, Noise.

(a) Factor B, Noise, Effect.
Noise effects are differences between mean ROC at each noise level and
grand mean ROC,
β̂1 = ȳ1 − ¯̄y = 8.2− 8.4 = −0.2 / 0.9 / −0.9

β̂2 = ȳ2 − ¯̄y = 9.3− 8.4 = −0.2 / 0.9 / −0.9

β̂3 = ȳ3 − ¯̄y = 7.5− 8.4 = −0.2 / 0.9 / −0.9
if noise effects are all zero none / some / all mean ROC at each noise
are, within random error, the same
tapply(ROC,noise, mean) # mean responses for noise levels

(b) Statement

i. H0 : β1 = β2 = β3 = 0 versus Ha : β1 6= β2, β1 = β3.

ii. H0 : β1 = β2 = β3 = 0 versus Ha : β1 6= β3, β1 6= β2.

iii. H0 : β1 = β2 = β3 = 0 versus
Ha : at least one βi 6= 0, i = 1, 2, 3.

iv. H0 : µ·1 = µ
·2 = µ

·3 versus
Ha : at least one µi· 6= µj·, i, j = 1, 2, 3.

(c) Test
Since the test statistic is F = 6.84

9.61
= 0.71, the p–value, with

b− 1 = 3− 1 = 2 / 3 / 6 / 12 and
ab(n− 1) = 4(3)(2− 1) = 2 / 3 / 6 / 12
degrees of freedom, is given by
p–value = P (F ≥ 0.71) = 0.00 / 0.35 / 0.51.
The level of significance is 0.05.

(d) Conclusion.
Since the p–value, 0.51, is larger than the level of significance, 0.05,
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fail to reject / reject the null hypothesis that the average mice ROC
responses to the temperatures / noises are the same.

4. Test Interaction Factor AB, Temperature × Noise.

(a) Interaction AB, Temperature × Noise, Effect.
Interaction effects are differences between mean ROC at each temperature
× noise treatment and the sum of the grand mean ROC and the corre-
sponding temperature and noise effects,
α̂β11 = ȳ11 − (¯̄y + α1 + β1) = 8.75− (8.4− 1.7− 0.2) =
−0.55 / −0.35 / 2.25 / 3.2
α̂β11 = ȳ12 − (¯̄y + α1 + β2) = 7.25− (8.4− 1.7 + 0.9) =
−0.55 / −0.35 / 2.25 / 3.2
...
α̂β42 = ȳ32 − (¯̄y + α4 + β2) = 16.65− (8.4 + 7.9 + 0.9) =
−0.55 / −0.35 / 2.25 / 3.2
α̂β43 = ȳ11 − (¯̄y + α4 + β2) = 18.60− (8.4 + 7.9− 0.9) =
−0.55 / −0.35 / 2.25 / 3.2
if temperature × noise effects are all zero
none / some / all mean ROC at each temperature × noise treatment
are, within random error, equal to the sum of the grand mean ROC and
the corresponding temperature and noise effects

low medium high

0 8.75 7.25 4.10

10 5.80 8.15 5.65

20 4.65 5.30 1.65

30 13.75 16.65 18.60

tapply(ROC,list(temperature,noise), mean) # mean responses for temperature x noise treatments

(b) Statement

i. H0 : αβ11 = αβ12 = α4 = 0 versus Ha : α1 6= α2, α1 = α3.

ii. H0 : α1 = α2 = α3 = α4 = 0 versus Ha : α1 6= α3, α1 6= α2.

iii. H0 : αβ11 = αβ12 = · · · = αβ43 = 0 versus
Ha : at least one αβij 6= 0, i = 1, 2, 3, 4; j = 1, 2, 3.

iv. H0 : µ1· = µ2· = µ3· = µ4· versus
Ha : at least one µi· 6= µj·, i, j = 1, 2, 3, 4.

(c) Test
Since the test statistic is F = 9.28

9.61
= 0.97, the p–value, with

(a− 1)(b− 1) = (4− 1)(3− 1) = 2 / 3 / 6 / 12 and
ab(n− 1) = 4(3)(2− 1) = 2 / 3 / 6 / 12
degrees of freedom, is given by
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p–value = P (F ≥ 0.97) = 0.00 / 0.49 / 0.43.
The level of significance is 0.05.

(d) Conclusion
Since p–value, 0.49, is larger than the level of significance, 0.05, we
fail to reject / reject the null hypothesis that there is no interaction
effect.

5. Interaction Plots
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Figure 20.8: Interaction Plots

(a) Main Factor A, Temperature, Effect
Interaction plot (b) indicates there is / is not differences in mean ROC for
different temperature levels and these differences are / are not significant.

(b) Main Factor B, Noise, Effect
Interaction plot (a) indicates there is / is not differences in mean ROC
for different noise levels but these differences are / are not significant.

(c) Interaction Factor AB, Temperature × Noise, Effect
Interaction plots (a) and (b) both indicate there is / is not interaction
effects but these differences are / are not significant.
Although plots are not exactly parallel, indicating interaction, they are not “badly” non-parallel.

par(mfrow=c(1,2))

interaction.plot(temperature,noise,ROC) # interaction plots

interaction.plot(noise,temperature,ROC)

par(mfrow=c(1,1))

6. Bonferroni multiple comparisons for mean temperatures.

ROC std r LCL UCL Min Max

0 6.700000 2.904479 6 3.942800 9.457200 2.1 10.3
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10 6.533333 3.786115 6 3.776133 9.290534 1.8 12.1

20 3.866667 2.907003 6 1.109466 6.623867 1.2 8.1

30 16.333333 2.390537 6 13.576133 19.090534 12.4 19.1

Means with the same letter are not significantly different

Groups, Treatments and means

a 30 16.33333

b 0 6.7

b 10 6.533333

b 20 3.866667

library(agricolae) # bonferroni mean temperature comparisons

LSD.test(aov(ROC ~ temperature + noise + temperature * noise), "temperature", p.adj= "bon",console=TRUE, alpha = 0.05)

Since mean ROC at 30o temperature is grouped into “a” and the mean ROCs at
the other three temperatures are grouped into “b”, the mean ROC at 30o is / is
not significantly different from the mean ROCs of the other three temperatures,
but the mean ROCs of the other three temperatures are / are not significantly
different from another.
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