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Chapter 7

Nonparametric Statistics

7.1 Introduction

If the assumptions such as normality or linearity are not satisfied and/or there are
extreme outliers, it is sometimes appropriate to use nonparametric methods, which
does not involve statistical inference of parameters. These methods still require the
important assumption of the independence of observations though. Some of the meth-
ods considered in this chapter involve simply counting the signs of data points, some
involve the use of ranks, and some count the number of runs in a sequence of data
points.

7.2 The Sign Test

We look at the sign test, which is one possible nonparametric version of the (depen-
dent) paired t test. This test only assumes the sample be chosen at random, which
leads to the binomial b(n, 0.5) distribution and, if sample size is large enough, n > 29,
to the normal approximation to this binomial distribution, N(0.5n, 0.25n).

Exercise 7.2 (The Sign Test)

1. Using data: responses to progesterone or control.
Blood cells from female 1 are broken into two groups. One group of these
blood cells are injected with progesterone; the other group, the control, is, for
comparison purposes, left untreated. Blood cells of other females are handled
in same way. Use the sign test to test the claim the progesterone response is
greater than the control response at 5%.

progesterone <- c(5.85, 2.28, 1.40, 2.12)

control <- c(5.23, 2.28, 1.51, 1.38)
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female progesterone (1) control (2) differences, di signs
1 5.85 5.23 0.62 +
2 2.28 2.28 0 0
3 1.40 1.51 -0.11 −
4 2.12 1.38 0.74 +

(a) A first guess. Let m = median of the (progesterone − control) response
differences. Ignoring the tie, so leaving n = 3 differences, the location of
the median is the n+1

2
= 3+1

2
= 2nd difference value, which because there

is a negative followed by two positives, −, +, +, so, on the one hand,
this indicates the median is a positive difference, +, implying progesterone
response (i) is less than (ii) equals (iii) is greater than control
response, but, on the other hand, since there are more or less the same
number of + signs (n+ = 2) and − signs (n− = 1), this indicates pro-
gesterone response (i) is less than (ii) equals (iii) is greater than
control response. Let’s find out which way it goes.

(b) Statement.

i. H0 : m = 0, H1 : m 6= 0

ii. H0 : m = 0, H1 : m > 0

iii. H0 : m = 0, H1 : m < 0

(c) Test.
number negative signs: = nproges < control = n− = (i) 1 (ii) 2 (iii) 3,
number positive signs: nproges > control = n+ = (i) 1 (ii) 2 (iii) 3,
tied (ignored) signs: nproges = control (i) are (ii) are not counted as zero,
test statistic x = min(n+, n−) = (i) n− = 1 (ii) n+ = 2
chance observed x = 1 or less, if number of signs the same,
p-value = P (X ≤ 1) = (i) 0.05 (ii) 0.2 (iii) 0.5 (X is b(3, 0.5))
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10. Furthermore,
sign.test<-function(d2,d1,signif.level,alternative){

options(digits=4)

n <- sum((d2-d1)!=0)

x <- sum(d2<d1); negative <- x; positive <- n-x

if(x > n-x) x <- n-x

if (alternative=="left" | alternative=="right") {

p.value <- pbinom(x,n,0.5)

for(i in 0:n) {if(pbinom(i,n,0.5) < signif.level) x.crit <- i }

if(pbinom(0,n,0.5) > signif.level) x.crit <- 0 # lowest possible x.crit

}

if (alternative=="two.sided") {

p.value <- 2*pbinom(x,n,0.5)

for(i in 0:n) {if( pbinom(i,n,0.5) < signif.level/2 ) x.crit <- i }

if(pbinom(0,n,0.5) > signif.level/2) x.crit <- 0 # lowest possible x.crit

}

dat <- c(n, negative, positive, x.crit, x, p.value)

names(dat) <- c("n", "number -", "number +", "x crit value", "x test statistic", "p.value")

return(dat)

}

sign.test(progesterone, control, 0.05, "right")
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n number - number + x crit value x test statistic p.value

3.0 1.0 2.0 0.0 1.0 0.5

(d) Conclusion.
Since p–value = 0.50 > α = 0.05,
(i) do not reject (ii) reject null guess: m = 0.
test statistic x = 1 indicates progesterone response
(i) is less than (ii) equals (iii) is greater than
control response.

(e) Why b(n,0.5)? The null hypothesis, H0 : m = 0 assumes the median of the
differences is zero, the negative differences balance the positive differences,
in other words, there are an (i) equal (ii) unequal number of + and
− signs and so the chance of success, a positive sign in this case, for the
binomial is (i) 0.25 (ii) 0.5 (iii) 0.75.

2. Counts only: gentech and control milk yield.
A study is conducted to determine effect of “gentech” animal feed on milk yield
of 9 cows. Cow 1 is fed a control feed for three months and then gentech feed
for next three months for comparison purposes. Other cows are treated in same
way. Of all cows, 6 produced more milk on gentech feed than on the control
feed. Test if median gentech milk yield is different than median control milk
yield at 5%.

(a) Statement.

i. H0 : m = 0, H1 : m 6= 0

ii. H0 : m = 0, H1 : m > 0

iii. H0 : m = 0, H1 : m < 0

(b) Test.
number negative signs: = ngentech < control = n− = (i) 1 (ii) 2 (iii) 3,
number positive signs: ngentech > control = n+ = (i) 4 (ii) 5 (iii) 6,
test statistic x = min(n+, n−) = (i) n− = 3 (ii) n+ = 6
chance observed x = 3 or less, if number of signs the same,
p-value = 2 · P (X ≤ 3) = (i) 0.5 (ii) 0.51 (iii) 0.52 (X is b(9, 0.5))
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10. Furthermore,
sign.test.counts<-function(n,x,signif.level,alternative){

options(digits=4)

negative <- x; positive <- n-x

if (alternative=="left" | alternative=="right") {

p.value <- pbinom(x,n,0.5)

for(i in 0:n) {if(pbinom(i,n,0.5) < signif.level) x.crit <- i }

}

if (alternative=="two.sided") {

p.value <- 2*pbinom(x,n,0.5)

for(i in 0:n) { if( pbinom(i,n,0.5) < signif.level/2 ) x.crit <- i }

}

dat <- c(n, negative, positive, x.crit, x, p.value)

names(dat) <- c("n", "number -", "number +", "x crit value", "x test statistic", "p.value")
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return(dat)

}

sign.test.counts(9, 3, 0.05, "two.sided")

n number - number + x crit value x test statistic p.value

9.0000 3.0000 6.0000 1.0000 3.0000 0.507

(c) Conclusion.
Since p–value = 0.51 > α = 0.05,
(i) do not reject (ii) reject null guess: m = 0.
test statistic x = 3 indicates gentech milk yield
(i) is less than (ii) equals (iii) is greater than
control milk yield.

(d) Conclusion when comparing test statistic with critical value.
Since x = 3 > xα = x0.05 = 1,
(i) do not reject (ii) reject null guess: m = 0.
meaning sign x = 3 is not too “extreme” (small), so
the number of negative signs more or less
(i) equal (ii) do not equal
the number of positive signs
indicating gentech milk yield
(i) is less than (ii) equals (iii) is greater than
control milk yield

7.3 The Wilcoxon Signed-Rank Test

The Wilcoxon signed-rank test is another nonparametric version of the (dependent)
paired t test where, this time, ranks are used in the analysis. In addition to indepen-
dence of observations, the signed rank test carries an assumption about symmetry of
differences under the null that the sign test did not need: this assumption is neces-
sary in order that the permutations of the signs attached to the unsigned ranks of
differences be equally likely. The signed-rank distribution of the statistic T involves
pairing n data points and ranking the absolute value of their differences then finding
the minimum(S−, S+) where

• S−: sum of negative signed ranks,

• S+: sum of positive signed ranks,

and, if sample size is large enough, n > 30, normal approximation to the signed-rank

distribution is N

(
n(n+1)

4
,
√

n(n+1)(2n+1)
24

)
.

Exercise 7.3 (The Wilcoxon Signed-Rank Test)
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1. Paired data: responses to progesterone or control.
Test if median of progesterone response is greater than control response at 5%.

female progesterone (1) control (2) d |d| rank|d|
1 5.85 5.23 0.62 0.62 2
2 2.28 1.21 1.07 1.07 4
3 1.40 1.51 -0.11 0.11 1
4 2.12 1.38 0.74 0.74 3

progesterone <- c(5.85, 2.28, 1.40, 2.12)

control <- c(5.23, 1.21, 1.51, 1.38)

(a) A first guess. Since sum of negative ranks (S− = 1) is fairly different from
sum of positive ranks (S+ = 2 + 4 + 3 = 9), this indicates progesterone
response (i) is less than (ii) equals (iii) is greater than control
response. But let’s find out.

(b) Statement.

i. H0 : m = 0, H1 : m 6= 0

ii. H0 : m = 0, H1 : m > 0

iii. H0 : m = 0, H1 : m < 0

Where m = (progesterone − control) response differences.

(c) Test.
sum negative ranks: S− = | − 1| = (i) 1 (ii) 9 (iii) 10,
sum positive ranks: S+ = 2 + 4 + 3 = (i) 1 (ii) 9 (iii) 10,
test statistic T = min(S−, S+) = (i) S− = 1 (ii) S+ = 9
chance observed T = 1 or less, if m = 0,
p-value P (T ≤ 1) = (i) 0.03 (ii) 0.10 (iii) 0.13
(where T has a signed-rank distribution)
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10.
signed.rank.test(progesterone, control, 0.05, "right")

n S.negative S.positive crit value T test statistic p.value.approx p.value

4.0000 1.0000 9.0000 0.0000 1.0000 0.1006 0.1250

(d) Conclusion.
Since p–value = 0.13 > α = 0.05,
(i) do not reject (ii) reject null guess: m = 0.
indicating median progesterone response
(i) is less than (ii) equals (iii) is greater than
median control response

(e) Conclusion when using Normal approximation of p-value.
Since p–value = 0.10 > α = 0.05,
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(i) do not reject (ii) reject null guess: m = 0.
indicating median progesterone response
(i) is less than (ii) equals (iii) is greater than
median control response

(f) Conclusion when comparing test statistic with critical value.
Since T = 1 > Tα = T0.05 = 0,
(i) do not reject (ii) reject null guess: m = 0.
meaning signed-rank sum T = 1 is not too “extreme” (small), so
the sum of negative ranks more or less
(i) equal (ii) do not equal
the sum of positive ranks,
indicating median progesterone response
(i) is less than (ii) equals (iii) is greater than
median control response

2. Paired data with ties: responses to progesterone or control.
Test if median of progesterone response is greater than control response at 5%.

female progesterone (1) control (2) d |d| rank|d|
1 5.85 5.23 0.62 0.62 2
2 2.28 3.28 -1 1 4
3 1.41 0.41 1 1 4
4 2.12 1.08 1.04 1.04 6
5 3.17 2.17 1 1 4
6 2.97 0.97 2 2 7.5
7 4.58 2.58 2 2 7.5
8 1.11 0.95 0.16 0.16 1

progesterone <- c(5.85, 2.28, 1.41, 2.12, 3.17, 2.97, 4.58, 1.11)

control <- c(5.23, 3.28, 0.41, 1.08, 2.17, 0.97, 2.58, 0.95)

(a) Statement.

i. H0 : m = 0, H1 : m 6= 0

ii. H0 : m = 0, H1 : m > 0

iii. H0 : m = 0, H1 : m < 0

(b) Test.
sum negative ranks: S− = | − 4| = (i) 1 (ii) 4 (iii) 10,
sum positive ranks: S+ = 2 + 4 + · · ·+ 3 = (i) 19 (ii) 30 (iii) 32,
test statistic T = min(S−, S+) = (i) S− = 4 (ii) S+ = 32
chance observed T = 4 or less, if m = 0,
p-value P (T ≤ 4) = (i) 0.03 (ii) 0.10 (iii) 0.13
(where T has a signed-rank distribution)
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10.
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signed.rank.test(progesterone, control, 0.05, "right")

n S.negative S.positive crit value T test statistic p.value.approx p.value

8.00000 4.00000 32.00000 5.00000 4.00000 0.02935 0.02734

(c) Conclusion.
Since p–value = 0.03 < α = 0.05,
(i) do not reject (ii) reject null guess: m = 0.
indicating median progesterone response
(i) is less than (ii) equals (iii) is greater than
median control response

7.4 The Wilcoxon Rank-Sum Test

The Wilcoxon rank-sum test is the nonparametric version of the parametric (inde-
pendent) two-sample t test. The two samples are assumed chosen at random and
independent of one another. The exact rank-sum permutation distribution of the
statistic R, involves combining the two samples of sizes n1 and n2, n1 ≤ n2, into one
group of size n, then ranking this entire group to calculate

R =

{
R1, R1 ≤ µR,
R2 = 2µR −R1, otherwise,

where R1 is sum of ranks from first sample, R2 is sum of ranks from second sample and
µR = n1(n1+n2+1)

2
and, if sample size is large enough, n > 30, the normal approximation

to the exact distribution is N (µR, σR) where σR =
√

n1n2(n1+n2+1)
12

.

Exercise 7.4 (The Wilcoxon Rank-Sum Test)

1. Small samples: responses to progesterone or control.
A study is conducted to determine cellular response to progesterone in females.
Blood cells from four females are injected with progesterone; blood cells from
four different females are, for comparison purposes, left untreated. Test if me-
dian of progesterone response, m1 is greater than median of control response,
m2 at 5%.

female progesterone (1) female control (2)
1 5.85 5 5.23
2 2.28 6 1.21
3 1.51 7 1.40
4 2.12 8 1.38

progesterone <- c(5.85, 2.28, 1.40, 2.12)

control <- c(5.23, 1.21, 1.51, 1.38)



290 Chapter 7. Nonparametric Statistics (LECTURE NOTES 14)

Combine and rank responses, then separate and sum the separated ranks:

response 1.21 1.38 1.40 1.51 2.12 2.28 5.23 5.85
rank 1 2 3 4 5 6 7 8

female progesterone rank female control rank
1 5.85 8 5 5.23 7
2 2.28 6 6 1.21 1
3 1.51 4 7 1.40 3
4 2.12 5 8 1.38 2

sum R1 = 23 R2 = 13

(a) A first guess. Since sum of the progesterone ranks (R1 = 23) is fairly close
to the sum of control ranks (R2 = 13), this indicates progesterone response
(i) is less than (ii) equals (iii) is greater than control response.

(b) Independent samples?
Control blood samples for four women
(i) depend on (ii) are independent of
progesterone–treated blood samples of four other women.

(c) Statement.

i. H0 : m1 = m2, H1 : m1 6= m2

ii. H0 : m1 = m2, H1 : m1 > m2

iii. H0 : m1 = m2, H1 : m1 < m2

where m1 is median response of progesterone group, m2 is median response
of control group.

(d) Test.

Since R1 = 23, µR = n1(n1+n2+1)
2

= 4(4+4+1)
2

= 18, then R1 > µR so

R = 2µR −R1 = 2(18)− 23 = R2 = 13,

and p-value = (i) 0.03 (ii) 0.10 (iii) 0.13
(based on exact distribution of R)
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10.
rank.sum.test(progesterone, control, 0.05, "right")

n R1 R2 mu_R crit value R test stat p.value.approx p.value

8.00000 23.00000 13.00000 18.00000 11.00000 13.00000 0.09697 0.100004

(e) Conclusion.
Since p–value = 0.10 > α = 0.05,
(i) do not reject (ii) reject null guess: median responses the same.
sample rank sum R indicates progesterone median response
(i) is less than (ii) equals (iii) is greater than
control median response.



Section 4. The Wilcoxon Rank-Sum Test (LECTURE NOTES 14) 291

Figure 7.1: Histogram of rank-sum statistic R

(f) Understanding distribution of R. In addition to the ranking given for this
problem where R1 = 23 and R2 = 13, so R = min(R1, R2) = 13, there
are many other possible rankings, in fact nCn1 = 8C4 = 70 other ranking
combinations, some of which are given below (fill in the blanks):

female 1 2 3 4 R1 5 6 7 8 R2

rank 8 6 4 5 23 7 1 2 3 13
rank 1 2 3 4 10 5 6 7 8 26
rank 5 6 7 8 1 2 3 4 10
rank 1 6 3 8 18 5 2 7 4
rank 8 6 4 5 23 7 1 3 2 13

Histogram indicates at most R = 13 occurs in 7 of the 70 cases; so, chance
observed R = 13 or less if medians the same, in other words the p-value,
is 7

70
= (i) 0.03 (ii) 0.10 (iii) 0.13

n <- 8; n1 <- 4; R <- 13; ranks <- c(1,2,3,4,5,6,7,8)

combined <- c(progesterone,control); combined.ranks <- rank(combined) # ranks of combined data

library(gtools) # library has run combinations function necessary for

rank.combinations <- combinations(n, n1, ranks, set=FALSE, repeats.allowed=FALSE) # rank combinations

sum.ranks <- rowSums(rank.combinations) # sums of all rank combinations

min.ranks <- min(sum.ranks); max.ranks <- max(sum.ranks)

hist(sum.ranks); abline(v=R, lwd=2, col="red") # histogram of rank sums

(g) Another comment.
Notice,
R1 +R2 = 1 + 2 + 3 + · · ·+ 7 + 8 = 9(8)

2
= (i) 16 (ii) 26 (iii) 36,

so knowing one, the other is known, R1 = n1(n1+n2+1)
2

−R2 = 2µR −R2,

2. Different sized large samples: sales for new or old salespeople.
Consider generated sales (in $1000) for a random sample of older salespeople
and new hires. Test if new median sales is less than old median sales at 5%.
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new (1) 4.23 2.11 1.11 3 3.87 2.03 4.55 4.31 3.78 5.95
2.16 3.33 3.79 4.1 5.67 4.44 3.32 4.77 8.44

old (2) 6.22 8.11 5.44 5.76 4.87 5.46 9.33 9.45 8.34 6.23
8.14 5.43 8.98 8.27 7.66 9.34 10.99 10.22 8.88 7.77
6.66 5.55 7.89 8.94 6.02 6.81 8 9 7

(a) Statement.

i. H0 : m1 = m2, H1 : m1 6= m2

ii. H0 : m1 = m2, H1 : m1 > m2

iii. H0 : m1 = m2, H1 : m1 < m2

where m1 is median response of (smaller) new salespeople group, m2 is
median response of older salespeople group.

(b) Test.

Since R1 = 221, µR = n1(n1+n2+1)
2

= 19(29+19+1)
2

= 465.5, then R1 ≤ µR so

R = R1 = 221,

and p-value = (i) 0.00 (ii) 0.10 (iii) 0.13
(based on approximate normal distribution of R)
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10.
rank.sum.test.large.sample(new, old, 0.05, "left") # notice new has smaller sample size

n R1 R2 mu_R sigma_R R test stat p.value.approx

4.800e+01 2.210e+02 9.550e+02 4.655e+02 4.743e+01 2.210e+02 1.344e-07

(c) Conclusion.
Since p–value = 0 < α = 0.05,
(i) do not reject (ii) reject null guess: median sales the same.
sample rank sum R indicates new salespeople median sales
(i) is less than (ii) equals (iii) is greater than
old salespeople median sales.

(d) Calculating p-value using normal approximation.
number new salespeople n1 = (i) 19 (ii) 29 (iii) 221 (iii) 955
number old salespeople n2 = (i) 19 (ii) 29 (ii) 221 (iii) 955
so smallest sample size is (i) n1 = 19 (ii) n2 = 29

and µR = n1(n1+n2+1)
2

= 19(29+19+1)
2

= (i) 47.433 (ii) 465.5

σR =
√

n1n2(n1+n2+1)
12

=
√

19×29(19+29+1)
12

≈ (i) 47.433 (ii) 465.5

so approximate (continuity-corrected) test statistic is

z =
(R− 0.5)− µr

σR
≈ (221− 0.5)− 465.5

47.433
≈

(i) −5.16 (ii) 0 (iii) 5.16
so p-value = P (Z < −5.16) ≈ (i) 0.00 (ii) 0.10 (iii) 0.13
pnorm(-5.15)

[1] 1.302e-07



Section 5. The Runs Test for Randomness (LECTURE NOTES 14) 293

7.5 The Runs Test for Randomness

In general, a run is defined as a sequence of increasing values or decreasing values.
For this course, it is defined more specifically for data consisting of only two values, 0
and 1, say, where a run would be a sequence of 0s or a sequence of 1s. The following
data, for example,

0, 0, 0, 1, 1, 1, 0, 1, 0, 1,

has six runs, as underlined below:

0, 0, 0, 1, 1, 1, 0, 1, 0, 1

The runs test determines whether a sequence of data with only two possible values is
a random sequence. The exact runs distribution of the statistic R of a sequence with
n1 of first type (0s) and n2 of second type (1s) has pmf

f(r) =


2·
(

n1−1C r
2−1

)
·
(

n2−1C r
2−1

)
n1+n2Cn1

, if r is even,(
n1−1C r−1

2

)
·
(

n2−1C r−3
2

)
+

(
n1−1C r−3

2

)
·
(

n2−1C r−1
2

)
n1+n2Cn1

, if r is odd,

for r = 2, 3, . . . , n1 + n2 and, if sample size is large enough, as n → ∞, nor-
mal approximation to this distribution is N (µR, σR) where µR = 2n1n2

n1+n2
and σR =√

2n1n2(2n1n2−n1−n2)

(n1+n2)
2(n1+n2−1)

.

Exercise 7.5 (The Runs Test for Randomness)

1. Hourly temperatures random? The table below gives 15 consecutive hourly
temperatures (in degrees Fahrenheit) for December 30th 2017. The mean of
these temperatures is 12.130F. Test for randomness above and below the mean
at 5%.

temp 11 12 12 12 12 11 11 10 10 11 13 14 14 14 15

temp <- c(11, 12, 12, 12, 12, 11, 11, 10, 10, 11, 13, 14, 14, 14, 15)

mean <- mean(temp); mean; # mean temperature

number <- temp - mean(temp); number <- number[number!=0]; number # remove any zeros

n <- sum(number!=0); n # number of items in run

n1 <- sum(number < 0); n2 <- n - n1; n1; n2 # n1 below mean, n2 above mean

run <- c(rep("A",n)) # convert to run of "above" and "below"

run[number < 0] <- c(rep("B",length(number[number<0]))); run

R <- length(rle(run)$lengths); R # R number of runs

> mean <- mean(temp); mean; # mean temperature

[1] 12.13333

> n <- sum(number!=0); n # total number of items

[1] 15
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> n1 <- sum(number < 0); n2 <- n - n1; n1; n2 # n1 below mean, n2 above mean

[1] 10

[1] 5

> R <- length(rle(run)$lengths); R # R number of runs

[1] 2

(a) Preliminary steps.
mean temperature, t̄ = (i) 10 (ii) 11.33 (iii) 12.13
number temperatures below mean, n1 = (i) 5 (ii) 10 (iii) 15
number temperatures above mean, n2 = (i) 5 (ii) 10 (iii) 15
number of runs, R = (i) 1 (ii) 2 (iii) 3

temp 11 12 12 12 12 11 11 10 10 11 13 14 14 14 15
temp B B B B B B B B B B A A A A A

where A is “above mean” and B is “below mean”,
so since there are only two runs, in other words, there is little flipping
above and below the mean, this suggests
(i) randomness of temperatures
(ii) non-randomness of temperatures
relative to the mean

(b) Statement.

i. H0 : randomness of temperatures relative to mean,
H1 : non-randomness of temperatures relative to mean

ii. H0 : non-randomness of temperatures relative to mean,
H1 : randomness of temperatures relative to mean

(c) Test.
Since R = 2 and p-value = (i) 0.00 (ii) 0.10 (iii) 0.13
(based on distribution of R)
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10.
runs.test(2, 15, 10, 5, 0.05) # R = runs, total, n1 = Bs, n2 = As, signif

n n1 n2 mu_R sigma_R lower crit upper crit R test stat p.value

1.500e+01 1.000e+01 5.000e+00 7.667e+00 1.643e+00 3.000e+00 1.200e+01 2.000e+00 5.613e-04

(d) Conclusion.
Since p–value = 0 < α = 0.05,
(i) do not reject (ii) reject null guess: randomness.
in other words sample runs R = 2 indicates
(i) randomness of temperatures relative to mean
(ii) non-randomness of temperatures relative to mean

2. Randomness of digits of e? The table below gives the first 75 decimal places of
the number e. Test for randomness of odd and even digits.



Section 5. The Runs Test for Randomness (LECTURE NOTES 14) 295

7182818284590452353602874
7135266249775724709369995
9574966967627724076630353

ext <- function(x) {strsplit(x, "")[[1]]}

e.digits <- as.numeric(ext("718281828459045235360287471352662497757247093699959574966967627724076630353")); e.digits

even <- 0; odd <- 0

run <- c(rep("O",length(run))) # convert to run of "even" and "odd"

for(i in 1:75) {

if((e.digits[i] %% 2) == 0) {

run[i] <- "E"

even <- even + 1 # count number even

} else {

run[i] <- "O"

}

}even;

n <- 75; even; odd <- n - even; odd; run

R <- length(rle(run)$lengths); R # R number of runs

> n <- 75; even; odd <- n - even; odd; run

[1] 36

[1] 39

> R <- length(rle(run)$lengths); R # R number of runs

[1] 35

(a) Preliminary steps.
number evens, n1 = (i) 35 (ii) 36 (iii) 39 (iv) 75
number odds, n2 = (i) 35 (ii) 36 (iii) 39 (iv) 75
number of runs, R = (i) 35 (ii) 36 (iii) 39 (iv) 75

(b) Statement.

i. H0 : odds and evens arranged at random,
H1 : odds and evens not arranged at random

ii. H0 : odds and evens not arranged at random,
H1 : odds and evens arranged at random

(c) Test.
Since R = 35 and p-value = (i) 0.00 (ii) 0.10 (iii) 0.42
(based on distribution of R)
level of significance α = (i) 0.01 (ii) 0.05 (iii) 0.10.
runs.test(35, 75, 36, 39, 0.05) # R = runs, total, n1 = evens, n2 = odds, signif

n n1 n2 mu_R sigma_R lower crit upper crit R test stat p.value

75.000 36.000 39.000 38.440 4.294 29.000 48.000 35.000 0.423

(d) Conclusion.
Since p–value = 0.42 > α = 0.05,
(i) do not reject (ii) reject null guess: randomness.
in other words sample runs R = 35 indicates
(i) odds and evens arranged at random
(ii) odds and evens not arranged at random
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(e) Conclusion using critical values.
Since lower critical value = 29 < R = 35 < upper critical value = 48,
(i) do not reject (ii) reject null guess: randomness.
in other words sample runs R = 35 indicates
(i) odds and evens arranged at random
(ii) odds and evens not arranged at random
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